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The fidelity and quantum nondemolition character of the dispersive readout in circuit QED are limited by
unwanted transitions to highly excited states at specific photon numbers in the readout resonator. This
observation can be explained by multiphoton resonances between computational states and highly excited
states in strongly driven nonlinear systems, analogous to multiphoton ionization in atoms and molecules. In
this work, we utilize the multilevel nature of high-EJ=EC transmons to probe the excited-state dynamics
induced by strong drives during readout. With up to ten resolvable states, we quantify the critical photon
number of ionization, the resulting state after ionization, and the fraction of the population transferred to
highly excited states. Moreover, using pulse shaping to control the photon number in the readout resonator
in the high-power regime, we tune the adiabaticity of the transition and verify that transmon ionization is a
Landau-Zener-type transition. We further extend these methods to a typical transmon with EJ=EC ≈ 55 and
probe the offset-charge dependence of ionization dynamics in a timed-resolved manner. Our experimental
results agree well with the theoretical prediction from a semiclassical driven transmon model and may
guide future exploration of strongly driven nonlinear oscillators.
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I. INTRODUCTION

The ability to perform fast, high-fidelity, quantum non-
demolition (QND) measurements is essential for quantum
error correction and, more generally, for any quantum
circuit that requires midcircuit measurement. The standard
method for qubit measurement in superconducting circuits
is dispersive readout [1,2]. In this approach, a super-
conducting qubit, e.g., transmon [3] or fluxonium [4],
weakly coupled to a far-detuned resonator, induces a state-
dependent frequency shift to the resonator. A qubit meas-
urement is performed by exciting the resonator with a
readout tone, such that the field in the resonator entangles
with the qubit, resulting in a projection of the qubit state as
the field is detected [5]. In principle, this process is QND,
and the signal-to-noise ratio within a given time can be

improved by increasing the amplitude of the resonator field.
Recent experiments have achieved over 99% assignment
fidelity on transmons with readout times equal to or less
than 100 ns [6–11]. Despite this progress, readout errors
continue to be a major bottleneck in achieving fault-tolerant
quantum computation [12,13].
An important limitation to dispersive readout in super-

conducting circuits is that strong drives can excite the
device outside its computational two-level subspace
[6,10,14–23] in a process that has been referred to as
measurement-induced state transition [15] and transmon
ionization [17,24,25]. Multiphoton qubit-drive resonances
have been identified as a source of these transitions [15],
and theoretical frameworks capable of predicting their
occurrence have been developed [15,18,24,26–29]. These
tools have also been applied to the fluxonium [30–32] and
to develop methods for mitigating ionization [19,33–37].
This phenomenon bears some resemblance to multiphoton
ionization in atoms and molecules [38–44]. In both cases,
the system can be driven into a highly excited state
with delocalized wave functions and energies above the
confining potential.
A comprehensive understanding of these multiphoton

processes is a key step in developing strategies to
avoid unwanted transitions in dispersive readout. While
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experimental results are consistent with theoretical predic-
tions for the critical photon number of transmon ionization,
other features—such as the final state reached and the
occurrence of Landau-Zener dynamics—remain unverified.
It is challenging to observe these phenomena, since the
control and measurement of typical transmons are often
limited to the four lowest states, excluding the highly
excited states. In this work, we study these unexplored
features of transmon ionization by directly measuring its
excited-state dynamics using high-EJ=EC transmons that
enable high-fidelity control and readout of ten energy
eigenstates [45,46]. In the regime of negative transmon-
resonator detuning, we demonstrate that the transmon
ionization is indeed a pairwise transition between a qubit
state and a highly excited state. We identify which states are
populated, the critical photon number at which ionization
happens, and the amount of population transfer during
ionization. We find that both semiclassical dynamics
simulations and Floquet analysis are in excellent agreement
with our experimental results, confirming that the semi-
classical driven transmon model can successfully capture
the main features of ionization dynamics. Moreover, using
pulse-shaping techniques to control the photon number in
the resonator, we tune the system through the multiphoton
resonance condition at variable speed and verify that the
transmon ionization is a Landau-Zener-type transition
where more population is ionized during an adiabatic
process. Finally, we extend these experimental techniques
to a typical transmon with EJ=EC ≈ 55. In this device, the
critical photon numbers nr;crit fluctuate over time and show
a clear dependence on the offset charge, which is also well
captured in our simulations.

II. IONIZATION OF HIGH-EJ=EC TRANSMONS

The mechanism of transmon ionization can be under-
stood as a multiphoton resonance in a driven transmon. The
drive induces an ac-Stark shift to each transmon eigenstate,
resulting in a resonance when the energy difference
between two shifted transmon states equals an integer
number of the drive photon energy [15,18,24,26–28]. As a
result, a driven transmon can transition from its computa-
tional subspace to a highly excited state at a specific drive
amplitude. In principle, these resonances can occur
between many pairs of transmon states and for a variety
of transmon parameters. In practice, however, typical
transmons that have relatively shallow potentials are often
excited to a state close to the top of the potential, as shown
in Fig. 1(a), and such a highly excited state is harder to
address experimentally due to charge noise. Transmon
ionization to highly excited states has thus far been
observed only indirectly as a leakage out of the qubit
subspace. In contrast, the high-EJ=EC transmons in our
experiments have deeper potentials and confine more
energy levels; see the right-hand side in Fig. 1(a). As a
result, at least ten transmon eigenstates are insensitive to

charge noise and can be controlled and measured [45,46].
This enables us to directly probe excited-state dynamics of
transmon ionization. On the right-hand side in Fig. 1(a), we
also show an example level diagram where the transmon
levels are ac-Stark shifted, and n photons in the drive are
absorbed to cause a transition between j1i and j7i, as is the
case in Sec. III.
The dynamics of the transmon-resonator system

under an external drive is governed by the Hamiltonian
(ℏ ¼ 1) [1,3]

ĤðtÞ ¼ 4ECðn̂t − ngÞ2 −
XM
m¼1

EJm cosðmφ̂tÞ

þ ωrâ†â − igðn̂t − ngÞðâ − â†Þ
− iεðtÞ cosðωdtÞðâ − â†Þ: ð1Þ

FIG. 1. Transmon ionization concepts. (a) The potentials and
eigenstates of transmons. Here, we compare two transmons with
ω01=2π ¼ 5 GHz and EJ=EC ¼ 55 (left) or EJ=EC ¼ 275
(right). These parameters are chosen for illustrative purposes.
The actual parameters of our experimental devices can be found
in Appendix A. The final state of ionization for a typical transmon
is often close to (or even above) the top of its potential. High-
EJ=EC transmons have a deeper potential and confine more
energy levels, which makes the highly excited states accessible
during the transmon ionization. The level diagram depicts a
multiphoton resonance. In this example, the energy levels of
states j1i and j7i are ac-Stark shifted by the drive to reach the
resonance condition ω̃7 − ω̃1 ¼ nωd at a certain drive power,
with ωd the drive frequency and n the number of absorbed
photons. Typically, n > 1. (b) Circuit diagrams. When the
transmon is in one of its eigenstates, a readout pulse with
frequency ωd and amplitude εðtÞ creates a coherent state in
the resonator. This coherent state can be effectively modeled as a
classical drive applied directly to the transmon, which can induce
transitions between transmon states. This driven transmon model
is used for the numerical simulations in this work; see Eq. (2).
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In this expression, EJm, EC, n̂t, φ̂t, and ng are, respectively,
the Josephson energies, the charging energy, the charge
operator, the phase operator, and the offset charge of the
transmon. Moreover, ωr and â are the bare frequency and
annihilation operator of the resonator, respectively, while
εðtÞ and ωd are the amplitude and frequency of the
capacitive drive on the resonator, respectively. The reso-
nator has a linewidth κ. In the dispersive regime, it inherits a
transmon-state-dependent frequency shift χj as well as Kerr
Kr;jji and higher-order nonlinearities for any nonzero
coupling strength g [1]. Equation (1) includes higher
harmonics of the Josephson potential that provide a more
accurate description of the transmon spectrum [45,47]. Two
high-EJ=EC transmons, QA with EJ1=EC ≈ 275 and QB
with EJ1=EC ≈ 235, and a typical transmon QC with
EJ1=EC ≈ 55 are used in this work. For all transmon-
resonator pairs, the qubit frequency is lower than the
resonator frequency; see Appendix A for the full set of
parameters.
Because of this choice of qubit-resonator detuning

and of the weak transmon-resonator coupling strength
g=2π ∼ 30 MHz, the dispersive shifts are small, and ion-
ization occurs at large photon numbers in these devices
[28]. As a result, the dimension of the full transmon-
resonator Hilbert space required to model and simulate
the experiment is prohibitively large. However, previous
works have shown that the coherent state αðtÞ in the
resonator generated by the readout tone approximately
results in an effective classical drive acting on the transmon
[18,26,28,48]; see Fig. 1(b). In that case, the effective
semiclassical Hamiltonian for the transmon is

ĤscðtÞ ¼ 4ECðn̂t − ngÞ2 −
XM
m¼1

EJm cosðmφ̂tÞ

− 2g
ffiffiffiffiffiffiffiffiffiffi
n̄rðtÞ

p
sin½ωdt − ϕðtÞ�ðn̂t − ngÞ; ð2Þ

where the resonator field is written as αðtÞ ¼ ffiffiffiffiffiffiffiffiffiffi
n̄rðtÞ

p
eiϕðtÞ

with n̄rðtÞ ¼ jαðtÞj2 being the average photon number.
Transmon ionization occurs at specific values of n̄r,
corresponding to a set of critical photon numbers nr;crit
for each transmon eigenstate jji.

III. EXPERIMENTAL IDENTIFICATION OF
TRANSMON IONIZATION

We first show the excited-state populations for the
ionization ofQA. The sequence of our experiment is shown
in Fig. 2(a). At the beginning of the sequence, the transmon
is prepared in one of its eigenstates jji. Then, a 2.2 μs
square stimulation pulse is sent to the resonator. The
frequency of this pulse is chosen to be on resonance with
the dressed resonator frequency ωd ¼ ωr;jji at zero photon
number. The stimulation is followed by a 10 μs (∼6.5=κ)
ringdown and then the end-sequence measurement. We

calibrate the mean photon number n̄r from the ac-Stark
shift ðχjþ1 − χjÞn̄r using a 40 ns spectroscopy pulse on the
transmon. By changing the timing of the spectroscopy
pulse, the time-dependent n̄rðtÞ can be measured; see
Fig. 2(b). Because of the relatively small linewidth κ,
the resonator does not reach a steady state during the
stimulation pulse and requires a long ringdown time. In this
experiment, we use this spectroscopy sequence to calibrate

FIG. 2. Transmon ionization experiments. (a) Pulse sequence
for the ionization experiments. The transmon is prepared in one
of its eigenstates jji and then evolves under a 2.2 μs stimulation
drive on the resonator. After a 10 μs ringdown, a weak multitone
readout pulse is applied to measure the transmon populations. At
low stimulation power, an optional spectroscopy pulse can be
used to probe the mean photon number n̄r. (b) The measured
n̄rðtÞ for an experiment with n̄r;max ∼ 150. (c) Populations of the
transmon states under different stimulation amplitudes when it is
prepared in j1i. The vertical dashed line marks the critical photon
number at which the j1i ↔ j7i transition can happen. (d) Pop-
ulations of the transmon states under different stimulation
amplitudes when initially prepared in j7i. The deionization
shows the same critical photon number as the upward ionization.
The error bars are smaller than the symbol size in this figure and
all following figures.
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the conversion between stimulation amplitude and maxi-
mummean photon number n̄r;max at low photon number, up
to 400 photons, and extrapolate to higher photon numbers
accounting for the induced Kerr nonlinearity. Details of the
conversion and the effect of nonlinearity are discussed in
Appendix B.
In Fig. 2(c), we show the resulting transmon popula-

tions at the end of the sequence for different maximum
mean photon numbers n̄r;max when the transmon is
initially prepared in j1i. For clarity, here we show only
the populations for the states that are of immediate
interest for studying ionization, and the remaining pop-
ulations are shown in Appendix B. At n̄r;max ¼ 0, the
population in j1i is less than 1 because of the relaxation of
the transmon during the 12.2 μs sequence. This value is
the reference population for no ionization. We observe a
series of distinct drops in the population of j1i at specific
photon numbers. First, at n̄r;max ∼ 170, qubit QA becomes
resonant with a neighboring transmon, leading to an
exchange of excitations between the two transmons; see
Appendix C for more details. More interestingly, a
signature of ionization is visible at n̄r;max ∼ 880 where
a population drop of j1i coincides with increased pop-
ulations in several highly excited states. We attribute
the fact that multiple excited states are populated to
energy relaxation that occurs after ionization; see also
Appendix B. We identify the highest resolvable excited
state with a nonzero population as the final state, in this
case, j7i. Indeed, we do not observe population in j8i for
this experiment. As shown in Sec. IV, state j7i is resonant
with j18i below 880 photons, which could make the
transferred population further ionize to higher excited
states during the later stage of the experimental sequence.
These states are collectively classified as j9þi and cannot
be resolved in our experiment.
Having experimentally characterized the transmon

postionization state, we now proceed to further inves-
tigate the ionization process. Assuming the j1i → j7i
transition occurs due to a multiphoton resonant process,
the reverse “deionization” process, j7i → j1i, should also
be observable at the same resonance condition, i.e., the
same critical photon number. Consistent with this expect-
ation, in Fig. 2(d), we prepare the transmon in j7i and
indeed observe a population transfer from j7i to j1i at
n̄r;max ∼ 880. The state j2i is not populated during this
process, indicating a direct transition from j7i to j1i. We
also find a significant population increase in j9þi, which
implies strong ionization to higher excited states.

IV. COMPARISONS WITH NUMERICAL
SIMULATIONS

We now compare the experimental results to theory. The
coupled semiclassical equations for the transmon state
jψðtÞi and the resonator field αðtÞ in the rotating frame are

jψ̇i ¼ −iĤscðtÞjψi; ð3Þ

α̇ ¼ −iðωr − ωdÞα −
κ

2
α − i

εðtÞ
2

þ gðhn̂ti − ngÞeiωdt: ð4Þ

The last term in Eq. (4) describes the backaction of the
transmon on the resonator field and captures all transmon-
induced resonator nonlinearities within the semiclassical
framework. Note that we performed the rotating-wave
approximation on the resonator drive εðtÞ. Our model does
not include transmon relaxation or the weak interaction
with the neighboring qubit described above, both of which
are observed in the experiment. However, these processes
are expected to be most relevant during the slow ringdown,
after the multiphoton ionization that is of interest to us has
already occurred. Indeed, the relaxation times of the most
relevant states are longer or comparable to the duration
(12.2 μs) of the pulse sequence; see Appendix D for more
details about the impact of T1 on the observed ionization
result. Moreover, we show in Appendix C that, for the high
powers at which ionization occurs, population transfer to
the neighboring qubit is negligible during the resonator
ramp-up.
To highlight the population transfer between the qubit

subspace and higher excited states that occurs during the
pulse sequence, we report the total population in the qubit
subspace P≤1 and the total population in the leakage
subspace P≥2. We plot these experimentally measured
populations as a function of the maximum mean photon
number n̄r;max in Fig. 3 (dots). We investigate two specific
multiphoton resonances: the j0i ↔ j6i resonance in
Figs. 3(a) and 3(b) and the j1i ↔ j7i resonance in
Figs. 3(d) and 3(e).
The theoretical prediction is obtained by numerically

solving the coupled semiclassical system in Eqs. (3) and (4)
using the JAX-based Diffrax library [49]. The simulations
include the ringdown stage, since the residual photons after
stimulation can also induce ionization. This is especially
true since the resonator field varies more slowly during
ringdown, increasing the probability of ionization [24,28].
The simulation is performed using two distinct models of
transmons: the conventional transmon model with a single
Josephson harmonic (EJ1 model) and a model that includes
eight Josephson harmonics (EJ8 model). The parameters in
each model are independently fitted from experimentally
measured transmon frequencies [45]. Because ng is not
measured in this experiment, the simulated transition
probabilities are averaged over 21 values of ng in the
range [0, 0.5]. In Appendix G 4, we numerically investigate
the dependence of ionization on ng and find that, as
expected, the resonance condition of ionization depends
only weakly on the offset charge for low-lying states of
high-EJ=EC transmons. The simulated transmon popula-
tions for the EJ1 and EJ8 models are, respectively, shown as
solid and dashed lines in Figs. 3(a), 3(b), 3(d), and 3(e).
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Both the predicted critical photon number and the
amount of population transfer beyond the ionization point
are well captured by the simulation using the EJ8 model,
which validates the effectiveness of the aforementioned
semiclassical model. We find that, for all prepared initial
states, the EJ8 model shows better agreement with

experimental data than the EJ1 model. This is because
the resonance conditions for ionization are sensitive to the
transmon transition frequencies: Including additional
Josephson harmonics in the transmon Hamiltonian plays
a key role in accurately predicting the frequency of highly
excited states and, thus, the occurrence of transmon
ionization.
The ionization process can also be understood via the

more intuitive and more computationally efficient Floquet
branch analysis [28]. Because the average photon number
n̄rðtÞ and phase ϕðtÞ in Eq. (2) vary slowly on the timescale
of the drive period Td ¼ 2π=ωd, the transmon Hamiltonian
is approximately periodic on short timescales. As a result,
ionization is determined by resonances in the Floquet
spectrum associated with the instantaneously periodic
Hamiltonian. To obtain this Floquet spectrum, we choose
linearly spaced effective transmon drive amplitudes 2g

ffiffiffiffiffi
n̄r

p
in steps of 2π × 100 kHz. For each constant drive ampli-
tude, we calculate the Floquet modes and quasienergies by
solving the eigenvalue problem of the propagator UðTd; 0Þ
for Eq. (2). At n̄r ¼ 0, the result coincides with the bare
transmon eigenstates and eigenenergies, from where we
sort other Floquet modes and quasienergies at higher
amplitudes into a “Floquet branch” for each bare transmon
state [28].
We show the normalized quasienergies ϵj=ωd of the

Floquet branches for ωd ¼ ωr;j0i in Fig. 3(c) and ωd ¼
ωr;j1i in Fig. 3(f), respectively, highlighting in color the
most relevant Floquet branches for the j0i ↔ j6i and
j1i ↔ j7i resonances. The Floquet branch for a given
initial state shows avoided crossings with other branches as
n̄r increases. These avoided crossings indicate the multi-
photon transitions responsible for ionization (the quasie-
nergies are defined only modulo ωd). In general, there are
multiple avoided crossings associated with various pairs of
Floquet branches. However, we find that the positions of
the largest avoided crossings, as well as the branches they
involve, are consistent with those observed in the experi-
ments and the dynamical simulations. Once ionization has
occurred at these dominant avoided crossings, any number
of other avoided crossings involving any of the populated
branches can become relevant. This can occur during both
the ramp-up and the ringdown phases of the readout pulse
sequence.

V. LANDAU-ZENER TRANSITIONS

The avoided crossings in the Floquet quasienergies
suggest that transmon ionization is a Landau-Zener-type
transition [24,28,44]. A Landau-Zener process describes
the dynamics of a two-level system evolving under a time-
dependent Hamiltonian, where an external control field
sweeps the system through an avoided crossing in its
spectrum [50,51]. For transmon ionization, the photon
number n̄r plays the role of this control field, and the
adiabaticity of the transition is determined by the speed at

FIG. 3. Comparisons between experiments and numerical
simulations. (a),(b) Transmon ionization associated with the
j0i ↔ j6i transition. Two different models, the conventional
transmon model (EJ1, dashed lines) and the Josephson harmonics
model (EJ8, solid lines), are used in simulations. We show the
population of the qubit subspace P≤1 and the populations of the
higher excited states P≥2. (c) Normalized Floquet quasienergies
ϵj=ωd for each transmon branch when ωd ¼ ωr;j0i. The j0fi
branch has an avoided crossing with j6fi, which is also coupled
to the higher-excited branch j19fi. (d),(e) Similar to (a),(b) but for
the j1i ↔ j7i transition. (f) Normalized Floquet quasienergies
ϵj=ωd for each transmon branch when ωd ¼ ωr;j1i. The j1fi
branch has an avoided crossing with the j18fi branch. The final
state found in the dynamical simulations and the experiment is j7i
instead of j18i. This is due to a weak avoided crossing at lower
photon number, at which most of the population in j18fi
is diabatically transferred to j7fi during ramp-down. We take
ng ¼ 0 in (c) and (f).
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which n̄r crosses the critical photon number nr;crit [24,28].
If the transmon is prepared in an eigenstate and traverses an
avoided crossing diabatically, ionization does not occur.
Conversely, an adiabatic passage results in ionization.
In the experiments shown in Fig. 2, the resonator never

reached a steady state, and the adiabaticity was not care-
fully controlled by the square stimulation pulse. To remedy
this, we investigate the Landau-Zener physics of transmon
ionization using pulse-shaping techniques applied to trans-
mon QB, which has nine resolvable states; see Appendix A
for its parameters. We control the dynamics of the photon
number using two different sequences, which we refer to as
the steady-state sequence and the Landau-Zener sequence.
The measured photon numbers (dots) and the numerical
predictions (line) for the two sequences are shown in
Fig. 4(a), where all parameters used in the numerical
simulations are extracted from independent measurements.
Details of the pulse calibration can be found in Appendix E.
In the steady-state sequence, the transmon is initially

prepared in j0i, followed by a stimulation pulse with three
segments; see the top panel in Fig. 4(a). The first segment is
a 40 ns ramp-up to rapidly bring the resonator from the
vacuum state to the desired photon number n̄r;s. The second
segment holds the resonator in its steady state with variable
duration ts. The third segment is a 40 ns ramp-down to
actively empty the resonator. The frequency of the stimu-
lation pulse is detuned fromωr;j0i by the expected Kerr shift

n̄r;sKr;j0i to compensate for the Kerr effect in the steady
state. The short ramping time ensures strong diabaticity
during ramping, making the transmon ionization most
likely to happen during the steady-state segment. We
end the sequence with a 6 μs free ringdown time to fully
empty the resonator, followed by a measurement.
The results of the steady-state experiment for different

durations ts and photon numbers n̄r;s are shown in
Fig. 4(b). At low photon numbers, the system remains
below nr;crit, and the transmon stays in its initial state j0i. At
nr;crit ≈ 1500, however, the transmon ionizes, with a longer
ts resulting in a lower ground-state population. Following
the same method as in Sec. III, we identify the state j6i as
one of the postionization states, and the transmon is further
ionized to higher excited states; see Appendix F. Above
nr;crit, there exists a range of photon numbers where the
transition is suppressed again. This is because the system
diabatically crosses the resonance at nr;crit during the
ramping segments while remaining far from other avoided
crossings responsible for ionization during the steady-state
segment. A similar phenomenon was observed in Ref. [15].
At n̄r;s > 3000, there is again a reduction in the ground-
state population. This occurs because the higher-order
nonlinearities of the resonator become too strong for our
pulse to stabilize the photon number for a long time while
more avoided crossings appear. As a result, the resonator
photon number sweeps through strong resonances, and

FIG. 4. Landau-Zener transitions. (a) The measured photon numbers (red dots) of the steady-state sequence (top) and Landau-Zener
sequence (bottom) for different steady-state times ts. The data agree well with the numerical prediction (red lines), which uses
parameters extracted from independent measurements. The transmon is prepared in j0i at the beginning of the sequence. The insets show
the envelopes of the shaped stimulation pulses, each of which includes three segments: ramp-up, steady state, and ramp-down. In the
Landau-Zener sequence, the amplitude during ts is intentionally increased above the amplitude used for the steady-state sequence to
drive the resonator from n̄r;i to n̄r;f. The pulse is followed by a 6 μs ringdown and an end-sequence measurement. We show three
sequences with different Landau-Zener speeds identified by different symbols in the bottom panel. (b) The measured population of j0i
from the end-sequence measurement for different steady-state durations ts and photon numbers n̄r;s. We observe a critical photon
number nr;crit for transmon ionization at around 1500 photons (see the inset). Above 3000 photons, more resonances appear, while our
pulse-shaping method fails to stabilize the photon number due to the higher-order nonlinearities of the resonator. (c) The measured
populations of Landau-Zener experiments with different Landau-Zener speeds. The slope dn̄rðtÞ=dt is controlled by changing the
duration ts with fixed n̄r;i ¼ 1300 and n̄r;f ¼ 1700 (circles), or by changing the difference n̄r;f − n̄r;i with fixed ts ¼ 10 μs (diamonds).
The horizontal gray dashed line shows the remaining ground-state population P0 measured in the steady-state experiment at ts ¼ 10 μs,
which has n̄r;f − n̄r;i ¼ 0. The gray shaded area shows the range of theoretical predictions for 51 evenly spaced values of offset charge
ng. An adiabatic process results in more ionized population.
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most of the population eventually transfers from j0i to
higher excited states.
Having identified the critical photon number nr;crit for

ionization, we next perform Landau-Zener experiments.
The Landau-Zener sequence differs from the steady-state
sequence in two ways; see the bottom panel in Fig. 4(a).
First, after rapidly filling n̄r;i photons into the resonator, the
pulse amplitude of the steady-state segment is adjusted so
that the photon number n̄rðtÞ increases from n̄r;i to n̄r;f
during the time ts. As a result, the slope dn̄rðtÞ=dt near the
avoided crossing can be controlled by changing either ts or
n̄r;f − n̄r;i. Second, for each slope, the pulse frequency is
numerically optimized to compensate for the average Kerr
effect during all segments; see Appendix E 4. The Landau-
Zener speed near the avoided crossing is determined by the
slope dn̄rðtÞ=dt close to the critical photon number nr;crit,
with a flat (steep) slope corresponding to an adiabatic
(diabatic) process. To reach a wide range of Landau-Zener
speeds, we use two different parametrizations of the slope.
In the diabatic regime, we fix n̄r;i ¼ 1300 and n̄r;f ¼ 1700

while sweeping the duration ts from 40 ns to 13 μs. In the
adiabatic regime, we fix ts ¼ 10 μs and sweep the differ-
ence n̄r;f − n̄r;i while keeping the mean photon number
constant: ðn̄r;f þ n̄r;iÞ=2 ¼ 1500. The free ringdown time
at the end of the Landau-Zener sequence is also reduced to
1 μs to mitigate the effect of relaxation. The measured final
populations of state j0i, state j6i, and the combined
populations of states j8i or higher are shown in Fig. 4(c)
for both the diabatic regime (circles) and the adiabatic
regime (diamonds). More details about the Landau-Zener
sequence and its parametrizations can be found in
Appendix E 4.
The general trend of our experimental results matches

the expectation of Landau-Zener physics, where a more
adiabatic transition causes more population to be ionized.
The remaining population P0 in the adiabatic regime
approaches a lower limit corresponding to the result
measured in the steady-state experiment, shown as the
gray dashed line in Fig. 4(c). To obtain a quantitative
comparison between the experiment and the theory, we use
Floquet branch analysis. Similar to the method used in
Sec. IV, we first calculate the Floquet spectrum at different
photon numbers and sort them into Floquet branches. The
related avoided crossings are identified by diabatically
following the ground-state Floquet branch up to
n̄r ¼ 2100. We then select the avoided crossing with the
largest gap Δac and compute the Landau-Zener diabatic
transition probability

PLZ ¼ expð−πΔ2
ac=2vÞ: ð5Þ

Here, the speed v describes the rate of change of the gap
near the avoided crossing and can be obtained from the
Floquet branches and the experimentally measured
dn̄rðtÞ=dt; see Appendix G 1 for more details. This

transition probability corresponds to the ground-state
population P0 after the sequence. Because the Floquet
spectrum depends on the offset charge ng, the gray shaded
area in Fig. 4(c) shows a range of probabilities calculated
by choosing 51 different values of ng. We find that the
theoretical prediction reproduces the experimental trend
very well, especially in the diabatic regime. In the adiabatic
regime, the theoretical prediction increasingly deviates
from the observed values as the Landau-Zener speed is
lowered, because the time spent near the avoided crossing
becomes increasingly comparable to the relaxation time of
the excited states involved in ionization. The fully coherent
Landau-Zener formula is, thus, not expected to accurately
describe the transferred population.

VI. VALIDATION OF THE OFFSET-CHARGE
DEPENDENCE FOR TYPICAL TRANSMONS

Having validated our experimental and numerical
methods for highly excited states of high-EJ=EC trans-
mons, next we focus on a typical transmon QC, with
EJ1=EC ≈ 55; see Appendix A for its full parameters.
Ionization of a typical transmon differs from high-
EJ=EC transmons in two ways [22]. First, the resulting
states are more challenging to measure, as they are usually
out of the potential well. Second, the critical photon
number nr;crit displays temporal fluctuations because the
highly excited state of a typical transmon strongly depends
on the offset charge ng. Therefore, a quantitative compari-
son between theory and experiment needs to account for
temporal fluctuations owing to charge noise.
We characterize the time-dependent ionization of a

typical transmon with four interleaved experiments over
8 h to extract the offset charge ng, the critical photon
numbers nr;crit, and the Landau-Zener dynamics across two
different ranges of photon numbers. The experimental
results are shown in Figs. 5(a)–5(d), and the comparison
to theory is discussed in Figs. 5(e) and 6.
The first experiment, shown in Fig. 5(a), is a Ramsey

experiment in the fj1i; j2ig subspace to measure the slow
drifts of ng [45,52]. The duration of each Ramsey experi-
ment is 31 s, which is long compared to typical quasipar-
ticle tunneling times and relatively short compared to the
timescale of charge drifts [52–56]. As a result, each
Ramsey experiment shows a beating between two transition
frequencies for a single ng configuration, corresponding to
the even and odd charge parity of the transmon, and the
value of ng can be extracted by fitting the difference of the
two frequencies δω12 for each experiment. We note that this
method can yield a unique value of ng only in the range
[0, 0.25], since ng and 0.5 − ng yield the same Ramsey
frequencies.
The second experiment, shown in Fig. 5(b), measures

nr;crit by sweeping the steady-state photon number n̄r;s
analogous to Fig. 4(b). Here, we fix ts ¼ 16 μs, and each
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steady-state experiment takes 22 s. The transmon is
prepared in j0i at the beginning of the sequence, and
we plot the ionized population P2þ . A nonzero value of
P2þ indicates the occurrence of ionization. In the photon
range chosen here, multiple critical photon numbers nr;crit
are found, because the system passes through several
multiphoton resonances between different pairs of states.
Since the drift in ng causes changes in the transmon energy
spectrum, the measured nr;crit also fluctuate over time and
correlate with ng. This correlation can be seen by
comparing the temporal positions of the features in
Figs. 5(a) and 5(b).
The third experiment, shown in Fig. 5(c1), is a Landau-

Zener experiment analogous to Fig. 4(c). The transmon is
also initially prepared in j0i, and we plot the ionized
population P2þ for different Landau-Zener speeds. Here,
we use n̄r;i ¼ 1065 and n̄r;f ¼ 1286, and the slope
dn̄rðtÞ=dt is controlled by sweeping only ts. These values
of photon numbers are chosen to represent a high photon
number range and are corrected from the measured
values considering the higher-order nonlinearities of

the resonator; see Appendix E 6 a. We find that, when
at least one of the resonances observed in Fig. 5(b)
falls into this photon range (dashed blue lines), we
observe clear Landau-Zener dynamics: More populations
is ionized in a more adiabatic process. When no reso-
nance is in this range, no ionization occurs despite the
adiabaticity.
The fourth experiment, shown in Fig. 5(c2), is similar to

the third one but with n̄r;i ¼ 519 and n̄r;f ¼ 735 to probe a
lower photon number range. We again find that the
occurrence of Landau-Zener dynamics is correlated with
the observation of resonances in this photon number range
in Fig. 5(b) (dash-dotted green lines). Each Landau-Zener
experiment takes 15 s, and a single cycle of the interleaved
experiments, thus, takes 83 s. The fast experimental speed
ensures sufficient time resolution between different con-
figurations of ng and nr;crit.
The numerical simulations shown in Fig. 5(d) further

confirm the correlation between ng and nr;crit. Here, we
simulate the time dependence of the nr;crit. The values of
nr;crit are extracted from two Floquet spectra, which are
calculated using instantaneous values of ng and 0.5 − ng

FIG. 5. Time traces of the results of the repeated interleaved experiments onQC. (a) ng measurements through Ramsey experiments in
the fj1i; j2ig subspace. Each value of ng is extracted by fitting two frequency components in a Ramsey experiment, corresponding to the
odd and even charge parity of the transmon. Each Ramsey experiment takes 31 s. (b) nr;crit measurements through steady-state
experiments with fixed duration ts ¼ 16 μs and varying photon numbers n̄r;s. The transmon is prepared in j0i at the beginning of the
sequence, and we show the ionized population P2þ here. The colored dash-dotted lines encompass the photon number ranges of the two
Landau-Zener experiments in (c). Each steady-state experiment takes 22 s. (c) Landau-Zener experiments with different Landau-Zener
speeds. We fixed the initial and final photon numbers as n̄r;i ¼ 1065, n̄r;f ¼ 1286 in (c1) and n̄r;i ¼ 519, n̄r;f ¼ 735 in (c2). The
Landau-Zener speeds are controlled by changing ts. A smaller value of dn̄rðtÞ=dt corresponds to a more adiabatic process. Each Landau-
Zener experiment takes 15 s. Thus, a single cycle of the interleaved experiments takes 83 s. (d) Theoretically predicted nr;crit. The values
of nr;crit are extracted by identifying the avoided crossings in the Floquet spectrum, and a larger marker represents a larger gap Δac of the
avoided crossing. For each time, we use experimentally measured ng to calculate the Floquet spectrum. The theoretical result is overlaid
on the 2D data from (b) for comparison, with the latter shown in gray.
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measured in the Ramsey experiments. The simulated
results are in excellent agreement with the experimental
time trace in Fig. 5(b).
For a more quantitative comparison between the theo-

retical predictions and the experimentally observed ng
dependence of nr;crit, we plot the same data as a function
of ng instead of time in Fig. 6. In Fig. 6(a), we overlay the
simulated values of nr;crit (orange dots) and the exper-
imentally measured values of nr;crit (blue dots). The agree-
ment is excellent except for a few outliers. The presence of
outliers in the experimental results stems from the finite
duration of each experiment and the delay between the ng
measurement and the nr;crit measurement. In other words,
the actual value of ng during each nr;crit measurement may
fluctuate away from the value measured in the preceding
Ramsey experiment. Increasing the measurement speed or

actively controlling ng would help reduce this effect [22].
Interestingly, we note that the good agreement between
measurement and theory in Fig. 6(a) provides a way to infer
ng from the critical photon number, which could be useful
when conventional offset-charge calibration methods fail.
In Figs. 6(b) and 6(c), we show the results of the Landau-

Zener experiments for different values of ng (blue dots).
The experimental values are reproduced from the first
row in Figs. 5(c1) and 5(c2), corresponding to the most
adiabatic process in each Landau-Zener experiment. The
simulation results (orange dots) are calculated using Eq. (5)
assuming the same values of n̄r;i and n̄r;f as those measured
in the experiments. When there are multiple avoided
crossings in this photon range, we assume that the system
crosses all of them and extract the final diabatic transition
probability as the ground-state population P0. The simu-
lations agree with experiments on the general trend except
for ng in the range [0.05, 0.08] in Fig. 6(b). We attribute the
discrepancy to small errors in calibrating the stimulation
pulses of the Landau-Zener sequence. Moreover, the
Floquet analysis we used here ignores the quantum
fluctuation of the coherent state. As a result of these two
factors, the photon numbers achieved in the experiment can
span a broader range than those used in the simulation. If
we set n̄r;i ¼ 990 in the simulation (red line) to ensure that
there is at least one avoided crossing in the selected range of
photon numbers, then we find a better agreement.
We note that a recently published work, Ref. [22],

studies the offset-charge dependence of ionization by
actively calibrating ng in flux-tunable low-EJ=EC trans-
mons. Our work, by contrast, measures the offset charge ng
in a time-resolved manner, which helps reveal the temporal
fluctuations of the characteristic features of transmon
ionization. Moreover, using our pulse-shaping technique,
we are able to selectively probe multiple critical photon
numbers nr;crit and their associated Landau-Zener transition
probabilities as a function of ng. Both works show the ng
dependence of the critical photon number, provide verifi-
cation of the semiclassical model introduced in Ref. [28],
and emphasize the importance of including transmon
harmonics for accurately modeling the ionization process.

VII. DISCUSSION AND OUTLOOK

The transmon ionization is a key bottleneck for achiev-
ing fast, high-fidelity, high-QNDness measurement,
which is necessary for many tasks in quantum information
processing. In this work, we studied the excited-state
dynamics of ionization in high-EJ=EC transmons. The
deep potentials of such transmons enable control and
readout of a large number of excited states, which allows
us to observe the rich dynamics of ionization. As an
example, for our parameters, we identify j7i as one of the
final states when the transmon is prepared in j1i. This
identification is further verified by investigating the

FIG. 6. Comparing experimental and theoretical ng dependence
of ionization in Qc. (a) Critical photon numbers as a function of
ng. The blue dots are the experimental values, and the orange dots
are the simulation. The marker sizes of the simulation results are
the same as in Fig. 5(d). (b),(c) Populations remaining in j0i in
the Landau-Zener experiments with n̄r;i ¼ 1065 and n̄r;f ¼ 1286

for (b) and n̄r;i ¼ 519 and n̄r;f ¼ 735 for (c). The experimental
populations (blue dots) correspond to the most adiabatic result,
i.e., the smallest slope dn̄rðtÞ=dt. The simulated populations
(orange dots) are calculated using the Landau-Zener formula,
assuming the system crosses all avoided crossings in the range
½n̄r;i; n̄r;f�. The red line in (b) shows the result of the simulation if
we set n̄r;i ¼ 990 instead, which ensures that there is at least one
avoided crossing in the selected range of photon numbers.
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reverse deionization process from j7i to j1i. The photon
numbers at which the transitions happen are consistent
with each other, indicating the resonant nature of such
processes.
Our work further validates the effectiveness of the

driven transmon model and Floquet analysis. The com-
parison between the experimental results and the dynami-
cal simulations shows excellent agreement for both the
critical photon numbers and the ionized population. The
Schrödinger equation simulation captures the majority of
the experimental features. Additional effects, such as
measurement-induced decay and dephasing, require addi-
tional consideration, which we leave for future work. Our
results also highlight the importance of Josephson har-
monics for an accurate prediction of the transmon
spectrum. Combined with computationally efficient
Floquet analysis, ionization could be mitigated by opti-
mizing the transmon and resonator parameters, such as the
transition frequencies and the coupling strength, so that
the threshold of ionization is increased. This threshold
informs the maximum allowable photon number during
readout, as shown in Ref. [33], which helps avoid
unwanted transitions.
Landau-Zener physics also provides strong evidence for

two-level resonances. Using a pulse-shaping method, we
demonstrate precise control of the photon number in the
resonator, which allows us to pass through an avoided
crossing over a wide range of adiabaticity. Our exper-
imental results agree with the theoretical prediction that a
more adiabatic process yields more population transfer.
The pulse-shaping method also allows us to verify the
offset-charge dependence of ionization for a typical trans-
mon. An intriguing question to answer in the future is
whether a high-power QND readout is achievable by
crossing the resonance diabatically. Moreover, the
reported population in Fig. 4(c) corresponds to the
transition probability for a single passage through
the avoided crossing, and it could be possible to observe
Landau-Zener-Stückelberg interference upon a double
passage in future work.
Although ionization is often discussed in the context of

qubit readout, related challenges can become more signifi-
cant when using a transmon as a high-dimensional qudit
[45,46], since higher excited states introduce additional
resonance conditions in the spectrum. An example is shown
in Fig. 2(d), where population transfer between j7i and j9þi
occurs earlier than between j7i and j1i. In addition,
multitone readout—typically required for qudits [45,57]—
leads to more complex ionization dynamics that cannot be
captured by modeling the transmon as being driven by a
single periodic tone. These observations highlight the need
for careful consideration of readout pulse parameters in
qudit applications.
The ability to control higher-energy levels of the trans-

mon may also help in the investigation of ionization in

alternative readout approaches, such as longitudinal read-
out [35,58] and balanced cross-Kerr readout [34].
Moreover, although this work focuses on measurement-
induced effects, similar effects are expected to arise in other
contexts where the essential ingredients for ionization are
present—namely, strong drives and nonlinearity—such as
parametric gates, qubit reset, and quantum state stabiliza-
tion. Since these scenarios often involve transmonlike
circuits, we expect that our work will provide new insights
into the effect of strong drives on superconducting quantum
circuits beyond readout.
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APPENDIX A: DEVICE PARAMETERS
AND CHARACTERIZATION

The device parameters used in this work are shown in
Table I. QA and QB correspond to Q5 and Q4 in Ref. [45],
and QC is on the same chip but was not used in that
reference. The length of the control pulse used to drive each
adjacent transition is 40 ns. The errors in state preparation
and single-qubit gates are on the order of 10−3, typically
limited by the anharmonicity and the decoherence of the
transmon [45]. The readout assignment matrices and
fidelities of the three transmons are shown in Fig. 7.
Table II shows the coherence time, where the values of
QA and QB are reproduced from Ref. [45]. Because of the
thermal cycles of the sample, the parameters of the two
transmons are slightly changed compared to those reported
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in Ref. [45], and the updated relaxation times of the j0i ↔
j1i transition are T1 ¼ 49ð9Þ μs for QA and T1 ¼ 28ð9Þ μs
for QB. We note that the coherence time in Ramsey
experiments of QA became significantly shorter
(T2R ∼ 2 μs) after a thermal cycle, which motivated us to
use QB for further study of the Landau-Zener physics. The
control and stimulation pulses are generated using 16-bit
DACs in the Qblox QCM-RF module, and the readout
signals are generated and detected using the Qblox QRM-
RF module.

APPENDIX B: FULL POPULATION AND
CALIBRATION OF n̄r;max FOR THE SQUARE

STIMULATION EXPERIMENT

In Fig. 2, we show only the population of some states as
a function of the maximum photon number for simplicity.
Here, we provide the populations of all states as a function
of the stimulation amplitudes in Figs. 8(a)–8(d) and give
more details about the conversion between the instrument
amplitude and the maximum photon number.

FIG. 7. Readout assignment matrix for QA (top), QB (bottom
left), and QC (bottom right).

TABLE I. Device parameters.

Device usage QA Secs. III and IV QB Sec. V QC Sec. VI

First anharmonicity α1=2π ¼ f12 − f01 (MHz) −104 −114 −236
0–1 transition frequency ω01=2π (GHz) 4.8817 4.8334 4.1968
1–2 transition frequency ω12=2π (GHz) 4.7778 4.7198 3.9605
2–3 transition frequency ω23=2π (GHz) 4.6694 4.6007 � � �
3–4 transition frequency ω34=2π (GHz) 4.5557 4.4754 � � �
4–5 transition frequency ω45=2π (GHz) 4.4361 4.3428 � � �
5–6 transition frequency ω56=2π (GHz) 4.3098 4.2015 � � �
6–7 transition frequency ω67=2π (GHz) 4.1753 4.0497 � � �
7–8 transition frequency ω78=2π (GHz) 4.0310 3.8848 � � �
8–9 transition frequency ω89=2π (GHz) 3.8746 � � � � � �
Resonator frequency when transmon is at j0iωr;j0i=2π (GHz) 6.470 366 6.415 708 6.311 833
Dispersive shift ðωr;j1i − ωr;j0iÞ=2π (kHz) −249 −205 −267
Resonator linewidth κ=2π (kHz) 105 127 129
Josephson energy EJ1=h (GHz)a 29.7 27.1 11.6
Charging energy EC=h (GHz)a 0.108 0.116 0.212
EJ1=EC

a 275 235 55
Transmon-resonator coupling strength g=2π (MHz)a 31.0 26.8 39.5

aParameters here are estimated by the EJ8 model for QA, QB, and EJ2 model for QC.

TABLE II. Coherence times T1=T2R=T2E measured from relaxation/Ramsey/Hahn echo experiments, respectively, for all transmons
in this work. The values for QA and QB are reproduced from Ref. [45], all in microseconds.

Transition QA QB QC

j1i → j0i 64(15)/85(31)/93(27) 46(7)/52(11)/51(7) 90(17)/63(16)/110(18)
j2i → j1i 34(8)/51(19)/53(14) 25(4)/24(6)/37(5) 80(33)/41(17)/69(20)
j3i → j2i 24(5)/44(12)/45(10) 26(3)/15(4)/34(3) � � � = � � � = � � �
j4i → j3i 21(4)/39(11)/39(8) 14(3)/15(5)/25(7) � � � = � � � = � � �
j5i → j4i 17(3)/27(8)/32(7) 16(2)/48(12)/44(6) � � � = � � � = � � �
j6i → j5i 14(3)/25(7)/26(6) 14(2)/28(10)/27(6) � � � = � � � = � � �
j7i → j6i 13(3)/22(8)/24(6) 13(2)/20(9)/23(6) � � � = � � � = � � �
j8i → j7i 14(3)/21(7)/24(6) 11(2)/11(5)/20(4) � � � = � � � = � � �
j9i → j8i 13(2)/16(5)/22(5) � � � = � � � = � � � � � � = � � � = � � �
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1. Identification of the resulting states

In Sec. III, we identify j1i ↔ j7i as a pairwise ionization
process. However, the population changes of j7i at n̄r;max ∼
880 in Figs. 2(c) and 2(d) are both less significant
compared to the population changes of j1i. This is due
to the relatively short relaxation time of j7i compared to
j1i. As a result, the population is more likely to be
transferred into lower states j6i and j5i; see Fig. 8(d) for
the populations of all states. Indeed, the expected popula-
tion change is recovered when the populations are summed
into the qubit and leakage subspaces; see Fig. 3.
Meanwhile, at n̄r;max ∼ 880, the population drop of j7i
in Fig. 2(d) is about 2.7%, which is less than the 4.4%
population increase of j7i in Fig. 2(c). This is because the
stimulation frequencies for the two experiments are differ-
ent. Indeed, this frequency difference is the cause of the
discrepancy predicted by the theoretical results in Figs. 3(d)

and 3(e). This effect, along with the decoherence and the
readout errors, results in a lower and unsharp population
drop of j7i in Fig. 2(d).
Here, one could argue that j6i is the destination, instead

of j7i, and that the deionization process could occur after
j7i decays to j6i. This argument is disproved in Fig. 8(c),
where the transmon is prepared in j6i and yet there is no
population increase in j1i for any stimulation amplitude.

2. Mitigation of readout errors

The populations reported in Figs. 2 and 8 are corrected
populations. To obtain these populations, each readout
signal is sampled, integrated, and assigned to a certain state.
The populations of these states are then normalized and
further corrected to mitigate readout errors due to limited
readout assignment fidelity. We first give a brief review of
our correction method and then explain possible reasons
why it sometimes yields negative populations.
For three-tone readout of QA and QB, the integrated

signal associated with each shot forms a six-dimensional
IQ vector ðIa; Qa; Ib; Qb; Ic; QcÞ. This vector is assigned to
a transmon state using a Gaussian mixture model
(GMM). The parameters of the GMM, such as its means
and its covariance matrix, are fitted from an independent
calibration. The calibration is done by preparing the
transmon in each of its initial states and performing
single-shot readout. The conditional probabilities of the
calibration results form an assignment matrix A, where
Aij ¼ Pðassigned as ijprepared as jÞ. The GMM parame-
ters and the assignment matrix are then used in the other
experiments. In each experiment, the corrected populations
are calculated by applying the inverse assignment matrix to
the normalized populations, Pcorr ¼ A−1Pnorm.
Although experiments are usually performed continu-

ously and repetitively, the calibration for readout (and also
for the drive) is usually performed in a less frequent
fashion. As a result, low-frequency noise in the system
may cause fluctuations of the distribution of the IQ vectors,
i.e., the true parameters of the GMM. Such fluctuations are
typically small and negligible in most experiments but may
become noticeable when the readout fidelity is limited,
corresponding to strong overlap between the Gaussian
mixtures. When applying the correction method mentioned
above, the resulting populations may become negative.
This fluctuation and the resulting negative population do
not depend on the exact experimental sequence. For
instance, in Figs. 2(d) and 8(d), even at zero amplitude
(corresponding to zero photons), where no physical stimu-
lation pulse is applied, the population of j9þi exhibits small
negative values.
Apart from the fluctuations in the GMM parameters,

another reason for negative populations in our correction
method is the population of uncalibrated states. For
instance, although the final states of QA can be higher
than j9i, we prepare and read out only up to j9i during the

FIG. 8. (a)–(d) The populations of all states for the experiments
reported in Secs. III and IV as a function of the instrument
amplitude. At the beginning of the sequence, the transmon is
prepared in j0i for (a), j1i for (b), j6i for (c), and j7i for (d).
(e) Measured n̄r;max (dots) and the extrapolation results (lines) as
a function of amplitude.
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readout calibration, and the higher states are collectively
classified as j9þi, along with j9i itself. However, the IQ
distributions of these states are not exactly the same as j9i.
When a significant amount of transmon population is inside
these states, the actual distribution of outcomes may shift
away from the calibrated distribution of j9i. In our case, it
causes even more IQ vectors to be assigned as j9þi than in
the calibration. As a result, after applying the correction
method, the population in j9þi can show a population
greater than 1, and its closest state, j8i, can show a negative
population. As shown in Fig. 8(c), the population increase
in j9þi and the negative population of j8i occur at the same
instrument amplitude, which is likely due to the occupation
of higher excited states for stronger stimulation amplitudes.
The two phenomena above would be strongly sup-

pressed if the readout fidelity were increased. A more
frequent calibration with more readout shots would also
help to address the first issue above. Instead of using the
inverse assignment matrix, another way to apply readout
correction is to treat the postcorrection populations as
unknown parameters and perform maximum likelihood
estimation of these parameters while constraining them to
the closed interval [0, 1]. We note that this alternative
method may generate cutoff effects on the features of the
experimental data.

3. Conversion between the instrument amplitude and
the maximum photon number

In Sec. III in the main text, we show the transmon
populations as a function of the maximum photon number
reached during the sequence. In practice, the experiments
were performed by sweeping the instrument amplitude. For
a small range of values, this amplitude is typically propor-
tional to the drive amplitude ε on the resonator. For a
classical linear resonator initialized in the vacuum state and
evolving under a resonant drive, the mean intraresonator
photon number n̄rðtÞ at a given time t is

n̄rðtÞ ¼
�
ε

κ

�
2

ð1 − e−κt=2Þ2; ðB1Þ

where κ is the decay rate of the resonator. Equation (B1)
suggests the quadratic relationship n̄r ∝ ε2 for a fixed time
t. However, the actual photon number may deviate from
this quadratic behavior due to the Kerr effect.
To find the accurate maximum mean photon number

n̄r;max, we first fit the conversion between the instrument
amplitude and the measured n̄r;max at low power. We then
extrapolate the photon numbers at higher power based on
the driven Kerr resonator model explained in Appendix E.
The fitting and extrapolations are repeated for different
initial states jji because the effective κ weakly depends on
the state of the transmon [1]. The extrapolation results are
shown in Fig. 8(e), where the Kerr coefficient Kr;jji is

calculated from numerical diagonalization of the
Hamiltonian.

APPENDIX C: INTERACTION WITH
NEIGHBOR TRANSMON

In Fig. 2 in the main text and in Fig. 8(b), we see a drop
in the population of state j1i at n̄r;max ∼ 170. We find that it
is due to a resonant population swap between QA and QB,
with QB remaining idle during this experiment. The two
transmons are fabricated on the same chip and designed to
have negligible coupling with each other. However, when
QA is prepared in j1i and ac-Stark shifted by −43 MHz, it
becomes resonant with the neighbor transmon QB, which
has the frequency ω01 ¼ 2π × 4.8380 GHz at that thermal
cycle. This resonance induces a j10i ↔ j01i swap that
causes a population drop in QA. In Fig. 9, we show the
measured populations of QB under different stimulation
powers on QA using the same experimental sequence as in
Fig. 2. The readout pulse on QB is added immediately after
the stimulation onQA to probe transitions that occur during
the ramp-up. This also has the benefit of reducing the effect
of decay. We find a population peak at around 170 photons,
which confirms the occurrence of the resonant swap. This
mechanism is further confirmed by the absence of pop-
ulation transfer when preparing the ground state, in which
case the swap between the qubits is not energetically
possible. Finally, Fig. 9 also shows that the probability
of a swap during stimulation becomes small at large photon
numbers. This is because the associated resonance is
crossed much more rapidly, reducing the probability of a
Landau-Zener transition. Thus, at large drive powers, any
significant population transfer to QB must occur during the
ringdown.

APPENDIX D: POPULATION CORRELATION
WITH T1

In Sec. IV in the main text, we argue that the transmon
relaxation mostly happens after the ionization and, thus,
should have a relatively minor impact when comparing the
experimental results with the theory, which excludes

FIG. 9. Eigenstate populations ofQB for the experimental pulse
sequence used in Fig. 2(c) in the main text and in Fig. 8(b).
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transmon relaxation. Here, we provide supporting evidence
for this argument.
We repeat the ionization experiment in Fig. 2(c) for

roughly 24 h, where transmon QA is prepared in j1i at the
beginning of the sequence. We note that we use fewer
values of the maximum photon number n̄r;max than in Fig. 2
to increase the repetition rate. The populations of states j0i,
j1i, and j7i are overlapped in Fig. 10(a) for all 87 ionization
experiments, showing that the critical photon number is
stable over time as is expected for the deep potential of
transmon QA.
These ionization experiments are interleaved with T1

measurement in the j1i ↔ j0i subspace. The resulting time
trace of relaxation time T1 and ionized population P≥2 is
shown in Fig. 10(b), where P≥2 is evaluated at the
critical photon number shown as the vertical dashed line
in Fig. 10(a). We also show a scatter plot of two stand-
ardized variables and their Pearson correlation coefficient

matrix in Figs. 10(c) and 10(d), respectively. These results
exhibit a minor correlation between T1 and P≥2, which
justifies excluding relaxation from our model.
We note that, in general, the error made by excluding

relaxation in the theoretical model can strongly depend on
the experimental sequence and on the parameters of the
transmon-resonator system. For the results shown in
Secs. III and IV, the photon number peaks at the early
stage of the sequence [see Fig. 2(b)], which makes
relaxation less relevant. However, for the results shown
in Sec. V, especially for the steady-state experiment and the
Landau-Zener experiment in the adiabatic regime, the
ionization can occur throughout the sequence, in which
case relaxation could become more important.

APPENDIX E: PULSE SHAPING AND
CALIBRATION FOR THE STEADY-STATE AND

LANDAU-ZENER EXPERIMENTS

The steady-state experiment and the Landau-Zener
experiment discussed in Sec. V require precise control
over the state of the resonator. In this section, we explain
our pulse-shaping method and give examples of numerical
simulations and experimental calibration results.

1. Classical resonator model

Consider a classical driven and damped Kerr resonator in
a frame rotating at the drive frequency ωd. The equation of
motion of its field αðtÞ is

α̇ðtÞ ¼ iΔαðtÞ − iKrjαðtÞj2αðtÞ −
κ

2
αðtÞ − i

εðtÞ
2

e−iϕd ;

ðE1Þ

where Δ≡ ωd − ωr is the drive-resonator detuning, Kr is
the Kerr coefficient of the resonator, and εðtÞ and ϕd are the
amplitude and phase of the drive, respectively. When
dispersively coupled to a transmon, the Kerr value is
negative due to the negative anharmonicity of the transmon.

2. Linear resonator and three-segment pulse

For a linear resonator (Kr ¼ 0) under a constant resonant
drive [εðtÞ ¼ ε, Δ ¼ 0], the solution of Eq. (E1) is

αðtÞ ¼ Ce−κt=2 − ie−iϕd
ε

κ
; ðE2Þ

where C is an integral constant depending on the initial
condition. If the resonator starts in the vacuum state,
αð0Þ ¼ 0, then

αðtÞ ¼ −ie−iϕd
ε

κ
ð1 − e−κt=2Þ; ðE3Þ

and the mean photon number reduces to Eq. (B1) with
steady-state value n̄r ¼ jαðtÞj2 ¼ ε2=κ2. Because it will be

FIG. 10. Interleaved ionization experiments and T1 measure-
ments. (a) Overlapped populations of states j0i, j1i, and j7i from
87 ionization experiments performed within approximately 24 h.
The transmon is initially prepared in j1i. (b) The time trace of
ionized populations P≥2 and measured T1 in the j1i ↔ j0i
subspace. Here, the P≥2 is evaluated at the photon number
shown as the vertical dashed line in (a). (c) The scatter plot of the
two variables in (b). Both variables are standardized. (d) The
Pearson correlation coefficient matrix of the two variables.
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useful below, we note that Eq. (E3) is expressed as a real
function of time multiplied by a time-independent
global phase.
Our goal is to construct a shaped pulse to drive the

resonator such that (a) the resonator is ramped up to its
steady state as fast as possible, (b) the steady state is then
stabilized for a long time, and (c) the resonator is rapidly
ramped down to the vacuum state at the end. We denote the
ramp-up, steady-state, and ramp-down times as t↑, ts, and
t↓, during which the drive amplitudes ε↑, εs, and ε↓ are
applied, respectively. The drive amplitudes remain constant
inside each segment and, thus, form a stepwise pulse as
shown in the inset in Fig. 4(a) in the main text. We
emphasize that the sequence is followed by an additional
free ringdown with time trd, which is different from the
active ramp-down segment above. This ringdown is added
to further ensure the resonator is empty before the final
measurement.
To reach the steady-state photon number ε2s=κ2 in a given

time t↑, the following equality must be satisfied:

n̄rðt↑Þ ¼
�
ε↑
κ

�
2

ð1 − e−κt↑=2Þ2 ¼ ε2s
κ2

: ðE4Þ

If the phase of the pulse is the same for all segments, then
Eq. (E4) gives the relation

ε↑
εs

¼ 1

1 − e−κt↑=2
> 1: ðE5Þ

As an example, the resonator R4 used in this work has
κ ¼ 2π × 127 kHz, which requires an amplitude ratio
ε↑=εs ≈ 63.3 for a ramp-up time t↑ ¼ 40 ns.
Similarly, the ramp-down amplitude ε↓ should satisfy

ε↓
εs

¼ e−κt↓=2

e−κt↓=2 − 1

¼ 1 −
ε↑
εs

< 0; if t↑ ¼ t↓: ðE6Þ

3. Kerr resonator and detuning

The pulse introduced in Appendix E 2 can stabilize linear
resonators, because the drive term in Eq. (E1) balances the
damping term. However, the Kerr effect induces field-
dependent rotations in the phase plane, such that an initially
resonant pulse becomes off resonant as the field builds up.
To balance this effect, we detune the pulse by Δ ¼ Krn̄r;s
such that it is resonant for the desired steady-state photon
number n̄r;s. With this choice, the first two terms on the
right in Eq. (E1) cancel each other, approximating a linear
resonator in the steady state.
As a result of the Kerr effect, the resonant frequency

ωr½nrðtÞ� changes during the ramp-up and ramp-down
segments, which makes the phase and amplitude of the

field deviate from those expected in the linear case. In
principle, such deviations can be removed through chirped
pulses where the detuning Δ is updated during the ramping
or through calibrating the phase and amplitude of the
resulting state after ramping and adjusting the drive
accordingly. For simplicity, we keep the same detuning
and phase throughout all segments and mitigate the
aforementioned problem by reducing the ramping times
t↑ and t↓. From Eq. (E5), a shorter ramping time requires
a stronger amplitude, and the resulting pulse will
have a broader spectrum, which makes it possible for
the pulse to remain near-resonant despite the Kerr effect.
We choose a 40 ns ramping time, which gives
1=t↑ ¼ 25 MHz. This is much larger than the frequency
shift jωrðnr ¼ 3000Þ − ωrðnr ¼ 0Þj=2π ≈ 357 kHz. Here,
we take the same time length for ramp-up and ramp-
down, t↑ ¼ t↓. We note there are also drawbacks of large
amplitude ratio ε↑=εs, which may cause relatively stronger
pulse distortion and also have higher requirements for the
resolution of the microwave instrument, such as DACs.
We show numerical simulations of the steady-state

pulses in Fig. 11 using experimental parameters. In addition
to the case where Δ ¼ Kn̄r;s, we also show the results for
an underdetuned pulse and an overdetuned pulse, which
would be the case for possible miscalibration of the Kerr
coefficient or the photon numbers. We find that the
underdetuned pulse has better tolerance to such miscali-
bration, whereas the overdetuned pulse could easily fail to
stabilize the photon numbers.

4. Pulse in Landau-Zener sequence

In previous sections, we explained the method to
construct the pulse in our steady-state experiments. In
our Landau-Zener experiments, we want to control the

FIG. 11. Numerical simulation of the detuned three-
segment pulses. (a) Δ ¼ Krn̄r;s. (b) Δ ¼ 0.93 × Krn̄r;s.
(c) Δ ¼ 1.07 × Krn̄r;s.
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resonator such that the average photon number changes
from n̄r;i to n̄r;f in a given time ts. Here, we choose the
ramping amplitudes such that they correspond to the ramp-
up amplitude ε↑ in a steady-state sequence with n̄r;s ¼ n̄r;i
and the ramp-down amplitude ε↓ in a steady-state sequence
with n̄r;s ¼ n̄r;f. We leave the amplitude of the quasi-
steady-state segment εs and the detuning Δ as two free
parameters in a numerical optimization for the target
pulses. The cost function is designed to minimize the
difference between numerical results and the desired
average photon numbers, which are n̄r;i, n̄r;f, and 0 at
times t ¼ t↑, t ¼ t↑ þ ts, and t ¼ t↑ þ ts þ t↓, respec-
tively. For relatively short ts, this method results in
monotonically increasing photon number during the
quasi-steady-state segment, the derivative of which can
be easily extracted.
In the main text, we mention that the Landau-Zener

speed is controlled by the slope of the photon number
dn̄rðtÞ=dt. Two different parametrizations are used to
adjust the slope, as each of them can reach only a limited
range of Landau-Zener speeds. The time-varying para-
metrization, where we fix n̄r;i ¼ 1300 and n̄r;i ¼ 1700 and
then change the time ts, fails when ts becomes comparable
to the relaxation time. As a result, the adiabatic regime
cannot be reached. On the other hand, the number-varying
parametrization, where we fix the time ts ¼ 10 μs and the
sum n̄r;i þ n̄r;f ¼ 3000 and then change the difference
n̄r;f − n̄r;i, has a maximum allowable difference jn̄r;f −
n̄r;ij < 3000 and, thus, a limited diabaticity. It is the

combination of the two parametrizations that enables us
to explore a wide range of Landau-Zener speeds.

5. Calibration procedures

In this section, we describe the calibration procedures for
the steady-state sequence and the Landau-Zener sequence.
We show the results for R4, the readout resonator coupled to
QB, and we focus on the case whereQB is prepared in j0i at
the beginning of the sequence.
The first step to calibrate the shaped pulse is to

measure the resonator frequency at the single-photon
level. We perform resonator spectroscopy for various
drive amplitudes and fit each spectroscopy result to a
Lorentzian function to extract a frequency [45].
The single-photon frequency is then extracted by fit-
ting these frequencies to a quadratic function of the
amplitude and then extrapolating to zero amplitude, as
shown in Fig. 12(a). The resonator spectroscopy is also
used to extract the dispersive shift χ01 ≡ ωr;j1i − ωr;j0i ¼
2π × −205 kHz.
Because of the finite duration of the spectroscopy pulse,

the fitted quality factor may have systematic errors. In such
cases, a free decay experiment is preferable to extract the
linewidth κ of the resonator. At any time t, we use
transmon spectroscopy to measure the ac-Stark shift
δacðtÞ of the j0i ↔ j1i transition frequency of the coupled
transmon. These ac-Stark shifts are then fitted to an
exponential function, as shown in Fig. 12(b), which gives
κj0i ¼ 2π × 127 kHz.

FIG. 12. Calibration results of R4, which is the resonator used in Fig. 4. (a) Measured resonator frequency and extrapolation at
different amplitudes. (b) Free decay measurement to extract the linewidth κ of the resonator. (c) Steady-state experiment with Δ ¼ 0 to
extract the Kerr Kr of the resonator. (d) Steady-state experiment with theoretical (blue dots) and calibrated (red dots) ramping amplitude
ratio for compensating possible miscalibration and power compression of the experimental apparatus. (e) The measured and fitted
relation between the instrument amplitude and the steady-state photon number n̄r;s. (f) The analytically calculated and numerically
simulated relation between the drive amplitude εs and the steady-state photon number n̄r;s.
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Using the fitted linewidth, we can calculate the ramping
amplitude ratio in Eq. (E5). The Kerr coefficient is then
measured by applying the three-segment pulse. Here, we
set Δ ¼ 0 without any prior knowledge of the value of the
Kerr coefficient, and the photon number n̄r is not stabilized.
In that case, the Kerr effect manifests through the time
dependence of n̄rðtÞ. We calculate the measured photon
number using

n̄rðtÞ ¼ δacðtÞ=χ01: ðE7Þ

The results are fitted to the numerical simulation of the
three-segment pulse, where the Kerr value Kr, the effective
drive amplitude εs, and the detuning Δ are treated as fitting
parameters, as shown in Fig. 12(c). We leave the detuning
Δ as a free parameter to further correct the single-photon
frequency extrapolated from Fig. 12(a). As a result, we
find Kr;j0i ¼ 2π × −119 Hz.
After calibrating ωr, κ, Kr, and εs, we have the minimal

parameters to run the steady-state experiment: We can set
Δ ¼ Krðεs=κÞ2 and choose the ramping amplitude ratio
based on Eq. (E5). The result is shown as blue dots in
Fig. 12(d). Although the photon number is stable for a long
time, it does not reach its steady state immediately after the
ramp-up segment, because the actual amplitude ratio
required to be applied on the device may deviate from
the theoretical value ε↑=εs ≈ 63.3 that we set to the
instrument. Such deviation may come from miscalibration
of the linewidth κ or the power compression of the
instrument. We correct it by empirically adjusting the
amplitude ratio to ε↑=εs ¼ 68.5, and the result is shown
as red dots in Fig. 12(d).
Another consequence of power compression is that the

effective drive amplitude εs is not proportional to the
instrument amplitude. We perform the steady-state experi-
ment at different instrument amplitudes and extract the
corresponding steady-state photon numbers n̄r;s. The
results are fitted to a phenomenological model
yðxÞ ¼ Axm, and we get m ≈ 1.776 ≠ 2, as shown in
Fig. 12(e). This relation gives us the conversion between
the instrument amplitude and the n̄r;s reported in Fig. 4(b).
We also calculate a similar conversion between the
steady-state photon number n̄r;s and the drive amplitude
εs on the resonator using numerical simulation, as shown in
Fig. 12(f). The results agree well with analytical predic-
tion n̄r;s ¼ ε2s=κ2.

6. Errors in calibration of photon numbers

In the calibration procedures discussed in Appendix E 5,
the photon numbers are extracted using Eq. (E7). This
relation is based on the dispersive Hamiltonian. For a
multilevel system coupled to a single-mode harmonic
oscillator, the dispersive Hamiltonian up to sixth order in
perturbation is (ℏ ¼ 1)

Ĥdisp ¼
X
j

ωjjjihjj þ ωrâ†â

þ
X
j

χjâ†âjjihjj þ
X
j

ηj
2
â†â†â â jjihjj

þ
X
j

μj
6
â†â†â†â â â jjihjj: ðE8Þ

Below, we discuss possible errors when using this equation.

a. Kerr effect

The dispersive Hamiltonian in Eq. (E8) is often truncated
to the second order, with the dispersive shift defined as
χ01 ¼ χ1 − χ0. However, at large photon numbers, the
state-dependent four-wave mixing Kerr ηj and six-wave
mixing Kerr μj also have non-negligible contributions to
the dispersive shift. In other words, the denominator of
Eq. (E7) depends on photon number, and the relation
between photon number and ac-Stark shift is, therefore, not
linear at large photon numbers.
To estimate the possible errors from these higher-order

effects, we calculate the ac-Stark shift δac using ηj and μj
extracted from numerical diagonalization with the param-
eters shown in Table I. The results are shown in Fig. 13. We
find that, at 1500 photons, the critical photon number in
Fig. 4 in the main text, there could be an underestimation of
the photon number of about 100–200 photons for a
given δac.
Because of the existence of μj and other higher-order

Kerr effects, our choice of detuning for the steady-state
experiments, Δ ¼ Krn̄r;s as explained in Appendix E 3,
fails to stabilize the resonator state at higher photon
numbers. An ideal choice of detuning should take into
account the nonlinear relation between the dispersive shift
and the photon number.

b. Averaged photon numbers

Suppose that we truncate Eq. (E8) to second order and
treat the transmon as a two-level system. In the rotating
frame, the Hamiltonian of the system under the

FIG. 13. Estimated ac-Stark shift as a function of photon
number for different orders in perturbation theory.
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spectroscopy pulse can then be simplified to

ĤspecðtÞ ¼
1

2
½Δ − χ01nrðtÞ�σz þ

1

2
ΩðtÞσx: ðE9Þ

Here, Δ≡ ωd − ω01 is the detuning of the spectroscopy
pulse to the qubit frequency, andΩðtÞ is the pulse envelope.
In the above expression, we have performed the rotating-
wave approximation. The ac-Stark shift δacðtÞ is measured
from the excited population Pj1i after a spectroscopy pulse
of duration T. As a result, the measured δacðtÞ reflects the
averaged photon number over the time window of the
spectroscopy pulse. To see this, we perturbatively calculate
the dynamics of the system under Eq. (E9) using average
Hamiltonian theory [60]. In this framework, the propagator
U is given by

UðT; 0Þ ¼ e−iH̄specT;

H̄spec ¼ H̄ð1Þ
spec þ H̄ð2Þ

spec þ � � � ; ðE10Þ

where the time-averaged Hamiltonian H̄spec is expanded at
each order in the drive amplitude ΩðtÞ. Suppose that the
system is prepared in the ground state j0i before the
spectroscopy. The excitation probability to lowest order
in ΩðtÞ is

Pj1i ¼ jh1je−iH̄ð1Þ
specT j0ij2

¼ 4θ2sinc2
�
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
θ2 þ T2ðΔ − χ01n̄rÞ2

q �
: ðE11Þ

Here, we introduced the rotation angle θ≡ R
T
0 ΩðtÞdt and

the time-averaged photon number n̄r ≡ 1=T
R
T
0 nðtÞdt. The

spectroscopic response peaks at Δ ¼ χ01n̄r, which is
proportional to the time-averaged photon number instead
of the instantaneous photon number. Hence, when we fit
the Kerr value Kr in Fig. 12(c), the numerical simulation
results are uniformly averaged over a time window with
duration T. Going to higher orders in perturbation, how-
ever, the excitation probability Pj1i depends on the specific
shape of ΩðtÞ. This leads to errors in the fitted Kerr value.
We also note that the resonator state generated by a

classical drive is usually not a Fock state. The photon
number discussed here should, thus, be thought of as a
weighted average over different Fock states. In the number-
splitting regime where the coupling between the transmon
and the resonator is strong, χ01 > 1=T, there is more than
one peak in the spectroscopic response [61].

APPENDIX F: IDENTIFICATION OF FINAL
STATES IN THE STEADY-STATE EXPERIMENT

In Sec. V, we mentioned that j6i is one of the final states
in the steady-state experiment. Here, we give more details
on this identification.

As shown in Fig. 14(a), we find apparent population
increase in j6i, leaving j7i nearly unaffected. The large
population observed in states j8i or higher suggests
that the population in state j6i is then further transferred
to higher excited states. These observations are consistent
with the Floquet analysis shown in Fig. 14(b). Following
the branch j0fi, we encounter two nearby avoided cross-
ings around n̄r ∼ 1800, involving both branches j6fi
and j14fi. During the long steady-state segment, the
population can be transferred to either of these branches.
The j6fi and j14fi branches also show an avoided
crossing at much lower photon number (n̄r ∼ 100). As
a result, in the experiment, the diabatic ramp-down
segment leads to the population in branch j14fi being
assigned as j6i and to the population in branch j6fi being
assigned as j8þi.
Notice that the critical photon number shown in

Fig. 14 is slightly larger than the measured results
(approximately 1500 photons) in Fig. 4. This is
likely due to the effect of higher-order nonlinear
terms that are accounted for in the Floquet branch
analysis but not in our experimental calibration of the
steady-state sequence; see Appendix E 6 a. All photon
numbers reported in Sec. VI have been corrected for
this effect.

FIG. 14. Identification of final states in the steady-state experi-
ment. (a) A line cut of the steady-state experiment results shown
in Fig. 4(b) at 1500 photons. (b) Normalized Floquet quasiener-
gies ϵj=ωd for QB. We take ng ¼ 0.
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APPENDIX G: FLOQUET BRANCH ANALYSIS

The Floquet branch analysis for studying transmon
ionization has been previously explained in detail in
Ref. [28]. Here, we add a few supplements related to this
work.

1. Landau-Zener speed

For an avoided crossing at nr;crit, the photon-number
slope dnrðtÞ=dtjnr;crit can be extracted from experiments or
from the numerical solution of Eq. (E1). Moreover, the
Floquet quasienergies ϵjðnrÞ can be calculated as a function
of the photon number nr. The Landau-Zener speed v is then
approximately given by

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Δac

d2ϵjðnrÞ
dn2r

����
nr;crit

s
dnrðtÞ
dt

����
nr;crit

; ðG1Þ

where Δac is the quasienergy gap at the avoided crossing.
If the Floquet quasienergies are instead calculated as a
function of effective transmon drive amplitudes
εt ≡ 2g

ffiffiffiffiffi
nr

p
, the Landau-Zener speed becomes

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2g2Δac

nr;crit

d2ϵjðεtÞ
dε2t

����
εt;ac

s
dnrðtÞ
dt

����
nr;crit

: ðG2Þ

We also note that Eq. (5) is derived assuming ℏ ¼ 1, so
both Δac and v should have units of angular frequency
when calculating the transition probability.

2. Frequency dependence of the Floquet spectrum

The simulated nr;crit values shown in Figs. 5(d) and 6(a)
are extracted from Floquet spectra calculated over different
ng values, assuming a fixed drive frequency. In contrast, the
steady-state experiment in Fig. 5(b) used to measure nr;crit
is performed with varying drive detuning Δ ¼ Krn̄r;s for
each n̄r;s. We justify the validity of this comparison by
noting that a small change in the drive frequency δωd does
not significantly alter the main features of the Floquet
spectrum as long as δωd ≪ ωd;ωj;jþ1.
In Fig. 15, we show the extracted nr;crit as a function of

ng for two drive frequencies separated by δωd=2π≈28 kHz.
Overall, they agree with each other except for the smallest
gap at ng ¼ 0.26 with Δac=2π ≈ 11 kHz.

3. Choice of increment when calculating
the Floquet spectrum

When two Floquet branches cross each other in a Floquet
spectrum, they form an avoided crossing as long as there is
a nonzero coupling between them. In numerical simula-
tions, an avoided crossing with a small gap can be
identified only when the resolution of the photon number
(or of any other sweeping parameters) is sufficiently high,

i.e., we choose a small enough δnr. Otherwise, the two
branches will not form an avoided crossing.
We show this numerical effect in Fig. 16. Here, for each

ng, the Floquet spectrum is calculated for photon numbers
from 0 to 1600 with increment δnr. Avoided crossings with
Δac=2π < 1 MHz are shown in red to highlight the
differences between the subfigures. As expected, increasing
this increment misses small gaps in the spectrum. When
doing such a simulation, a proper increment can then be
chosen based on the relevant gap size involved in the
experiment and analysis. We note that the proper value of
δnr may strongly depend on the transmon parameters and
the drive frequency, and our results here should be viewed
only as an illustrative example for transmon Qc.

FIG. 15. Offset-charge dependence of the critical photon
number. We show simulation results for two different drive
frequencies, corresponding to the stimulation frequencies in the
steady-state experiments of Qc with n̄r;s ≈ 1180 (left) and n̄r;s ≈
680 (right). The difference of the two drive frequencies is about
δωd=2π ≈ 28 kHz. The marker sizes are the same as in Fig. 5(d).
The two simulations agree with each other except for the smallest
gap at ng ¼ 0.26.

FIG. 16. The critical photon numbers for different increments
δnr when performing Floquet analysis as in Fig. 6(a). Avoided
crossings withΔac=2π < 1 MHz are shown in red to highlight the
differences between the subfigures.
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4. Comparing offset-charge dependency between a
typical transmon and a high-EJ=EC transmon

The experiment shown in Fig. 4(b) took a few hours, but
the measured critical photon number of QB was fairly
stable and reproducible, and we did not observe strong
fluctuations as for the results shown in Fig. 5(b). These
distinct behaviors come from the very different EJ=EC
ratios of QB and QC.
For a high-EJ=EC transmon, for example QB, the final

state j6i is insensitive to the charge noise. As a result, the
corresponding Floquet mode j6fi only weakly depends on
ng. In its Floquet spectrum, the relatively stable structure of
branches j0fi and j6fi ensures that the position nr;crit and
gap size Δac of some avoided crossings remain the same
over a wide range of ng, as shown in the left panel in
Fig. 17. This is not true for a typical transmon like QC,
whose lower EJ=EC leads nr;crit and Δac to both strongly
depend on ng.
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[26] J. Cohen, A. Petrescu, R. Shillito, and A. Blais, Reminis-
cence of classical chaos in driven transmons, PRX Quan-
tum 4, 020312 (2023).

[27] X. Xiao, J. Venkatraman, R. G. Cortiñas, S. Chowdhury, and
M. H. Devoret, Diagrammatic method to compute the
effective Hamiltonian of a driven nonlinear oscillator, Phys.
Rev. Appl. 24, 044021 (2025).

[28] M. F. Dumas, B. Groleau-Paré, A. McDonald, M. H.
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