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We provide a systematic method for constructing effective dispersive Lindblad master equations to
describe weakly anharmonic superconducting circuits coupled by a generic dissipationless nonrecipro-
cal linear system, with effective coupling parameters and decay rates written in terms of the immittance
parameters characterizing the coupler. This article extends the foundational work of Solgun et al. [IEEE
Trans. Microw. Theory Techn. 67, 928 (2019)] for linear reciprocal couplers described by an impedance
response. Notably, we expand the existing toolbox to incorporate nonreciprocal elements, account for
direct stray coupling between immittance ports, circumvent potential singularities, and include collective
dissipative effects that arise from interactions with external common environments. We illustrate the use
of our results with a circuit of weakly anharmonic Josephson junctions coupled to a multiport nonrecip-
rocal environment and a dissipative port. The results obtained here can be used for the design of complex
superconducting quantum processors with nontrivial routing of quantum information, as well as analog

quantum simulators of condensed matter systems.
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I. INTRODUCTION

Superconducting circuits [1] have become one of the
most prolific platforms for the design and operation of
small-scale quantum processors and quantum simulators,
with basic quantum algorithms and error-correction proto-
cols already being implemented [2—7]. Based on Josephson
junctions (JJs) [8], nonlinear elements with negligible dis-
sipation at cryogenic temperatures, superconducting cir-
cuits show macroscopic quantum coherence and are useful
platforms for the engineering of light-matter interaction
giving rise to the field of circuit quantum electrodynamics
(cQED) [9].

In typical cQED setups, transmons are used as qubits
due to their simplicity and reduced sensitivity to charge
noise, a feature that is linked to their low anharmonicity
[10]. These qubits are integrated in circuits with lumped or
distributed element couplers, readout resonators, and con-
trol lines [11]. With these various components operated
in the dispersive regime, it is possible to obtain effective
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models where the qubits are dressed by their electromag-
netic environment [12]. To address the growing complex-
ity of quantum processors, systematic approaches have
been developed to characterize the effective low-energy
quantum Hamiltonian of the qubits, accounting for the
multimode nature of the distributed circuit elements, while
remaining agnostic on the specific circuit design [13—
17]. These methods rely on the classical properties of
the linearized microwave structure in which the qubits
are embedded. This includes knowledge of the immit-
tance response of the microwave circuit, encompassing
both admittance [13] and impedance [14—16] responses,
or the computation of eigenmodes and their corresponding
fields through three-dimensional electromagnetic simula-
tions [17]. The nonlinearity arising from the qubits is
subsequently introduced, with its effects being systemati-
cally computed at any desired level of precision, provided
it remains weak.

Although general, these methods are not tailored to
describing nonreciprocal elements that are characterized
by nonsymmetric immittance response [18], and the need
for in situ physical or synthetic magnetic fields to break
time-reversal symmetry. Nonreciprocal components, such
as circulators and isolators, are essential for routing
signals in and out of quantum processors. They also
find application in the simulation of photonic lattices
with broken time-reversal symmetry [19,20], enabling the
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exploration of topological phases with superconducting
circuits [21].

In this article, we provide a systematic tool to engi-
neer the nonreciprocal Lindbladian in cQED platforms
based on Schrieffer-Wolff (SW) transformations, i.e., in the
dispersive regime, of general nondissipative linear cou-
plers described by an immittance matrix. This work thus
constitutes a generalization of the analysis conducted by
Solgun et al. [16] to nonreciprocal circuit elements. Here,
the qubit’s electromagnetic environment is described not
only by their impedance response, but, when applicable, by
an admittance response, removing singularities appearing
in the characterization of some linear systems. Moreover,
due to the mixed couplings between phase-space vari-
ables (i.e., flux-charge coupling), appearing in the descrip-
tion of nonreciprocal elements, a generalized symplectic
Schrieffer-Wolff transformation is used. In addition to this
transformation, another perturbation theory is employed to
eliminate the dissipative ports (i.e., the input-output lines
used to address and measure the qubits) within the Born-
Markov and partial secular approximations. This allows
us to deduce not only the local decay rates, commonly
known as Purcell rates, as discussed in Ref. [16], but
also the correlated decay rates resulting from the interac-
tion of the qubit modes with a common bath. The general
method we use, which is based on the exact fraction expan-
sion of immittance responses (a.k.a. black-box modeling
[13-15,18,22]), is applicable to electromagnetic environ-
ments containing an infinite number of modes and does
not suffer from divergence issues [23-26].

This article is structured as follows. In Sec. II, we
present our main results, which includes an overview of
the derivation of the qubits’s Hamiltonian and decay rates,
while deferring the technical details to the Appendices.
This allows us to formulate the master equation for the
qubits in its Lindblad form in terms of the circuit’s immit-
tance parameters. It is worth emphasizing that our results
subsume and extend those derived in Ref. [16], and are
capable of describing a broader range of circuits, including
nonreciprocal elements, direct stray couplings both capac-
itive and inductive, and correlated decay. In Sec. III, we
consider a simple case involving a nonreciprocal three-port
scattering device, showing how our results can be used
to achieve unidirectional signal transmission. Finally, in
Sec. IV we give insight into potential applications that can
benefit from our work, and we discuss possible directions
for future works.

II. EFFECTIVE LINDBLAD MASTER EQUATION

In this section we present our main results and pro-
vide sketches for their derivations, with full details found
in the appendices. Figure 1(a) schematically illustrates
our conceptual framework: qubits (green and blue) are
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FIG. 1. (a) Paradigm of the article: a circuit containing non-
linear elements divided into linear and nonlinear parts, and
transmission lines modeled as classical voltage drive ports cou-
pled by a general (nonreciprocal) linear system described by
an immittance frequency-dependent matrix, i.e., Z(w) or Y(w).
After dispersive elimination of the black-box inner modes an
effective Lindblad master equation including effective couplings
Jij =y |es with nontrivial phases 0, correlated decay rates
vij> and drive amplitudes €;; is obtained for the qubit modes.
(b) Schematic illustration of the qubit modes (green) and elec-
tromagnetic environment modes (black).

interacting via an arbitrary linear and lossless electromag-
netic environment that can contain nonreciprocal elements,
and coupled to drive and dissipative ports (orange and
brown). The electromagnetic environment is described
by its multiports’ impedance Z(w) or admittance Y (w).
Moreover, following Solgun et al. [16], “qubit ports” are
defined between the terminals of nonlinear dipole elements
described by their flux degree of freedom (such as Joseph-
son junctions), which we decompose into a linear part
(represented schematically by the bare inductance L ;) and
a purely nonlinear contribution Uy (¢;) (represented by the
spider symbol). The “drive ports” are defined as the termi-
nals at the ends of transmission lines carrying the signals
to the chip. We note that, with the port definitions we
use here, the response matrices Z(w) and Y(w) do not
include the linear part of the dipole potential, inline with
the method of Refs. [14—16]. This approach contrasts to
that used in, e.g., Refs. [13,17].
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In general, any lossless causal immittance has a canon-
ical lumped representation known as its Cauer circuit that
synthesizes its response [18]; see Appendix A. Thus, in the
circuit of Fig. 1 we substitute Z (or Y) by its Cauer circuit
composed of capacitors, inductors, and gyrators coupled
to the external ports by ideal transformers (see Fig. 5 in
Appendix A). As shown in Appendix C, using the methods
of canonical circuit quantization of Refs. [27,28], we con-
struct the exact classical Lagrangian of the circuit. From
this Lagrangian, we obtain the full classical system-bath
Hamiltonian that we decompose in the standard way as

H = Hg+ H; + Hp + Hp(?). (1)

In this expression, Hs is the Hamiltonian of the junctions
and inner modes of the circuit (i.e., resonators and gyrators
coupled to the qubit modes), H; is the interaction Hamilto-
nian of the coupling between qubit and inner modes with
the dissipative ports, and Hp is the bath Hamiltonian cor-
responding to the dissipative ports. Finally, Hp(f) accounts
for classical external voltage sources at the drive ports.

Having obtained a general classical representation of the
circuit, we now assume the circuit’s inner modes to be dis-
persively coupled to the qubit modes; see Fig. 1(b). As
usual, we first approximately diagonalize the linear sector
of'the circuit, and then add the qubit nonlinearity. The pres-
ence of gyrators, which are the minimal lumped element
circuits needed to synthesize a nonreciprocal response,
introduces nondynamical modes in the circuit description
[27]. Following Ref. [28], we eliminate these nondynam-
ical modes with a symplectic transformation mixing the
flux-charge variables of the inner modes; see Appendix C
for details. Following this elimination, we move to the
dispersive frame by applying a second symplectic pertur-
bation theory akin to the Schrieffer-Wolff transformation
in quantum mechanics; see Appendix B for details and
a worked example. This transformation dresses the qubit
and inner modes while preserving the symplectic struc-
ture of the Hamiltonian. In contrast to the standard SW
transformation approach used in, e.g., Ref. [16], the trans-
formation used here preserves the symplectic structure of
the Hamiltonian even with flux-charge couplings present
in the description of gyrators.

The next step is to add back the qubit’s nonlinear-
ity. This approach can be applied to different types of
low-anharmonicity qubits operating within a single deep
potential well. For such qubits, the charge dispersion is fur-
ther suppressed when coupled to a linear (non)reciprocal
electromagnetic environment [13,29,30]. Here, we focus
on the transmon by keeping the first nonlinear term of
the Josephson junction’s cosine potential. After quantizing
the modes and applying a rotating-wave approximation,
we obtain in this way an effective master equation for the
qubit modes and their dispersive couplings to inner circuit

modes taking the familiar Lindblad form
p = —ilHy + Hy + H, (), p] + Ly . )

In this expression, I:Iq is the qubit Hamiltonian

A stp, Oigep nps b.b!
Hy= Y wblbi+ Sblbiblbi— 1+ Y Jybdl. 3
i i7]

where b, is the annihilation operator for the dressed qubit
mode i. The first two terms of ﬁq correspond to the free
dressed qubit Hamiltonian, and the last term to qubit-
qubit coupling mediated by the circuit. As in Solgun
et al. [16], the parameters entering Eq. (3) can be expressed
in terms of the impedance of the full circuit. Generalizing
those results, here expressions for these parameters are also
obtained in terms of the circuit admittance. Crucially, this
allows us to avoid singularities appearing in the characteri-
zation of some linear circuits (see Appendix A for details).
Moreover, our description can account for the presence of
nonreciprocal elements. To simplify the presentation, the
expressions for the parameters entering ﬁlq are provided
below for the special case where there is no direct cou-
pling (capacitive, inductive, or nonreciprocal) between the
qubit ports (see Appendix C for details of the derivation,
including the case with direct coupling).

First, to second order in perturbation theory, the qubit
frequencies in Eq. (3) are

w0 =B — Im{Y,‘[ (i)} , o
2Cy,
Im{Z% (w;
o =B — m{ Z(w)}, 5)
2Ly,

where the last term accounts for the Lamb shift introduced
by the inner modes, with L;, = 1/C;@? the dressed junc-
tion inductance. For | =Y, Z, the ac part of the response
is defined as 1 = | — 19 while the dc part 1% is the
sum of poles at zero and infinity, i.e., Y& = jwCy +
L;l Jiw + Eo, where Cy (Ly) is the capacitive (inductive)
matrix extracted from the admittance, and E., = [Y% —
(Y9)T]/2 = Y9NR i the nonreciprocal part of Y cor-
responding to direct nonreciprocal coupling between the
ports. We emphasize that the dc part of the impedance con-
tains only the capacitive response, Z%* = C,'/iw, as we
consider ports shunted by capacitors; see Appendix A for
details. In the expression for w;, the frequencies w; take the
form

EC,'/('N’)Ji

1 —
(1+8)2 - Ec,-/@-) - ©

where @, = 1/ (L;,C;)"* is the plasma frequency of junc-
tion i, with L, = ¢>§ /E;. the bare junction inductance, and
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Cy, its total shunt capacitance. The frequency w; has two
types of correction over the bare qubit frequency. First,
the presence of the charging energy (bare anharmonicity)
Ec, = e2/2CJ Second, and in contrast with the similar
expression from Ref. [16], the presence of ¢; = L J;/Ls;
which accounts for a possible effective shunting inductance
Ly, = [limy_,¢ sYi()]~"' [31]. Importantly, a correction of
this form can only be systematically obtained from the
admittance response. When working with the impedance
representation, such an inductive correction could in prin-
ciple be obtained from limy_,[Z(s)/s]. Nonetheless, as
we show in Appendix A, for realistic circuits in which
the ports are shunted by capacitances (e.g., transmons),
lim,_, o Z(s) = 0 and the correction vanishes. In short,
an inductive energy correction cannot be systematically
obtained from the impedance representation. However, in
order to use the impedance representation with a shunting
inductance, the latter must be taken out of the response and
be directly added to the bare junction inductance as part of
the dipole self-inductance.

Moving on to the second term of Eq. (3), the qubit
anharmonicity takes the form &; = —Eci(w;,/@;)? [16].
To second order in perturbation theory, the qubit-qubit
coupling J;; in the last term of Eq. (3) is

(oo, [Yi@) Y (@
Jj = | @i .1_(9) n .1_(‘-0]) ’ 7
WG L o W
| wiw; [ Z; (w; Z: (o;
s L
JitJj Wi wj

In these expressions, the admittance and impedance
account for both the reciprocal (symmetric) and nonrecip-
rocal (antisymmetric) responses, Y = YR + YNR and Z =
ZR + 7R,

Crucially, the J;; coupling has a nontrivial phase result-
ing from the interplay of the reciprocal and nonrecipro-
cal responses. Indeed, writing J; = |J;; le%i | the phase is
determined by the expression

Y (wl) + szl/ (wj)

t 91" == s
oy Im{a)jYij @) + @ Y @)

&)

with an identical expression for the impedance response
obtained by substituting Y(w) — Z(w). In general, effec-
tive quantum models breaking time-reversal symmetry
require a nontrivial phase in the hopping between sites
[19]. Here, we find that this nontrivial phase can be manip-
ulated by adjusting the ratio between reciprocal and non-
reciprocal microwave responses between qubit ports at the
qubit frequencies. We note that Eqs. (7) to (9) can lead
to different interaction amplitudes |J;; | and hopping phases
0; when obtained from the admittance or the impedance
responses. This difference between the two approaches

arises from our perturbative derivation, which leads to
different final effective frames. Crucially, in the disper-
sive regime, where these expressions remain valid, any
discrepancies between them are negligible.

The second term of the Hamiltonian appearing in Eq. (2)
describes the cross-Kerr interactions between the qubit
modes and the inner circuit modes:

Hy =" yiblbila (10)

i,u

with a,, the annihilation operator for the dressed inner
circuit mode w. To second order in perturbation theory
and sixth order in the nonlinear terms of the junctions’
potential, the cross-Kerr coefficients are (see Appendix E)

2E
Xin :251‘(1 - =< ><w2w_uw ) [, 99y2 —|—(g M,
m i

Wi
(11)
2E® w
=281 - =5 ~
Kin ( ; )<w2 oh

for the admittance and the impedance, respectively. In
these equations, w,, is the frequency of mode u obtained

) [l + (g
(12)

from the ac poles of the response. The coefficients qu

(g ) and g/ ” (gl 90 ) are the bare charge-charge (flux-flux)
and charge-flux (ﬂux charge) couplings between qubit
mode i and circuit mode p and are proportional to the
residue of the admittance (impedance) at frequency w,,.
Detailed expressions for these couplings can be found in
Egs. (E24) and (E25) of Appendix E. Notably, the pres-
ence of nonreciprocity in the circuit, captured by these
charge-flux interactions, modifies the dispersive shifts.

Hamiltonian H,(¢) describes coupling of the qubits to
external drive ports and it is given by

n np
0 =" eu®b; + (0], (13)

i=1 d=1

where n and np are respectively the numbers of qubit and
drive ports. Focusing on the situation where there is no
direct coupling between drive ports and assuming a single-
tone voltage drive V;(f) = vy sin(wyt) at each drive port d,
the drive amplitudes take the form

Ydrlve
£(f) = V| (@)™ {[ :

ac _i + Y(-k’NR w
e (@) + Y™ )
x sin(@qt — ) = Y™ (@) cos(@at — 9)

(14)
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when expressed using the admittance case, and
Jp—— —1
Vil 235" (wg)|
V2@iLy,

«|zm@+ Lzben].  as)

ea(t) = — cos(wgt — ¢')

expressed using the impedance. In these expressions, ¢ =
arctan[ZoImelfi(wd)] and ¢’ = —arctan[Zy/ Ingfi(a)d)]
are the phase shifts introduced by the external transmis-
sion line Zj at drive port d. Moreover, the reciprocal and
nonreciprocal components of the dc response take into
account possible direct couplings between qubit and drive
ports. Additionally, Y¥V¢ and Z%V¢ respectively denote the
external admittance and impedance filtered by the capaci-
tances and inductances at drive ports. They are obtained
by adding the lower np x np block of the dc immit-
tance response Y%C (ch) to the characteristic value of
the admittance (impedance) of the external transmission
lines located at each drive port, Y3V¢(w) = Z, 4 Y“lDC (w)
and Z9Ve(w) = Zy + Zg)c (w). For the sake of simplicity
and without loss of generality, we consider all the exter-
nal transmission lines to have the same characteristic
impedance Zy, that is, Zy = Zy1,,. More general expres-
sions accounting for arbitrary voltage pulse shapes as well
as direct capacitive and inductive couplings between drive
ports can be found in Appendix C.

The external ports also open decay channels for the
qubit, something that we model as baths of harmonic oscil-
lators following the Caldeira-Leggett approach [29,30].
Going to the dispersive frame as above, we obtain an
effective qubits-bath interaction, which in addition to the
usual flux-flux and charge-charge couplings include a non-
reciprocal flux-charge interaction responsible for breaking
time-reversal symmetry. Using the Born-Markov and par-
tial secular approximations, which allows us to account for
possible qubits quasidegeneracies (see Appendix F), we
then trace out the baths to obtain the correlated decay rates
of the qubits. As above, these rates are expressed in terms
of the admittance and impedance responses, yielding the
expressions

1 e rive™! — — *
Vi = ——— »_ Re{YE' @)}Yia(@) Yy @)
VCiCh aa=1

(16)

and

1 ik rive™! — — *
Vi = —=—— ) Re(Zyy" (@)}Zu@)Z} @),
VLiLy da=1

(17

where ®; = (w; +;)/2 is the average frequency.
Notably, the Purcell decay rates of qubit i due to its
coupling to the drive ports can be determined from the
diagonal elements of matrix y;;. In the absence of direct
stray coupling between drive ports, these rates are given
by

1 & -l _
Vie = — Y _Re{Y@ @)} Yu@)I,

(18)
S
1 & -
Vie == Y _Re{Z{" @)} Zu@)l’,  (19)
Ly o
where [ly(@)]? = [IR@)]” + INR@)[* with 1 =2, Y.

Here, we have omitted the coherent contribution from
the baths that in the dispersive and weak direct coupling
regime only leads to a small renormalization of the qubits’
Hamiltonian ﬂq. Notably, as shown in Ref. [32], this
coherent contribution is exactly canceled in our regime
of interest by second-order terms in the system-bath cou-
plings that enter the Caldeira-Leggett Hamiltonian (see
Appendix F).

Combining these expressions, we finally have the last
term £, 6 of master equation (2), which takes the form

L,p=Y vyDbib)p. (20)

)

In this expression, D(lAyi,lAaj),é = l;j ,6[3? — %{133_[3,,,6} and
the sum is on qubits i and j such that |w; — ;| S
min(ViK: Vj/()

In summary, we have shown how the master equation
of a nonreciprocal circuit in the dispersive regime is
determined by the total linear response exhibited by the
microwave structure connecting the qubits and the drive
ports. That is, p = Lp where the Lindblad superoperator
is a function of the circuit’s admittance or impedance. For
completeness, the cases with direct capacitive, inductive,
and nonreciprocal couplings between the qubit ports can be
found in Appendix C for both admittance and impedance
responses.

II1. EXAMPLE OF APPLICATION

We now illustrate how the results of the previous section
can be used with a simple circuit example that consists
of three Josephson junctions coupled via filters to a non-
reciprocal scattering element; see Fig. 2(a). We take the
scattering matrix of the nonreciprocal circuit element to be

1 () 1) —c(@) 1)+ c(d)
S(¢) = 3 | 19 +c@) () Hp) — c(9)
1) —c(@) 1)+ c(d) ()
@n
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FIG. 2. (a) Three-port nonreciprocal linear coupler connect-
ing (i) three Josephson junctions or (ii) two Josephson junctions
and an Ohmic dissipative element (a resistor). (b) A w-capacitive
filter. (c) One-pole representation of a transmission line filter.

with 7(¢) = 1 + 2 cos(¢), t(¢p) = 1 — cos(¢), and c(¢p) =
V3 sin(¢). Geometrically, this scattering matrix is a rota-
tion around the symmetric axis n = (1,1,1)7/ /3 and, for
¢ = 2m/3, it corresponds to an ideal circulator.

Focusing first on the case where the filter is a simple -
capacitive filter [see Fig. 2(b)], we obtain the admittance
and impedance responses of the circuit in Appendix G 4.
Equipped with these responses, we use Eq. (9) to directly
obtain the hopping phase 6; between qubit modes in the
circuit’s effective quantum Hamiltonian. We find that

tan 0; () = —/3/wy (@), (22)

where w = @; + § [see Eq. (6)], with @, = 1/+/L;C; the
junction’s plasma frequency, § = —E¢/(1 — Ec/@;) the
anharmonicity, and E¢ the charging energy that we take
to be equal for all three junctions. Moreover, w,(¢) =
tan(¢/2)/[R(C. + C,)] is the ac pole of the admittance
response, with R the characteristic impedance of the non-
reciprocal scattering element. As noted in Ref. [19], chiral
dynamics with complete population transfer is obtained for
0, (¢) = /6, which leads to the condition

® = w,(9)/3, (23)

valid for all values of ¢ # 0, 7. Therefore, we conclude
that, for the circuit of Fig. 2(a) with the filter of Fig. 2(b),
chiral dynamics can in principle be obtained with any

(a)
= 1 \P\ 2 P3
s
< 1
e 2
I
A = =T
0
(b) 1
= \‘\kPl P> Ps
$ |\
<1 \
=22
o
ar 0 4 - S
0 1 2 1
3 3
t)T
FIG. 3. Dynamics of qubit population transfer with an initial

state |4 (0)) = [100) using the circuit in Fig. 2(a)(i) with (a)
the capacitive filter of Fig. 2(b), and (b) with the resonator fil-
ter in Fig. 2(c). The inner circulator phase is set to ¢ = /3.
Solid (dashed) lines were obtained from the exact (effective)
Hamiltonian of the circuits. The approximate period is 7' =
27 //3J (¢). The circuit parameters for (a) are C; = 100 nF,
C.=0.1C;,Co =1.5C;, R =50, E;/h = 11.37 GHz, which
leads to E;/Ec ~ 64, §; ~ —0.05w, and w, (7/3) ~ 2w x 11.5
GHz. On the other hand, the parameters for (b) are C; = 100 nF,
Cir=0.1C;,Cq =0.1C;,Cry = Cy,1/y/L,.Cr = 2 x 7.0 GHz,
VL,/C. =50 Q,R =50, E;/h = 14.51 GHz, which leads to
E;/Ec ~ 82,68 ~ —0.04w.

value of ¢ # {0, '}, something that only requires a suitable
adjustment of the qubits’ frequencies.

As an illustration of this chiral dynamics, starting with
one excitation in the first qubit and all other modes in the
vacuum, we plot in Fig. 3(c) the evolution of the qubit
population Pj_1,3(t) = [(01b;j—123|¥ (1))|* for ¢ = 7/3.
There, we compare the evolution obtained from the exact
Hamiltonian of the circuit obtained after the elimination
of the nondynamical modes (solid lines; see Appendix D)
with the expectation values obtained using the effective
Hamiltonian of the qubit sector constructed using the
formulas from the preceding section (dashed lines). The
agreement between the two approaches is excellent and
shows the expected circulation dynamics.

Other filters can be used instead of the capacitive filter
of Fig. 2(b). For example, consider the LC resonator filter
depicted in Fig. 2(c), which is equivalent to that studied in
Sec. IT of Ref. [19]. In this case, the interaction between the
qubit modes is mediated by four bosonic modes instead of
one. However, under dispersive coupling, this additional
circuit complexity does not substantially increase the dif-
ficulty of the application of our formulas. As before, we
fix the qubit frequencies such that §; = 7/6, and plot in
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Fig. 3(b) the resulting dynamics starting with one excita-
tion in the first qubit and all others in the vacuum state of
both exact and effective Hamiltonians. Once again, we find
excellent agreement between both approaches. Notably,
and in contrast with the analysis in Ref. [19], the inner
modes do not need to be weakly coupled to achieve the
desired chirality. Moreover, as in the previous example,
we find that, for any value of ¢ # 0, 7, the effective phase
between qubit modes can be adjusted to any desired value.
Details of the simulation are provided in Appendix G 5.
As an additional example of application, we now con-
sider the circuit of Fig. 2 where we replace the Josephson
junction of port 3 by a resistor of impedance Zy; see panel
(a)(ii). Following the above approach, the circuit parame-
ters can be optimized to obtain partial excitation transfer
between the ports. Indeed, in the absence of a drive,
H, =0, the master equation (2) leads to the following
equations of motion for the qubit operators b; [33]:

db .
=1 —i(a+ 8bThy — zﬂ)b1 (sz1 + &>bz,

dt
(24a)

[y

db, N V22 Y21
W = —l<6l) + 8b2b2 - l?)bz (l']lz + 2 bl
(24b)

By imposing i/ + y12/2 = 0, the qubit at port 1 can be
isolated from the qubit at port 2 [34]. Using Egs. (16)
and (17), this condition is equivalent to

Y2 (@) = Y13 (@)Y (®), (25)

25

when expressed in terms of the admittance response,
with an analogous expression for the impedance response.
Isolation is possible only if 0 < Y51 (w)/Y13(@)Y3;(w) <
I/EZ“D, where Cp = Cp + C.Cq/(C. + Cg) and Cp corre-
sponds to the shunting capacitance of the dissipative port.
For the m-capacitive filter, this leads to the constraints

tan(¢/2
@ > w,(¢) = %,
V3 _ Zy
o @®)Ce 1+ 072

The first condition results from the filter’s high-pass
behavior, while the second represents an impedance
matching condition for the dissipative port of impedance
Zy, and admits a solution only when C./Cp > 2+/3@/

w, (¢). This inequality is satisfied when C. > Cp, C,. In
that case, the matched load should be chosen such that
Zo ~ /3R /tan(¢/2). For ¢ = 27 /3, we recover the usual
impedance matching condition Zy = R of an ideal circu-
lator. Importantly, isolation can also be obtained for ¢ #
27 /3 provided a suitable adjustment of the impedance
matching condition is made. Figure 4 shows the evolu-
tion of the initial 1-excitation state in (a) qubit 1 or (b)
qubit 2 for ¢ = /3. Panel (a) shows the expected pop-
ulation transfer from qubit 1 to qubit 2, while panel (b)
illustrates the chirality of the evolution with the excitation
in qubit 2 not reaching qubit 1, but instead being lost to the
environment. These results are obtained from integration
of the master equation (24) using Eqs. (7) and (16) for Jj;
and y;;, respectively (dashed lines). In the same figure, the
solid lines are obtained by numerically solving the corre-
sponding classical Kirchhoff equations, yielding excellent
agreement.

The three-port network that we have considered here
represents a small nontrivial example of the general results
of the previous section. Naturally, extending the applica-
tion of the above results to an N-port network is straight-
forward. The underlying principles remain unchanged
[35], facilitating the use of our formulas to more com-
plex and larger multiport systems. Our results explicitly
show that a linear element with an arbitrary level of
nonreciprocity, e.g., the scattering matrix of Eq. (21), is
sufficient to reproduce all dynamics achievable with an
ideal circulator, provided a suitable adjustment of the

(a)

(b)
\ N1 —-- Master equation N2
\ —— Exact dynamics

e ——
0 1 1
2

t/TD t/TD

FIG. 4. [Isolatorlike behavior is realized through adequate tun-
ing of circuit parameters. (a) One excitation in mode by and mode
b, in vacuum at 7 = 0. The population is transferred to mode
b,, and then lost to the resistive port. (b) Reversed situation
with qubit 2 having the excitation at # = 0. Because of chiral-
ity, qubit 1 remains underpopulated (less than 1%), while qubit
2 decays. The dashed lines are obtained from the master equa-
tions (24a) and (24b) (dashed lines). Those results are compared
to the exact dynamics obtained from classical Kirchhoff equa-
tions (solid lines). The circuit parameters are C. = 0.01C;, Cp =
C, =0.01C., ¢ =7/3,Zy = 3R, w = 10wy (/3),8 = —0.05w,
Tp = 20RC;.
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circuit parameters is made. In other words, the design
of on-chip circulators could in principle be relaxed to
engineer the studied class of nonreciprocal synthetic mod-
els. We provide further examples with simple circuits in
Appendix G.

IV. SUMMARY AND OUTLOOK

We have shown that knowledge of the classical immit-
tance response together with qubit design parameters (e.g.,
Josephson’s energies) is sufficient to fully characterize the
dispersive master equation for transmon qubits even in
the presence of nonreciprocal elements. While we have
focused on transmon qubits, our results can be readily
extended to any weakly anharmonic qubit operating in a
single well potential, e.g., building upon the results of Ref.
[36]. Naturally, it can also account for the presence of
higher harmonics of the Josephson potential [37]. More-
over, having obtained expressions for both impedance
and admittance responses offers two significant advan-
tages. First, it enables the description of a wide range
of circuits, effectively eliminating some singularities that
may arise during the characterization of linear systems
(examples are provided in Appendix A). Second, this
dual approach allows us to use our results for qubits
that are dual to the transmons, i.e., for which the charge
degree of freedom is a good quantum number. Promi-
nent examples of such qubits include phase-slip junctions
[38-40].

Expanding beyond weakly anharmonic qubits, the for-
malism presented here could potentially be adapted to
inductively shunted qubits, such as the fluxonium qubit,
following Ref. [41]. In that case, the normal modes of
the electromagnetic environment can be extracted from
the poles of the impedance response, while the Joseph-
son junction is treated separately outside the response, as
we have done in this work. However, because a truncated
Taylor expansion of the Josephson energy is no longer a
good approximation to the potential, one should then con-
sider the full cosine operator, whose matrix elements in
the normal mode basis can be obtained from the zero-point
fluctuations of the junction phase [41]. Crucially, these
zero-point fluctuations can be directly computed from the
immittance response, akin to the approach detailed in
Ref. [13].

More generally, we expect that our work will facili-
tate the exploration of nonreciprocal models in circuit and
cavity QED platforms [20,21,42—44]. It can, for example,
be used to systematically explore novel designs for on-
chip nonreciprocal elements, building upon the principles
established in Refs. [19,45]. Moreover, apart from the dis-
persive shifts, the parameters of the master equation are
determined by the immittance response assessed at the fre-
quencies of the qubits. Hence, only finite-element simula-
tions around this range of frequencies are needed, making

this approach efficient with respect to energy-participation
ratio-based methods [17].

More broadly, our work bridges the gap between elec-
trical engineering via immittance design and quantum
simulation of nonreciprocal and topological models. This
connection relies on the mapping between the phase of
the tunneling rate and immittance parameters provided by
Eq. (9), highlighting that different nonreciprocal immit-
tance designs yield distinct topological models [46].
Finally, further work includes extending the treatment
of nonlinearities to higher-order corrections, incorporat-
ing weakly nonlinear elements within the nonrecipro-
cal response, and investigating tunable couplers in the
spirit of Ref. [47]. Furthermore, there will be a need
for additional work to extend the systematic construction
of effective models using the immittance-based paradigm
to be applicable to the waveguide QED context, where
the black-box structure would encompass a continuous
spectrum.

All the codes to reproduce the main results are available
online [48].
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APPENDIX A: IMMITTANCE RESPONSE
FORMULAS, ELECTROMAGNETIC DUALITY,
AND SINGULAR CASES

In this appendix, we first provide a review of canon-
ical immittance matrix decompositions for lossless cir-
cuits. We then discuss the electromagnetic duality between
impedance and admittance responses, and analyze singu-
lar cases in both approaches. For more details on linear
response synthesis, the reader is referred to Ref. [18].
Linear systems can be generically characterized by a scat-
tering matrix in Laplace space S(s) and, in most cases, by
an impedance Z = R(1 — S)~!'(1 + S) matrix, an admit-
tance Y = (1/R)(1 — S)(1 + S)~! matrix, or both pro-
vided that the involved matrix inverses exist. Here, R is
a characteristic parameter in resistance units. These immit-
tance responses can be decomposed into their multipole
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(a)

1 N
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FIG. 5. (a) Multiport canonical Cauer circuit for impedance (left) and admittance (right) responses. In this representation, U, V, R,
and N respectively correspond to the multiport Belevitch transformer that connects the capacitive, inductive, reciprocal, and nonrecip-
rocal stages to the rest of the circuit [18]. Additionally, E., represents the dc nonreciprocal response. The presence of a nonsingular
capacitive stage in the admittance picture, reflecting the shunting capacitances of the ports, implies that there is neither an inductive
stage V nor dc nonreciprocal response in the impedance decomposition. (b) Electromagnetic duality between the impedance and admit-
tance pictures, which is broken in the presence of Josephson junctions in the port terminals. However, full duality is recovered when
connecting admittance “qubit” ports to a phase-slip flux qubit described by its loop charge degree of freedom [38—40] in series with a
linear inductor, which is the dual circuit of a capacitive shunted JJ, as well as a current source-admittance representation of the drive

ports.

expansions

A() ABS+ Bﬂ
Z(s) = — + Acos + Boo —
() = — +Aws + B+ P
B B
D() DﬁS+ Eﬂ
Y(s) = — 4+ Doos + Exo -
() = — + Doos + B + 2,3: o

(AT)

where A, and D, with @ € {0, 00, 8} are N x N real sym-
metric matrices with N the number of ports. Similarly,
B; and E; with { € {00, B} are N x N real antisymmet-
ric matrices. These matrices are defined from the residues
of the impedance (admittance). Explicitly, we have

Ay = Res[Z(0)], (A2a)
As = 2Re{Res[Z(wp)]}, (A2b)
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Bg = —2wgIm{Res[Z(wp)]}, (A2¢)

Ap = tim 229 _ i 29 (ang)
w—>00 W w—00 W

B = lim [Z(w) — iwAs], (A2¢)

where the residue is given by Res[Z(wo)] = lim,_, o, (s —
iw)Z(s), and Z(w) = lim,_,,, Z(s). The same expressions
hold for D, and E, exchanging Z with Y. The synthesis
of these responses can be done using their canonical Cauer
circuit; see Fig. 5(a). We now turn to important facts on
how this synthesis is done.

First, we note that the expansions in Eq. (Al)
are in general valid for any lossless causal lin-
ear response [18]. However, we consider all of the
ports to be capacitively shunted, a physically real-
istic assumption also taken in Ref. [16]. Hence,
from the definition of the impedance matrix Z;(s) =
Vi (8)/i; (8)|i,=0 = v; (s)/i; (s)|;,—0 With v;(s) the voltage at
port i, i; (s) the current at port j, and vy = if/sC; the volt-
age of the capacitor shunting port i, it follows directly that
lim_, o Z;; (s) = 0. As such, the impedance responses we
will be considering have no poles at infinity and A,, =
B = 0. Moreover, we define the reciprocal (nonrecipro-
cal) poles with frequencies w,, (g, ), where 1 <y <m
(1 < u <), as those with zero (nonzero) imaginary part
in their residue; see Eqs. (A2). Doing so, the expansions of
Zand Y read

Ay < Ay L Ais+B,
Z(S)=T+Za)2 + 52 Zaﬂ + 527 (A32)
y=1 Ty n=1 "8&un
D
Y(s) = TO + Doos + Exg
" Dys ! D.s+E,
+Za)2 +52+Z 602 +S2‘ (A3b)
y=1 Ty n=1 &u

The Cauer decomposition of these responses rests on two
key facts. First, with an appropriate choice of reactive ele-
ments, the circuit poles will be at the same frequencies
as the response poles. Importantly, the minimal number
of reactive elements necessary is directly given by the
rank of the response residues. Second, the residue matri-
ces A, and B; (D, and E;) encode the topology of the
circuit. This topology is realized in the circuit with the
use of ideal transformer matrices [U,V, R, N in Fig. 5(a)]
and gyrators [18]. An ideal transformer matrix Ty, is a
constraint between its a primary and b secondary port volt-
ages (v, vp) and currents (i, i), such that v, = T”v, and
iy = —Ti,. An ideal gyrator is a two-port nonreciprocal
constraint relating its left and right port voltages (v;, v,)

and currents (ij, 7,,), such that

vy 0 -1 i

() =#( 9)C)

where R is the gyration resistance of the gyrator. In the

nondegenerate case, the rank of each residue at frequencies

oy, and wg, is one. We elucidate the process of obtaining

explicit expressions for the transformer matrices, gyration

ratios, and reactive element parameters in the subsequent
paragraphs.

We focus first on the impedance response synthesis; see

Fig. 5(a). The transformer matrix U is obtained from the

(A4)

orthogonal decomposition of Ay = U” 671U. The capac-
itances of the purely capacitive stage are given by the
inverse of the eigenvalues of A (the entries of the diag-
onal matrix C). The transformer matrix R is given by
R” = (ry,...,r,), where the transformer ratios r, are
(N x 1) column vectors coupling the external ports with
the inner mode resonators of frequency w,, = 1/

Such ratios are the electrical engineer’s equivalent [49] to
the energy-participation ratios and signs used in Ref. [17].
These transformer ratios are obtained from the residue
matrices A, =r, r£ /Gy, . As there is a degree of freedom
in the choice of C,,, following the standard convention we
set G, =1 and L, = l/a)fy. Therefore, the transformer
ratios are directly given by the normalized eigenvector
with nonzero eigenvalue (A,, 1,) of A, asr, = \/)\T,)\y,
and hence have units of [C]~!/2. The transformer matrix
N is given by N7 = (nf,n%, ... nf, nf), where the trans-
former ratios n/;* are (W x 1) column vectors coupling the
external ports with the left and right branches of the gyra-
tors, with gyration ratio R, capacitively shunted at each
branch with Cg, synthesizing the nonreciprocal resonators
of frequency w,, = 1/R,Cg,. These transformer ratios
are obtained from both A, = [nf;(n})" 4+ n/ (nf)"]/C,,
and B, =Rua)§ﬂ [nf(n2)" —n] (nf)"]. As before, fol-
lowing standard convention, we set Cg, =1 and R, =
1/wy, . One can show that in the nondegenerate case, the

transformer ratios can be given by nlf = Aﬁ’Rkﬁ’R,
where A2 and AL® are the normalized eigenvectors with
nonzero eigenvalue of A,. In summary, we have
——1
A, =UIC U, (A5a)
A, = r,,r;, (A5b)
A =)+ g (ASc)
B, = wg, [0k ()" —nl,(n})7], (A5d)
R'=(r),...,rp), (ASe)
NT = (n{,nf,...,nf,nf). (ASf)
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For the admittance [see the right panel of Fig. 5(a)], the
synthesis procedure is very similar and we directly provide
the summary

Dy = VCV/, (A6a)
Dy = UL 'U7, (A6D)
D, = ryr;, (A6c)
D, = nﬁ (nlLL)T + nﬁ (nﬁ)T, (A6d)
E, = o, i)’ —nf@h)’] (A6o)
Eew =N YENT | (A6f)

R=(r,...,rp), (Abg)

N = (nf,n’f, ... ,n,L,nf). (A6h)

Here, we have used the convention L, =L, =10, =
1 /(ufy, and R, = w,,. The capacitive stage is synthe-
sized analogously as in the impedance case. The inductive
stage is synthesized with the orthogonal transformer matrix
U, and the inductors given by the inverse of the eigen-
values of Dy (i.e., the diagonal entries of L). Similarly,

. : B LR
the transformer ratios are given by r, = /A, 4, (n;" =

,/)\,L;RXILL’R), where the A, (kﬁ’R) are the normalized eigen-
vectors with nonzero eigenvalue of D, (D,), and have
dimension [L]~!/2. The nonreciprocal stage E, can be for-
mally synthesized with a transformer matrix Ny, and a
set of ideal gyrators represented by the block matrix YS.
However, as we do not need this synthesis for any of our
results, we do not give explicit expressions for it here.

We stress that the transformer (gyration) ratios and
reactive elements for a given admittance and impedance
synthesis when one is the inverse of the other are differ-
ent. We have chosen the same notation for both to make
the duality apparent. However, in general, the inverse of
the impedance (admittance) is not its dual. We now make
this statement more precise. In the context of circuit the-
ory, electromagnetic duality refers to the invariance of
the equations of motion for voltages (v) and currents (i)
under the transformation v — zyi and i — v/z), where
zo depends on the units chosen for voltage and currents.
In particular, two immittance responses Z(s) and Y¢(s)
are dual if the equations of motion for voltages (v) and
currents (i) at the ports are invariant under the transfor-
mation Z(s) — Y?(s), v — zi, and i — v/z. It follows
that Y?(s) = Z(s)/z2, where the Cauer representation of
Y4(s) is obtained from the Cauer representation of Z(s),
by changing capacitors to inductors (and vice versa),
transposing the transformer matrices, and using the LC
oscillators’ (gyrators’) admittance instead of impedance
representations.

Co Y, Z(s)
L,
I
A V.25 ...
+ ] X T+
U1 ==C, C,mm V2
[ 17

FIG. 6. Generic two-port circuit coupled through an admit-
tance or impedance response plus direct inductive coupling.
For such circuits, unconstrained Hamiltonian dynamics can be
systematically constructed from the admittance, but not the
impedance, response.

For Josephson junction—based circuits, the shunting
capacitances accompanying these JJs introduce an asym-
metry in the poles between the impedance and admit-
tance approaches [see Egs. (A3)], therefore breaking elec-
tromagnetic duality between the two approaches. This
leads to the possibility of encountering distinct singular
cases for the admittance and impedance representations
when constructing their respective Lagrangian. We pro-
ceed to show that this is indeed the case. Let us focus
first on the singular cases of circuits in which the exter-
nal ports are shunted by dipoles described by their flux
degree of freedom. In this context, the kinetic matrix
of the Lagrangian derived from the Cauer representa-
tion of the impedance (admittance) will be singular if
Ay (Do) is singular. Specifically, circuits featuring direct
inductive coupling (as depicted in Fig. 6) between qubit
ports render A, singular. This can be proven using the
current-voltage relation between the inductor ports, which
implies that, for dc current, the voltage drop across the
inductor is zero and thus acts as a short circuit between
the ports equaling their voltages. That is, lim;_ov; =
lim,_, ¢ vy implies that lim,_, o Zy; (s) = limy_¢ v1 /i |;,=0 =
limy_, o v2/ij|i,=0 = limy_, o Zy; (s) for all j. In other words
Ay = limy_,¢sZ(s) has two linearly dependent rows and
is singular. Note that this statement is true even in the
presence of a parallel (shunting) capacitor to L.. By the
same token, if there is a shunting inductance on port i
then lim,_,¢ v; = 0, implying that (Ay); = 0 for all j and
Ay is singular. However, this last case can be remedied
by extracting the shunting inductance out of the response
and dressing the bare inductance of the dipole with it. In
contrast, within the admittance framework, D, will
always be full rank due to the shunting capacitances at
the ports; hence, the derived Lagrangian is not singu-
lar and derivation of the corresponding Hamiltonian and
subsequent quantization can always be done.

Finally, we note that, thanks to electromagnetic duality,
our results extend to weakly anharmonic qubits described
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by their (loop) charge degree of freedom such as the
phase-slip flux qubit [38-40,50]. This is so because
the dual circuit of an impedance shunted by Josephson
junctions in parallel with capacitors corresponds to its dual
admittance with the ports shunted by phase slips in series
with inductors; see Fig. 5(b). Therefore, the formulas
found in this work for qubits described by their flux degree
of freedom can be easily adapted to the case where the
qubits are described by their loop charge degree of free-
dom. Singular cases for loop charge-based circuits are dual
to those presented above.

APPENDIX B: SYMPLECTIC
SCHRIEFFER-WOLFF TRANSFORMATION

Here, we develop a form of symplectic perturbation
theory in classical phase-space analogous to the standard
quantum Schrieffer-Wolff perturbation theory [51]. Con-
sider a Hamiltonian H defined by the quadratic form H
as

1
H = =XTHX,

> (BD

where X is the vector of generalized phase-space coordi-
nates. Without loss of generality, we divide it into two
sectors 4 and B such that X7 = (x%, p?,x%, p}), where
position and momenta obey the standard Poisson bracket
{X4, Pp} = 8,4,. With this division, the quadratic form H in
block form reads

_(Hs4 Hgp

Consequently, its symplectic form J is also in block form,

1e.,
_(Jds O
(4 ) o)

with
0 1, 0 1,
JA=(_ﬂn o), JB=(_]lm 0), (B4)

where n (m) corresponds to the number of conjugate pair
variables in 4 (B). The equations of motion of the sys-
tem read X = JHX [52]. We are seeking a symplectic

transformation S that block diagonalizes H,

8"y Hs ' =Fi= (HA 0 ) ,

0 Hj (BS)

with X = SX the transformed coordinates, such that the
Hamiltonian now reads

1 | P
H=-X"HX = EXTHX. (B6)

2

This symplectic transformation must satisfy SJS? =J
and, for any symmetric matrix A, it must hold that S =
exp(AJ) is a symplectic transformation [52]. Thus, any
symmetric matrix A is a generator of symplectic transfor-
mations, and we are interested in generator A such that
Eq. (BY) is satisfied.

Because (S7)"'HS™! = exp(JA)H exp(—AJ), we can-
not use the well-known Baker-Campbell-Hausdorff
expansion of exp(B)Hexp(—B) to directly evaluate the
transformation. Instead, we use the general expansion

exp{D}Hexp(B} = % 3 (’;) D" *HBF.  (B7)
n=0 " k=0

Substituting with JA = D and —AJ = B we have

n

A=Y ) (n>(_1)k(JA)""‘H(AJ)". (BS)

! k
n=0 k=0

Furthermore, we define the transpose anticommutator of
two matrices {D,B}; = DB + B’D”. With this notation,
we can show that

n

{D,...,{D,B}r,...}r
————

n times

n n—k TNk
(k><D> B(D")

k=0

{D,B}Y”,

(B9)

which can be easily proved by induction. As (JA)! =
—AJ, it follows that

H > —(JAHYY. (B10)

n!
n=0

Now, we write the off-diagonal block of H coupling the
two sectors as H,z = AH,p with A the customary pertur-
bation parameter. Additionally, we express the block diag-
onal quadratic forms as Hy = HY + AH’,, where H{” and
AH’, correspond to its diagonal and nondiagonal entries
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within that sector, respectively. With similar expressions
for sector B, we have

HY + AH! 0 ) ( 0 HAB>
H=( 4 + A
( 0 Hy + 2HY His O
=HO + AH), + AHpp. (B11)

As is customary, we also expand A as a power series in A:

A= i MAD,
n=1

Substituting Egs. (B11) and (B12) into Eq. (B10) while
also imposing condition (B5), we obtain the set of equa-
tions for generator A order by order:

(B12)

(JAD HOy . = —Hyp,
(JA® HO}r = —(JAD H])r,

(B13a)
(B13b)

and so on. These expressions are analogous to those
obtained for the standard quantum Schrieffer-Wolff trans-
formation [53]. Using these results, we find that the trans-
formed quadratic form of the Hamiltonian up to third order
in X reads

~ A2
H=H® +iH, + T{JA(I), Hwp}r
1
+ 27 |:{JA(2), Hwp}r + E{JA(I), H/D}(Tz):|- (B14)

Thus, up to second order in A, only the first-order generator
is needed. From Eq. (B13b), we have A® = 0 (A®@ £ 0)
if H, =0 (H}, # 0), and therefore taking into account
only the first-order generator the expansion of H will be
accurate up to fourth (third) order in A.

To solve Eq. (B13a) and find A", note that its diagonal
(even) sector will be zero and only its nondiagonal (odd)

block sector will be nonzero, and therefore we let

0 A(l))
0= 4B ) (B15a)
((A;;?)T 0
W ( (1 (N
A = e arh ) (B15b)
(e8] (1
Apaxb A[’apb
We also write
Hip = <Eb Kw’h) , (B16a)
‘PaXp \PaPb
HY = diag(ws, ..., wh,we,...,w5),  (Bl6b)

where we have chosen the dimension of all the entries to be
of frequency for reasons that will become apparent below.
Substituting Egs. (B4), (B15), and (B16b) into Eq. (B13a)
and setting the perturbation parameter A = 1, we find after
some algebraic manipulations that

(AD s = O (W, KED —wh ke ), (B17a)
(AL )as = Oy (—wi Kl —wisKer ), (BL7b)
(A)as = O W KD +whKEE),  (BI70)
(AN o = O (—WiKh -+ WigKEP ), (BI7d)

where O 5 = Wi, Wy, — wi’ﬁwzﬁ =w — a)/zg with w, (wp)
the oscillation frequency associated with the conjugate pair
Xu» Po (X, Pp) when only H is considered. As usual, we
call these frequencies the bare frequencies of the problem.
Here Kg;fb is the a, B entry of K, ,, . The above expressions
for the first-order generator of the transformations gives us

the perturbative criteria

<1, (B13)

Aab

where k is the largest entry of matrix H—H® and A, is the smallest frequency gap [w4 — wh| between the
bare oscillators in subsectors 4, B. Continuing with the general derivation, we substitute Eqgs. (B17) into Eq. (B11)
and, after some algebra, we obtain the corrections up to O(k*/AZ2,) of the quadratic forms of both subsectors 4, B:

(ﬁﬁx)a,a’ =

N —

p=1

+ Wy <Kot’,ﬂ Kot,ﬂ _ KOllaﬁ Ka,/g

®a/f5 PaPb XaXp PaXp XaPp

1 1

m
S| (et ket )|

)}

WX / ’
+ + o [KeB KB _ KB KB
@a,ﬂ ®a/,ﬂ:| ®a,,3 < PaPb XaXp \paxp  NXapp

(B19a)
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~ 1 <
A
(pr)oz,o/ = 5 Z { <Wp}3 Kxaxb Kpaxh + Wxﬂ Kguﬁb Kpapb

p=1
an
+ O, (Kgax/i K[:agh Kzapi Ki(cﬁh) }
o B

- 1 m
A _ o,f o,
(Hop)aar = 24 o Kpaxs Kpa x T Wis Kooy KPan

=1

o BB _ Ko B KB
@ , (KxabePapb KxanKpaxb>}
o' B

To obtain the corrections to ﬁB, we simply exchange
a with B, m with n, and use K" in the above formulas.
For pr, the diagonal entry corrections & = o’ are equal to
Zero.

1. Example of a symplectic SW transformation

As a simple example, take three LC oscillators. Two
of the oscillators are nonreciprocally coupled to the third
oscillator via gyrators. Moreover, all three oscillators are
capacitively coupled. Writing the Lagrangian using the
flux variable on the inductances of the oscillators one
readily obtains the Hamiltonian

42 32 B2
H= Z[—+¢—}+2C3+¢ quA

2L G

T[T L el - gt
(B20)

where 7 € {1,2}. The phase space variables respect the
Poisson brackets { l,qj} = §;j04», and thus we identify
¢ — x,q — p. The forms of parameters C;, L;, Cy, k,; can
be easily obtained following the standard approach [27].
Organizing the phase-space coordinate vector as X =
(o, q1, 41, ¢%,¢5)7, and rescaling them such that
b — @i/ /zi,qi = qiy/zi With z; = {/L;/C;, the quadratic

and symplectic forms read

_(Hs Hyp _(Jda O
H= (Hﬁg Hp ) J= 0 Jy) (B21a)
with
w! 0 0 0
10 w 0 0
HA = 0 0 a)f kq N HB = a)l ﬂz, (leb)
0 0 k of

1 1 W
o B B
) |:®oz,ﬁ - ®a/,ﬂ] * Ou.p (KZ"”” K"“"b Kpas Kpaph>

(B19b)

1 1 Woe op »
) [605,,3 * ®o/,ﬂ] * ®O[,,3 (Kxaxb Kpapb Kxapb Kpaxb

(B19¢)
11
O k@l‘]b
0o i
He=| ., "] (B21c)
~Kgutr  Faras
2,1 1
_kqa¢b k‘?a‘]h

(0 1, (0 1
(0 B) we (D). e

Here, we have defined ! = 1/VL;C,, a)l = 1J/L5Cs,
k = 1/,/2122Ck, qiqb = 1/‘/ZZ3C](, k(lbaqh «/Z,'/Z3kg,
and qu o = = /z3/zkg. . .

Using these expressions, we can now obtain the per-

turbative corrections from Egs. (B19) to find the effective
quadratic form of sector 4:

0) kll IJ,

I
4
(Hyp)ij = S01KGq, %qb[@—m + a]

A A
ZETANETA! k’ A

w;
- 20, 9aPp " baqy 20, 9aPp" Paqp’ (B222)

LT
il R
(Hyiy = k%qbk’qaqb[@—il + a}

A

@; il 7)1
+ 2@[1 (kj]aqbk;a¢b

kzl k;l)

qab" qaqb

(B22b)

(ﬁ;‘pi,j— O il

AN T
i1 N
4ot ¥uts kqaqb"éa%)[(a—ll + E}

A A
Wi i1 441 w;

i1
B 2@1,’1 Gadp’ qaPp k] kg

@] baqb" 9aPb

+ kg (1 —6;5), (B22c¢)
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with ©;; = [(w)? — (w?)?]. For these expressions to be
accurate, the perturbative criteria

i1 il
aPp’ kquqb > k¢a(1b >

mm(lwi — w; |)

max(k ky)

<1 (B23)

must be satisfied.

For the sake of completeness, let us briefly com-
ment on the connection of this approach to the stan-
dard quantum SW method used in Ref. [16]. There, due
to the presence of just a reciprocal (capacitive) connec-
tion, only flux-flux coupling terms had to be consid-
ered. Explicitly, after arranging the phase-space coordi-
nates as X’ = (@], @7, q7, q}), the quadratic form has the

structure
Q A K¢¢ 0 0
KI' Qp O 0
— ¢
H= 0 0 Q, 0 (B24)

0 0 0 Qp

with Q4 (Q2p) the normal mode frequencies of sector

A4 (B). With the rescaling ¢; — ¢;//Wi,qi — qi/Wi, the
quadratic form is

Q% Mg 0 O
T 2
H= My € 0 0 (B25)
0O 0 1 0
O 0 0 1

It follows that S will be both symplectic and orthogonal,
and Egs. (B19) reduce to

Hipaa = 5 ZM”M“"[ + } (B26)
Ou.p

Ou g

which is the same as Eq. (B.15) of Ref. [53]. Yet, in
scenarios involving both flux-flux and charge-charge cou-
plings, or flux-charge couplings, as shown here, Egs. (B19)
deviate from conventional SW formulas.

APPENDIX C: DERIVATION OF THE MAIN
RESULTS INCLUDING DIRECT CAPACITIVE,
INDUCTIVE, AND NONRECIPROCAL
COUPLINGS

In this appendix, we obtain the effective Lindbla-
dians and Hamiltonians for the general case with
direct electrostatic and inductive coupling between the
ports. In the closed system, we introduce two different
approaches to include the direct capacitive (electrostatic)
and inductive (magnetostatic) couplings. First, for the
admittance (impedance) representation, in Appendix C 1
(Appendix C3), we apply a numerical diagonalization of

both the kinetic and inductive matrices of the junction
sector and then decouple qubit modes from inner modes
using SW perturbation theory. Second, in Appendix C2
(Appendix C 4) we obtain analogous coupling formulas by
treating the direct couplings as a perturbation. The main
advantage of the first method is that strong direct electro-
static and/or magnetostatic coupling can be accounted for
exactly, but at the cost of dressing the modes, something
which can potentially obscure the nonreciprocal coupling
between the external ports.

Subsequently, our focus shifts towards the derivation
of the perturbative dissipative contribution of the drive
ports by deriving closed admittance and impedance for-
mulas for the correlated decay rates in Appendices C 5 and
C 6, respectively. Finally, we compute the drive amplitudes
and classical crosstalks for the admittance (impedance)
representation in Appendix C7 (Appendix C8). To help
the reader navigate this appendix, Table I summarizes
some of the important definitions and the notation that is
used.

1. Admittance coupling formulas with numerical
diagonalization of direct coupling

We start by deriving the effective Hamiltonian from
the admittance response. Here, and up to Appendix CS5,
we will not consider the drive ports. Using the
Cauer circuit representation of the admittance, explained
in detail in Appendix A, we obtain the system of
equations

—iy = Ocic + Oi; + Ryiz + Nyig + Nuoig,,, (Cla)
ve = Ofv,, (Clb)
v, = OLTVJ, (Clo)
VR = RJTVJ, (C1d)
ve = Nlv,, (Cle)

Ve, = N v, (C1f)

where v,, i, with x = j,7, ¢, corresponding to the voltage
and current vectors of the junctions, reciprocal resonators,
capacitors, and inductors, respectively. Vectors vg, ig,Va,,
ig,, correspond to the currents and voltages for the left-
right branches of each gyrator vg = (vgl, gl yeees ngz’ vg .
Moreover, Oc, OL, No, Ry =(ry,...,r,), and N; =
(nf, nf - n, .1 Ry are the transformer matrrces defined in
terms of the admittance response of the junction sector; see
Egs. (A6). Here, we changed the notation of Appendix A,
U— O; and V — O, for two reasons. First, to make
more apparent their orthogonality, and second, to stress
the difference with the full orthogonal decomposition of
Ds = VCVT (Dy = uL U’ ) when the dissipative ports
are included. This will be important in Appendices C5 to
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TABLE I. Summary of definitions and notation.

Al — C;, Cp
0 C;D Cp

ZR(s) = [Z(s) + Z()71/2
ZNR(s) = [Z(s) — Z(9)T1/2
Z%(s) = > 5 (Ags +Bp)/

(@5 + %)
Zac,R(S) —

[Z2(s) + Z°(s)T]/2
Zac,NR(S) —

[Z2¢(s) — Z(s)T]/2
ch(s) =Ag/s

Zdrive(s) =70+ CBI/S

A, :ryrg/CrV

D — (C]‘! CjD)
o Cp ©Cb
DO:( ! '-B)

)" L

G VS

YR(s) = [Y(s) + Y(9)T]/2
YNR(5) = [Y(s) — Y(5)T]/2
Y(s) = > 5 (Dps + Ep)/
(@f +5%)
Yac,R (S) —
[Y2(s) + Y*(5)7]/2
Yac,NR(S) —
[Y2(s) — Y*(5)T]/2

Yd(s) =

Do/s + sDso + Eco
Ydrive(s) —

Zy' +sCp + Ly /s
D, = ryrg/L,V

RT R
RT:<R;):(r1,...,rm) R:(Rg>:(r1,...,rm)
D

N7 N
NT:<N;):(nf,...,nf) N:(,\é):(nf,...,nf)
D

T=(T;,Tp), T, =(Rs,Ny), Tp = (Rp,Np)
A= [ ()" +nf )]/ C,
B = Rg, g, [ ()" —mj; (n)]
Dy = [T +nk 7]/,
Eu = wg [ ()" — nff () "1/R,,
i = 8Ly, L, = $3/Es,
Cj, = diag C;, L' = diag L

(?ZJ)ij =8, @ = 1/,/L;,Cy,

C 8. With an appropriate choice of flux and charge coor-
dinates, we obtain a Lagrangian describing the dynamics
of the circuit [28]. For junctions, capacitors, inductors,
and pure gyrators, we use flux variables in writing the
Lagrangian. On the other hand, for the reciprocal and non-
reciprocal resonators, we use charge variables. With this
choice, Egs. (C1) read

AU(D,) . —
- L = 0c(C,d0) + OL(L, &p)
0D,
+R;Qr + N,Q¢ + Nongochoo, (C2a)
b = 0Ly, (C2b)

o, =0l d,, (C2c)

Qz +C;'Qr =RJd,, (C2d)
QG + ZgQG = Nﬁ’b (C2e)
b, = NI d,. (C2f)

In these expressions, C s E;l, and C, are diagonal matri-
ces with entries C,, Ly, G, respectively. Moreover, Ygo
is the admittance matrix of the ideal gyrators, and Z,
the impedance matrix of those forming the nonreciprocal
resonators

iO’le 0
Y3 = : (C3a)
0 inRk
—io, /Ry 0
Z, = = —iQ2, %,
0 —ioy /R,
(C3b)
Og 0
Ty = ; (C3c¢)
0 Oy
a)g1 ]12 0
Q, = , (C3d)
0 wgl]lZ

where, as above, we have used Ly, = 1, implying that
wg, = 1/R,, and o, corresponds to the Pauli matrix o« =
X, y,z. Substituting Egs. (A6) into Egs. (C2) and rearrang-
ing we obtain the set of equations

AU(D . . .
- a; /) =L'®,+C;d, + T,Q+YSd,, (Cda)
J
Qz = R;‘:bj - C;lQR, (C4b)
Qs =Nlo, — Z,Qq. (C4c)

These Euler-Lagrange equations can be obtained from the
Lagrangian

1. . 1 .
L= §q>JTCJcI>J — Ec1>JTLt,1cI>J — U(D))
1. .
+ zcpJTYJchJ + ®7T,Q (C5)

Lo Lo 1o+ Lor
+2QQ 2QC, Q+2QZeQ

with Q7 = (Q},QF) the charges of the reciprocal
and nonreciprocal inner mode resonators, respectively,
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T, = (RT,ND)T the transformer matrix, and
C. 0
=5 o)
0 O
2=(0 2)

Assuming that C; is not singular, we immediately obtain
the classical Hamiltonian

(C6)

1 1 1
H=2(-3Y/%-T,Q)C)' (w~ Y, - T,Q)
~o7L'®, + U®))
+3(1-32.Q)" (- 32.Q) + ;QC;'Q
2 27 27 2 1

(€7)

where q;, IT are the conjugate momenta of ®,, Q, respec-
tively, with Poisson brackets {®,,q!} = 1,, {Q,117} =
1,142, where n, m () are the numbers of qubit ports and
reciprocal (nonreciprocal) resonator modes, respectively;
see Egs. (A3).

Linearizing the junction potential, we write the linear
part of the Hamiltonian in Eq. (C7) as H = X"HX/2, with
X" = (@7, q7,Q7, 17) and the quadratic form

H K
H=(K{r H,>’ (C8a)
where
oo (LD DY 4 YEC) 2
7 C;' (Y92 c' )
(C8b)
_(Z1Z,)4+C;+ O™  Z.)2
W‘( z1)2 L) (€89
_(O0TH o0
K‘(—C;ITJ o)' (C8d)

In these expressions, L o 1s the diagonal matrix with entries
Ly = ¢§ /E;. obtained from the linear part of U(®;),
with ¢9 = h/2e the reduced flux quanta. We assume that
[IT/1l ~ |IYS]| and ignore the second-order terms in the
coupling O(T?), as they give rise to third- and higher-order
corrections. Furthermore, from now on, we also ignore
the second-order terms in the inner mode sector as these
would give fourth- and higher-order corrections in the
effective junction sector Hamiltonian after the symplectic
Schrieffer-Wolff block diagonalization; see Appendix B for
details.

For clarity, we separate the nonreciprocal sector from
the reciprocal sector of the inner modes H = X"HX/2
Wlth XT == (¢;, q;, Q]YQ-’ H;a an Hg)B

H = (F(; |_? ) (C9a)
H, = (%3 18’1) , (C9b)
H, = <Z§T§%4 Z]i/l2> ’ (C9¢)
and the coupling matrix to first order then becomes
K= (—C?IRJ 0 —C?INJ 8) -

Since every gyrator imposes a constraint in phase space,
there is only one dynamical pair of conjugate variables
(instead of two) per capacitor-gyrator-capacitor circuit. In
other words, we have redundant nondynamical variables
in the above Hamiltonian; see Ref. [28] for further details.
In Appendix D we exactly eliminate these nondynami-
cal modes to obtain a Hamiltonian that can be imme-
diately quantized. Here, we take an alternative approach
and approximately eliminate these nondynamical modes,
ignoring the second-order terms in the inner mode sector.
To second order in perturbation theory, both the exact and
the approximate eliminations give the same result.

Continuing our derivation, we now proceed with the
approximate elimination of the nondynamical modes with
the symplectic transformation

S, O
v=(5 s.)
Q) 0
S, = . -1/2 >
0 Q
12 -5\ (Y o
S, = s . Cl1
e <2x/2 1y J\ 0 o;'? (Clle)
For convenience, we have rescaled the inner modes such
that every entry in the transformed quadratic form has
dimensions of frequency. By mixing charge and fluxes of
the nonreciprocal resonators, S, diagonalizes the nonre-

ciprocal sector and decouples dynamical from nondynam-
ical modes. Indeed, we have

Tl -1 _ Qg O
s (5 3)

g (1> +0.)/2 0

(Clla)

(C11b)

(C12a)

Q, = .
0 wg(1y +02)/2
(C12b)
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The flux-flux and charge-charge subsectors of H; are
diagonalized with the additional symplectic transformation

1/2 —1,2
0LC, or 0
S, = ¢ , (CI13
’ ( 0 a,”orc," oT) (1

where Ogq is the orthogonal matrix that diagonalizes

~1/2 ~ ——172
C, ! OL(L;' +L;1HOcC, ', such that the dressed fre-
quencies of the junction sector due to the direct coupling
between junction ports excluding the coupling from Y are

@, =0LC, 0N, +1;1)0C, *0q.  (Cl14)

After this transformation, the quadratic form in the junc-

tion sector (S7)™'H;S;!' = H; reads
— 1 12701/
— Q Q Q 2
Hj = 1/2 o Yi/z / , (Cl5a)
(Y ), 72 Q
Y =0IC, “oLyéo.C, "*0q, (C15b)
with QYJG = (Y )T_G /4 Applying both trans-
formations,

(s, 0
S—(o s,>’

(C16)

we get the quadratic form

H K K
SHHS'=H=|[K H o], (C17a)
—T —
K, 0 H,
where
= 0 0
K. = (KZQ 0), (C17b)
- 0 0
Kg: <KZ,Q Kgr[), (C17C)
and
0 _ B[/ o-1/2
K2 = -,/ R,Q; ', (C17d)
—1/2— _
K€ = —,"N, ;" (C17e¢)
—1/2+ _
K" = —Q,"N, 2.2, "2, (C17f)
R, = OLC, "’OIR,, (Cl7g)
N, = OLC, "*OIN;. (C17h)

To get the effective junction sector Hamiltonian up to sec-

ond order in the couplings, we can now directly apply our
Egs. (B19) derived in Appendlx B. Doing so, we_obtain

the effective quadratic form of the junction sector H ; with
entries

(HIy = 8@ + Zw,y(Kq ),y(KqQ)”[ ! +L}

)/1
21

/Sl
20

~ 1 wj 1 o, =
HDy =5 D o IR (KEE) 5 — (KD sKEM), )] + 2 [ = (Y

p=1 P
HI")y = 85@i + (Qyg)y

where w; are the diagonal entries of Q;, and ©; iy = a)z —

2 _ =2 2
w,,, Bip = 0] —w,

nal entry of ﬁg, which, for odd B, is the nonrecipro-

5 Moreover, wg, is the Bth diago-

cal oscillator frequency wg, = wg, with = (8 +1)/2,

4! 1 1
ngﬂ[(K"%(KqQ)/ p (KI5 (KM, ﬁ][_ + —]

O; Y @/,V

(C18a)

Oip  Ojp
e (C18b)
(C18c)

(

while wg, = 0 for even B. From Egs. (C17) we have

(K19, = — J@i/w, ()i, (C19a)
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= —L
—/wi/wg, (m}); forodd B,
(K19);p = { _/ & (_g) p (C19b)
—/0i/wyg, (nu)l- for odd 8,
= —R
—Jwi/w,, (m,,); foroddpg,
(KIM)ip = { _/ sx (_g) P (C19c)
—/0i/wg, (nﬂ),- for odd 8,
where T, n, are the row vectors of R,N,and u = (B +

1)/2 (u = B/2) for odd (even) B. Substituting Egs. (C18)
into Eqgs. (C19) and rearranging the terms we obtain

(HIy = 8;@;

rl_ |
o Z(m (ry),[ ]

i,y ®j,y
\/ W;W;
oy
n=1

_|_

{[( )i@,); + (@), @%); ]

1 1
x| — + “ (C20a)
|:®i,u ®j,u

Once again, rearranging and substituting Egs. (A6) into

Egs. (C20) (remembering our choice of Ly, = L,, = 1) we
get
A, = 8,
R
(wl) Y, @)
L a)a)j[ Ul } (C21a)
J
~ 1 @ —NR __
HYy = 5,/ =Y @, (C21b)

with

v T 12AT =—1/2
Y(s) = 0qC; " OcY(s)OcC; ™ O, (C22a)

—ac,R Bys EMS
Y ()= Z —a)z ) + Z m, (C22b)

4 Ty 1 8
") = w+zw2 et (C22¢)
" 8

D, = OLC, 0D, 0cC, "0a,  (C224)
M(OO) OTC UZOT ;L(oo)OCC OQ (C22e)

Hence, the classical effective Hamiltonian for the junction
sector will be

- 1 _ o~ ~ —ac,R ~2
H = 5 Z[a,.((p, +¢;) —Im{Y; " (@)}q;]
<9Yc>y 3 (HIYy .
+¥ < b+ ot

i#f

+ (qu»,a,aj) +Un(8,9), (C23)
where Uy (¢, q) stands for the nonlinear part of the junction
potential, now a function of both flux and charges in this
new frame. These final frame coordinates are connected to

the original ones through the transformation
X = SgwSX. (C24)

How to obtain Sgw to any desired order is explained in
Appendix B. Promoting the classical variables to quantum
operators (h = 1)

¢ = (b] +b)/V2,
qi = i(@j - [;i)/\/z,

rearranging, and applying the rotating-wave approxima-
tion, we finally obtain the effective quantum Hamiltonian

(C25a)
(C25b)

ac,R

- (- )

i

+ > Uybib] +77blby) + Un(6.9)  (C26)
i
with
i = Y (w:) Y, (@)
Jij = 4,/a)la)j|: = Ja_)j }
<G =G
(Y)Y, Ty
— (C27)
8y @it
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where Y (s) = (s) + Y (s) When including the
nonlinearities, the correction to the frequencies done in the
main text [Eq. (6)] will hold to first order if the nondiagonal
elements of the O¢ (O;) transformations are in the same
order as the transformer ratios. If that is not the case, a fully
numerical treatment of the nonlinearities can be done in a
systematic manner; see Appendix E for details. Finally, in
the case with neither direct capacitive, inductive, or non-
reciprocal coupling (Oc = O = Oq = 1,, Y¢ =0) we
obtain Eq. (7) of the main text.

2. Fully perturbative admittance coupling formulas

We now proceed to derive the effective Hamiltonian for
the qubit sector, treating the direct coupling between qubit
ports as a perturbation. We let Ljsl (C];) and L;XI (C]XI)
respectively be the diagonal and off-diagonal entries of le
(C]l). We treat these off-diagonal terms as first-order per-
turbations. The derivation follows the same steps as above
up to Egs. (C12) and, as a result, the quadratic form of the
junction sector reads

L'+l YSc 2
) = L / (C28)
C;l (Y92 Cl+C;!
where
L =0+ (C29)

Hence, following Appendix B we simply add the direct
couplings at the end of our perturbative treatment to obtain
the effective Hamiltonian for the junction sector. Now,
instead of transforming the junction sector with Eq. (C13)
we simply rescale it with

s _(a" o
J = ——1/2 >
0 G,

where GJ = (Cy; /EJ)I/ 2. Thus, for the rescaled junction
sector, we have

(C30)

= [(§J)T]_1HJ§J_1

_ (§J +|?TLX g Ke/2 ) (C31)
T2 Q)+ Qc,
with Q; = (L;C,,) "2,
o, =9, °c;'’L;'c; e, (C32a)
Q, ”201/20 1c)’a)”, (C32b)
QYJG= (YJG)TYJGQ; 24, (C32¢)

and

—1/2

Y9C;'G,”

1/2Y Q1/2 G

Koy = G,

—1/2

Y916, (©33)

where Yf = C;(SI/ZYJGCJ;”Z.

The symplectic transformation S of Eq. (C16) here takes
the same form except for the replacement S; — S;, and
Egs. (C17) are also the same under the mappings

Q; — (L,Cy) 712, (C34a)
=) - ~172 —1/2~—
R— (C;)!'’C;'R=Cj>R+C;/°C; 'R, (C34b)
N - —172 —1/2~—
N — (C;)'*C;'N=C}*N+C}'/°C;!N. (C34c)
Ignoring the second-order coupling terms proportional to
CJ_xl R, CJ_XIN, YJGC J,» which give rise to third-order cor-

rections and higher, it follows that Egs. (C18c) and (C21)
here take the form

(HI"y = 85@; + ()

ac,R ac,R
j Y.~ ; Ylu, ;
+ 1 wi@[ i @) Yy ( ’)}, (C35a)
~ 1 |w; oNR
¢ _ J —
(qu)l.j =3 /aYij (), (C35b)
(") = 85 + ()5 + (49 (C35¢)

with YaC’R(s),YNR(s),Yf respectively defined as in
Egs. (C22) and (C15) with O¢c = Oq = 1,,.

Therefore, the effective quantum Hamiltonian for the
junction sector after applying the rotating-wave approxi-
mation is

Fal 1 —ac ALA
Hy = Z (51' - EIm{Yii (51')}> bjbi

i

+ Y Uybd] +Jxblb) + Un(@.9)  (C36a)
i#]
with
o3 o .
I — |:Y,‘]‘ (o) Yz] (wj)i|
Jij = Voo | —— + ——
4 wj a)j
1 (§2y6);j
+ 5[(QCX)U + (2, )]+ (C36b)
and Y (s) = (S) + Y (s), i.e., the rescaled admit-

tance response excluding the rec1proca1 dc part of the
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admittance (Dy, Dy). The frequencies in the second line
are given in Egs. (C32), where Q¢, (£2,) captures the
correction from direct capacitive (inductive) coupling, and
Qyc is a second-order correction from the direct nonrecip-
rocal coupling between the ports. In Appendix E, we shift
the frequencies entering Egs. (C32), (C35), and (C36) to
include the nonlinearities up to first order in perturbation
theory.

3. Impedance coupling formulas with numerical
diagonalization of direct coupling

We now derive the effective Hamiltonian from the Cauer
representation (see Fig. 5) of the impedance response.
The derivation is similar to that above for the admittance
with some key differences that we highlight. From the
transformer constitutive equations we have

vy = Ogvc + RJTVR + N§VG, (C37a)
ic = —Ociy, (C37b)
ir = —Ryiy, (C37¢)
ic = —Nyiy. (C37d)

We assume that C; is of full rank, and thus Oc is orthogo-
nal. Assigning flux variables for each junction and capac-
itive branch, the equations of motion of the circuit are
derivable from the Lagrangian

1.7, 1 1.
L= 5¢TC<I> — U(®)) = 58" Me® + §¢TG<I> (C38)

with ®7 = (@7, <I>1T), where the ®; (®;) correspond to
the fluxes in the external ports (inner mode resonators
and gyrators). The kinetic, inductive, and nonreciprocal
matrices read

_ T
C=< C,s C/Ty ) (C39a)

-T,C, 1, +TJCJT5

0 O L O
wo=(o ) Le=(g §). o

0 0 0 0
o= v) (V)

where C; = OLC,Oc. Note that in Ref. [16] the orthog-
onality of O¢ is also assumed, and U used in Eq. (65) of
that reference corresponds to our Og. Moreover, Ly is the
diagonal inductive matrix of the inner mode resonators L.,
T, = (RT,ND)T is the transformer matrix [see Egs. (A5)],

(C39c¢)

and Y is the admittance matrix of the gyrators, given by

0, wg, 0
Y= =i%,Q,, (C40a)
0 ioy,wg,
oy 0
Y, = , Qg
0 oy
wg, 1, 0
= (C40Db)
0 wg, 1o

Linearizing the nonlinear potential, the Lagrangian reads

1. . 1 1.
= 5 Tcd — E(DTM(D + E<I>TG<I> + Un(®y) (C41)

with

_ t;l 0 _ Qr O
G ) et ).

where L, is the matrix of junction inductances L;, =
¢§/Eja obtained from the linear part of U(®,), and Qp
is the diagonal matrix with the inner mode reciprocal res-
onator frequencies. We focus here on the linear sector, and
treat the nonlinearities in Appendix E.

As discussed in the introduction of this appendix,
we now consider the numerical diagonalization approach
to include direct capacitive coupling. First, we dress
the external modes with the transformation ®,., = P, ®,

where
—1/2
Pco = C‘/ OC 0 P
0 :[lm+2l

after which the Lagrangian reads

(C43)

1.7 .
L=— chcoq)co -

1 1.7
3 §<I>CTOMCO<I>CO + §¢C0G<1>w (C44)

with the transformed matrices
c (L T
©“ _Tco ]Lm+21 + TcoTZO ’
_ (%7 o
(¥ Q)

——1/2 ——1/2
where Q7 =C, ! OcL;'0LC, / , which is in general

not diagonal, and T,, =T JogEj/z. Following Ref. [16]

(C45a)

(C45b)
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we diagonalize the kinetic matrix C,, with the triangular
point transformation

T
P, — 1, -T., .

O ]lm+21
In this new frame, the capacitive matrix is transformed into
the identity C., — 1,1m12; the gyration matrix remains

invariant, G., — G; and the inductive matrix encodes the
coupling between inner and weakly dressed qubit modes,

2
Mwa(QJ

(C46)

(C47a)

Q7T
ToQ? Q3 + Tl )

To obtain the normal modes of the qubit port sector, we
apply the transformation ® = PoP AP, ®, with

_(0q 0
PQ o ( 0 ]lm+2l> ’

where the orthogonal matrix O, diagonalizes the matrix

(C48)

0oQ?07, = Q.. Matrix Og can be easily found numeri-
cally. The frequencies 2, correspond to the normal modes
of the capacitively coupled external (qubits) ports. In this
frame, G = G, C = 1, and the inductive matrix reads

2 —2=T
M= QJ T, " (C49)
TJQ Q2 +T,QT,

—12 —
with T, = TJOTC / OL. As C = 1, we directly obtain the
classical Hamiltonian

1 G.\" G-\ 17—
H=—-(q——® q——® -® Mo
2<q 2 ) (q 2 )+2
It is useful to express this as H = ;X HX with X" =

(‘bjﬁajaq)[)a[) and

(C50)

H= <E§ |_‘|<1> (C51a)
H, = (505 fn), (C51b)
H, — <YTY \/(4; /j; Q2 ]\l(: ﬁ) 510)

K= <§JOTJ 8). (C51d)

As in the case of the admittance, we now approximately
eliminate the nondynamical modes, ignoring the second-
order terms in the inner mode sector, as these will not
change the final effective Hamiltonian of the junctions

up to O[(k/A)*]. We note that the exact elimination of
the nondynamical modes provides equivalent perturbative
results; see Appendix D.

To proceed, we now perform the symplectic transforma-

tions
(S, O
s=(3 s):

_ C52
s _ Q}/2 0 (C52)
J 0 5‘;1/2 5
where the submatrices are
S, 0
S, = (O S) (C53a)
o
&=<0 o) (C53b)

C(1x2 m\ (2 o
Sg_(—zx/z M)( o q) (©9

The resulting quadratic form is

H K K,
H=(s")"Hs'=|K H, o0 (C54)
K, 0 H,
with
© _ (K’ o0
(5 3)
(C55a)
_ K¢¢ K¢q
K = ("¢ g
«=\o o)
and
K = R, 12, (C55b)
ke = Q) Ny, ', (C55¢)
K¢ = - °N; 3.0, (C55d)
R, = R,0’C,’0r, (C55¢)
N, = N,O’C,°OL. (C551)
Here,
T
H = ( J §J), (C56a)
H, = <% 8) (C56b)
= (9, O
H, = ( 5 ﬁg) : (C56¢)
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with §g the same as in Eq. (C12b).

On these expressions we perform the symplectic
Schrieffer-Wolff transformation using Egs. (B19), and in
an analogous way as was done above for the admittance,
we find the entries of the effective classical quadratic form

(HI")y = 8;@;

i
+ E , w] [w] (a)l) + o a)l (a)] )]’
(C57a)
1
Iy = = Vaw i, @), (C57b)
(qu)ij = 51']'601', (C57¢)
where
Z(s) = 05C,*0Z(s)0’T, 0L, (C58a)
A, s A,s
() ; s +y 747 (C58b)
%9 =Y _Bi (C58¢)
” a)éﬂ + 52
— —1/2
A, = 0qC,"OcA, ., OLC, "0, (C58d)
B, = 0,C, 'OcB,OLC, 0L, (C58¢)

Quantizing and rearranging as was done with the
admittance-based expressions, we obtain the effective
quantum Hamiltonian for the junction sector

i = Za,-(l - %1m[2;°(a,-)]>i3j13,-

i

+ Y Uy + J3blb) + Un(@.9  (C59)
i<j
with
I — = _ s
Jij = VOO [wiZ (w;) + @; Z;j (@;)]. (C59b)

In the case without direct capacitive or inductive cou-
pling (O¢c = 1,,0q = 1,) we obtain Eq. (8) of the main
text. Moreover, when the response is purely reciprocal, we
recover the effective coupling given in Eq. (5) of Ref. [16].

4. Fully perturbative impedance coupling formulas

We now consider the case where there is direct capaci-
tive coupling between qubit ports, which we treat as a first-
order perturbation. Our starting point is the Lagrangian of

Eq. (C41). We first perform a triangular point transforma-

tion
1 -T,
Pr=((
A ( 0 ]lm+2l) ’

where the new coordinates are ® , = P ®, and the kinetic
and inductive matrices are

(C60)

_(Cc, o
Ca = (0 ﬂm+21>, (C61a)
My = L' LTy (C61b)
STATLL LT

Hence, we can immediately obtain the Hamiltonian

1 G\ G 1
H= E(qA - §<I’A> C,' (QA - Eq’A) + E‘I’ZMA‘I’A-
(C62)

We let the matrices CJ_al and CJ_xl respectively be the diago-

nal and off-diagonal entries of C]l. We rescale the junction

sector with
s _ (G2 o
R I (PO ey A

where G, = (C Js /Ej)l/ 2 such that the Hamiltonian in that
sector is

(C63)

Q
= [(SJ)T]ilHj(SJ)il = <OJ ?2‘/ fQCX) (C64)

with Q¢, = éyijxléyz and Q,; = (C‘]{SEJ)_I/z. We now
use the symplectic transformations of Eqs. (C53) for the
inner modes. Doing so, it is clear that the final effective
classical quadratic form entries are

HI)y = 856
i -~ ~ -~ ac,R . =ac,R
+§\/wiwj[wjzy‘ (wi)‘i‘a)izl_‘/ (wj)]a
(C65a)
e, = 2 Jow a2 C65b
( 7 )z_/ —5 WiW; W& (C‘)J) ( )
(HIY,; = 8, @;
+ 5B BZ @) +HZ @11 =8y,
(C65¢)

with the @; the frequencies Q,, and A (s),zNR(s) given
as in Egs. (C58) with Oc = 1,0, = 1,, and Z" (s)
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= Cl/27&(5)CY? ~ C,”"2%(5)C,”. Wiith this choice, the
final effective quantum Hamiltonian reads exactly the same
as in Egs. (C59). The above formulas hold up to third order
in perturbation theory when the direct capacitive coupling
between all external ports is a first-order perturbation.

5. Admittance dissipative rates and Purcell decays

In this section, we address dissipation resulting from
the coupling of qubit ports to external drive ports via
a nonreciprocal environment characterized by its admit-
tance response; see Fig. 5. As detailed in Appendix A,
the drive ports are defined as the terminals at the ends
of transmission lines that connect the circuit of interest,
including the junctions and inner modes, to external classi-
cal voltage sources. Furthermore, we model these external
transmission lines as purely Ohmic lumped elements with
a characteristic impedance Z, [16].

Setting aside the voltage sources for the moment, the
multiport synthesis of the admittance response illustrated
in Fig. 5 leads to the dissipative classical equations of
motion

. U . .
C,0, = rreie L'®, + Y50, - T,Q
J

~ M2« @, —MpYxQ,  (Coba)

Q=-C/'Q+Tld, —Z,Q-M® « &, — M2? % Q,
(C66b)

where @, and Q are respectively junction fluxes and inner
mode loop charges; U(®,) corresponds to the junctions’
cosine potential. As already mentioned in Appendix C 1,
the loop charge variable is the natural parametrization
of the inner modes within the admittance representa-
tion. The matrices Ly, Y, T;, C;, and Z, are defined
in Appendix C1 and “x” stands for time convolution,
fxg) = fj;o dtf(t)g(tr — ). Moreover, the (n 4+ m +
20) x (n + m + 2I) dissipation matrix

Mee M‘I’Q
= (e o)
is defined by the Fourier transform Mp(w)=
f_t;o dtMp (e~ of its submatrices as

M2® () = — (L} — 0*Cip + i0Y5,)
. -1
x (@nnD — *Cp + LBI)
Zy

-1 _ 2 - NG AT
x (Lp —o°Cipp —iwY),)",

(C67a)

MgQ(a)) = —ia)(LJ_D1 — @*Cyp + ioYSp)

iw

—1
X (Z_H"D — *Cp + LB‘) Tp, (C67b)
0

. -1
ng)(a)) = ia)Tg(lZgll,,D — *Cp + LBI>
0

x (Ljp — 0*Cyp — iwY$)T, (C67¢)

. —1
M2 () = —?T], (’Zﬁ 1,, — ©’Cp + |_51> T,
0

(C67d)

for which we assumed that there is no direct gyration
between drive ports (Yg = 0). The nonzero block matri-
ces M2®, M9, and M2? arise in the presence of direct
coupling between the qubit and drive ports characterized
by Cp, Lip, Y%, # 0. This generalizes prior studies such
as Refs. [16,54-56], where only Mg’Q was considered as
the nonvanishing entry of the dissipation matrix.

At this point, it is important to note some general prop-
erties of the dissipation matrix. First, Mp () is real because
Mp (—w) = Mp(w)*. Additionally, the poles of Mp(w) live
in the upper half of the complex plane defined by Im(z) >
0, ensuring the causality of Mp(#) [i.e., Mp() = 0 for
t < 0] [57]. Finally, unlike M2, M2? is not symmet-

ric (M&®" £ M2®), which reflects the presence of direct
nonreciprocal interaction (YJGD # 0) between the qubit and
drive ports.

To construct a classical Lagrangian £ that captures dis-
sipation and reproduces classical equations of motion, we
use an extended Caldeira-Leggett model [29,30] by intro-
ducing a set of baths (collection of harmonic oscillators)
that are linearly coupled (minimal coupling) to our system
through all quadratures. This Lagrangian reads

L= Ls+ L+ Lsp, (Co68)

where Ls, Lp, Lsp are respectively the system (junctions +
inner modes), bath, and interaction Lagrangians given by

1. . 1... 1. 1.
Ls=-6,C0,+-0"Q+-Q"Z.Q + -&,YS®,
2 2 2 2
1 .
_ 5<1>5|_;1<1>J — U(®,)) + &T,Q,

1. . 1
Lp= Z (Exgmaxa — Exgmawix(),),

i

ﬁSB = _¢5ZMQXQ - d’;znaxa - (I);Z)\axa
o o

- QTZ {axaa

(C69a)

(C69b)

(C69c¢)
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where X, = (X41,. - . ,XaB), My = diag(mg;, . .., Myp), and
W, = diag(wyi, - - ., wep) are respectively bath flux coor-
dinates, capacitances, and eigenfrequencies with B =
sup,, rank[Im{Mp(w)}] < np the number of baths needed
to model dissipation, where 7 is the number of drive ports
[56]. The system-bath coupling matrices in Lgpz respec-
tively correspond to inductive (i), capacitive (1y), and
nonreciprocal (A,) couplings [27]. While these two first
types of coupling are invariant under time-reversal symme-
try ® > —®, Q > Q, x, > —X,, the charge-flux cou-
pling arising from the gyrators breaks time-reversal sym-
metry, leading to nonreciprocal system-bath interaction.
Finally, the geometrical coupling (x Q x,) that appears in
the last term of Lz emerges naturally as a consequence of
using a mixed flux-charge description to parameterize the
system (junctions and inner modes). The coupling matri-
ces i, n, A (of size n x B), ¢ [of size (m + 2/) x B] and
their corresponding quadratures are chosen to reproduce
dissipative classical equations of motion. The resulting
dissipation matrix is given by

ME® (@) =) (ia + Na@” + iwha)

X m(;l(wz - Wi)_l(ﬂa + noza)z - iw}»a)T,

(C70a)

Mp2(@) = i Y (e + Na’® + iwha)
x m; (@ — w2~ (C70b)

ng’(a)) = —ia)z gxm;l(a)2 — Wé)_1
X (/'Lot + nawz - iw)"a)Ta (C7OC)
(C70d)

M%) = 0’ ) tam; ' (@ —wp) !¢

However, it is important to note that this matrix is not
causal, since its poles are situated along the real line.
Typically, to address this issue, the poles are shifted to
the upper half of the complex plane following Ref. [58].
This involves redefining Mp(w) = lim,_, o+ Mp(w — i€),
which now fulfills the requirement of dissipation matri-
ces discussed above [59]. Finally, it is worth noting that
in our case, system-bath coupling via a single quadrature,
as introduced in the seminal paper of Leggett [30], is insuf-
ficient to reproduce the dissipative Kirchhoff equations. It
is thus important to include all the other couplings in Lgp
to match the classical dissipation matrix.

To obtain the Hamiltonian, we perform a Legendre
transform up to second order in system-bath couplings,
which leads to the usual form

H = Hy + Hp + Hgs, (C71)

where

1 . !
HS=§ qJ_Equ’J_TJQ

1
XCJ1<QJ—§Y§<I)J—TJQ)
1
+ 5<I>JTL;1<I>J + U(®))
+1 n 1ZQ ' n 1ZQ +1QTC—1Q
2 27 27 2 roe
(C72a)

1
Hp = 3 Xa:(pgm;pa +x"m WA x,), (C72b)

Hgy = ®] ) c™xo + ®) > cPpa +q) Y ctPp,
o o o

+Q7> e + Q"> c2Pp, + M"Y clx,.
’ ’ " (C720)

Here, the Hamiltonian coupling matrices {C,} are
expressed in terms of Lagrangian coupling matrices as

C* = Uy, crP = (C73a)

cd? =C;'p,m;!, =g, (C73b)

—1
Olma >

c2? = —T7C;'n.m,"

o a

Z
o= -4, (C73¢)
which leads to the constraints ¢@* = —(Z,/2)cll'* and
c2r = —TTca®. Inverting the previous equations, the dis-
sipation matrix can be expressed in terms of {C, } matrices:

M3®(w) = Z(cg”" + @*C,c4Pm, + iwcPm,)

o
1,2 2y-1
X my (™ — W)

x (€3 + &’ CyedPm, — iwcyPm,)’,
(C74a)

Mp2(w) = iw Y (5™ + w?C,ctPm, + iwcePm,)
o

~1gHx’ (C74b)

o >

-1, 2 2
x my (w” — W)

M3® (@) = —iw Y cl*m (o — w2)™!
o

x (CP* 4+ @*C,cdPm, — iwctPm,)’,
(C74c)

M) = w? 3 el m; (@? —w2) "'l (C74d)

034038-25



LAUTARO LABARCA et al.

PHYS. REV. APPLIED 22, 034038 (2024)

Using the phase-space coordinates X’ = (@7, q7, Q%, QL,
H,Ta, H(T;), the system-bath interaction Hamiltonian can be
written compactly as

To analyze how the coupling coefficients transform when
diagonalizing the junctions and inner mode Hamiltonian
Hg, we employ the symplectic transformations computed
in Appendix C1. This process involves two sequential

steps. First, we perform the symplectic transformation
Hgz = X" "¢, ("“ ) . (C75)
Po
o S_ S, O
—\0 S
The coupling coefficients are regrouped as
defined in Eq. (C16), allowing us to obtain normal
c®x P modes for both the junction and inner mode sectors sepa-
‘6 cdP rately. Under this transformation, the coupling coefficients
0 cQrP become
o
Co = c2e*  cQap (€76) / T\—1
olx 0 Cu = C, = (S ca. (C77)
o
Mg,
o’ 0 Expanding this transformation explicitly,
J
—1/2 ——1/2
”04C, "*0cc? - %0qC, " Occi’ P
1/2
0 1/20QC / Oc
1/2 QR P
o = 0 §2p "Ca (C78)
le/zcggx 5, Q1/2 g, * le/zcgc,p
Ql/ ZCHR°x 0
EXQEI/ZCSGX n Q1/2 Og, ) Zngl/zco?G’p
[
The next step consists of eliminating the inner modes, 512 _
parameterized by the classical phase-space coordinates A;I”QGQk = —%(N ) ink—1, (C80b)
(Qg, Qg, Ik, ), through the Schrieffer-Wolff transfor- g~ 2Gk
mation [see Egs. (B1 7) in Appendix B], leading to effective —1p2
couplings defined by ¢, = (SL,)~'c,,. They are related to ®,Qc 2,7 Qg
th 1 coupli t c AT = 3 (N))ax, (C80c)
e original coupling matrices { «) as Q- QGk
2. =12 ——1/2 =2
EPX =0, "0qC, “Occ®* + AP MrcRx APTe = —"2 (1 + )(NJ)iZke (C80d)
+ AP QcQex 4 APTochlon, (C79a) 2, =S,
a2 —2
“®p _ L ©,Q6,Q Ji Ji N
Co® = OQC OCC P ATOC R, (CT9) ATy = ) (1 + ﬁ)(NJ)iZk—la
GaX — A‘I»QGCQG”‘ + A‘IaHGCHG”‘ (C79¢) §, - QGk
“ ’ (C80e)
cIP = I/ZOQC OccaP + A;I,QRCSRJ) + AE’QGcgc’p, QG
(C79d) AP = —_;—"(anzk b (C80f)
Q- QGk
where the Schrieffer-Wolff matrices {A,, A,} involved in S5-1/2 o
. . ‘]l —_—
the previous equations are defined as A;I”QGizk_l = _2—2"(N J)i2ks (C80g)
2, — Qg
S3/2 —=1/2
Q — Q
o, 11 _ Ji 8 —
AR, = ﬁ(RJ)iw (C80a) A = —%(NJ),% (C80h)
QJ, - QR _ Q2
i 4 Ji Gy
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—1/2
AW = > (N))ik—1, (C80i)
Ji - QGk
—1/2
A6 = - O N, (C80j)
2(9 Qz )
—1/2
PGy = - (NJ)zzk, (C80k)
Z(QJ
—1/2
AR = (R)),, (C801)
iy _o2
J; T SR,
—1/2
A = (N)), (C80m)
P 2k =2 ) J ) i2k>
Ji T NeR,
—1/2
t]i —
AE’QGiZk—l = T S (N i2k—1- (C80n)
Ji — "eR
In Eqs (C79), the effective junction-bath coupling

matrices C, incorporate two contributions. The first one
arises from the dressing with inner modes as a result of SW
transformations (terms proportional to A, ), while the sec-
ond contribution comprises direct couplings between the
qubit and drive ports (terms proportional to the dressed fre-
quency ;). The system-bath interaction Hamiltonian can
be expressed in this final frame as

T ~P T ~®
Hgp = <I)J an’xxa + ¢j an,ppa
a o

+q) ) Ex, +q) Y EPp,, (C81)

which captures the most general linear system-bath cou-
plings. Using the standard quantization method [58] and
the results of Appendix F, the correlated decay rates are
given in terms of these new effective couplings as

B
4 . * . ~
Vit = 2 D (S + ) S, + il )3

_wolb)’
b=1 «o
(C82)
where
~<I>x
Ot/b
Sqy = —————— + \/Map@ap CIP, C83
P Mab@un ab®ab Cay (C83)
cax
tay = N/ Map@uy 2P — — 2 (C84)

The squared terms in Eq. (C82) can be written as

B
% Z stjhsaj/;,8

b=1 «

= 2 D IEE + et mowom; ;5@ — w,)

(§] — wgp) + tajbto{/-/hg(ﬁj — Wap)

x (X 4 ¢4Pm,w, )"

+ (€& — E2Pmwe)m, 'w, !
x 8(S; — W) (EF* + CFPmWo) 7, (C85)
where 8(52 —Wy) = d1ag{8(§2 — Wgy1), - S(Q — wep)}-

Expressing {Ca} using Egs. (C79), and w1th1n the disper-
sive regime Qj Ap < 1, Eq. (C85) is equivalent to

T — 12 =172

S 20qC, "“Oc{c®* + C,ctPm,w, )
+ AP TrIRY 4 APQGcQ0x 4 A P Mgl
X mf‘w”S(ﬁ, — W)

« [QJ_1/2

+ AP 4 APTocTox ],

C Oc{C(PX + CJC‘“’m Waz} + A(I) l-[RCHRx

(C86)

The next step is to identify the terms present in the
last equation that also appear in the dissipation matrix
Mp(w). To achieve this, we use the causality requirement
lim,_, o+ Mp(w — i€) together with the Sokhotski-Plemelj
formula

1

—i€)? — w2

1 4
=P(2a) 3

where P(-) corresponds to the Cauchy principal value, and
we obtain the identifications

wy'8(w — wy), (C87)

2 (1m[M2®] + Im[M2*"]) =

T
> 5 22 +CrcPmyw,’)

—1y—1 P 2\T
X my, W, 8(w— Wy)(c,”™ +C,;cdPm,w,”)

T
+ sz Y (cPmy)m; w8 (@ — Wo) (CyPm,)
o

(C88a)
1/ TM2Q mee’
(e[ ])
2 iw —iw
= % > @™ + CyetPm,w, )
x mz w8 (w — w,) ()7, (C88b)
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Qe’” 2Q
(v 25 vl %))
2 —iw iw
= T Y @Pm)m; W, 5w — wo) ).

(C88c)
|

2

. -1
— szfDIm[<lZ£ ]lnD — wzCD + L[_)1> 1|Y§;D,
0

1 M2Q MQ<1>T . —1
E(hn[ D ] +Im[ D D =—(Lp - a)zCJD)Im[<lZ£]l,,D — w’Cp+ LDI) ]TD,

lw —lw

1 MQQT M2 . -1
(e 8] kM) < —ovn] (21— o0 5157) T
- 0

Substituting these terms into Eq. (C85) and using the
definitions of the SW matrices {A,, A, } yields

B
T — —
5 E E S(ijsaj,b(S(Qj - a)otb) + tajbtaj/ba(gzj - a)ab)
b=1 «

= GV @)@ Yo (@)

ONR —  — NR —
+ Y, (NI (21 (C90)
Here, kernel J(w) is given by the np X np positive
semidefinite matrix

. ~1
J(w) = —Im[(?ﬂw — &’Cp + LBI) i|, w >0,
0

where np is the number of drive ports. As defined previ-
ously in the nondissipative case, the dressed admittance Y
is related to the bare Y via the similitude transformation

~—1

~—1 ~

_ . =12, ~ /2.
Y(@) =0qC, OcY(w)OLC, OF,

(C91)
where
= O, O )
Oq = , C92
= (T (c92)
=  (Oc 0
Oc = ( 0 Lﬂ)) , (C93)

On the other hand, the classical equations of motion (C67)
enable us to evaluate this set of equations as a function of
the circuit’s admittance parameters,

. -1
L m[M2®] 4 1m[M227]) = —(Lj a)2CJD)Im|:<lZ—a;]1nD ~’Cp + LBI) }(Lﬁi —’Cpp)’

(C89a)

(C89b)
0

(C89¢)

(

Ol

_(C, 0
=% ) (C94)
with the n x n matrices O¢, Og, and C, were previously

defined in Appendix C 1 during the diagonalization of the
junction sector. As outlined in Appendix A, the recipro-

oR . SNR .
cal Y and nonreciprocal Y = parts of the admittance are
defined as the symmetric and antisymmetric responses

YR = %(\? +Y7), (C95)
YNR — %(\? -Y7). (C96)

On the other hand, the cross terms in Eq. (C82) are
computed similarly:

B
7T fe) —_—
iE Z ZS‘){/blaj/ba(Qj — @ab) ~ taySay, 8 — @ap)
=1 «

+ YR @)I@) Y5 @) ;0. (C97)

Regrouping the square and cross terms together, we finally
obtain the correlated dissipation rates

vir = Y (@)@ Y (@)1 (C98)
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with Y = YR 4+ YR the total dressed admittance. Further-
more, kernel J(w) can be written as

1 .
J(@) = —Re{Y¥ ()}, (€99)
w
where
4 L=t
YI(w) = Z5 "1, + -2 +iwCp
116)]
=71, + Y& (w). (C100)

We interpret Y&i¥¢ as the external admittance seen by the
inner modes, filtered by the shunting capacitances Cp and
inductances Lp located at the drive ports. Therefore, the
correlated decay rates are fully determined by the admit-
tance that connects qubit and drive ports Y as well as the
value of the characteristic impedance Z; of the external
transmission lines according to

vir = Vap(@)Re(Y™ (@)} V,n(@) ;. (C101)

The Purcell decays are given by diagonal elements of the
dissipative rates, that is,

Vie = Yo (@)Re{Y ™ (@)Y ,n(@)1];.  (C102)

6. Impedance dissipative rates and Purcell decays

In this section, we derive analytical expressions for cor-
related decay rates and Purcell decays, akin to what was
done in the previous section, but here as a function of the
impedance response. Applying Kirchoff’s equations to the
Cauer circuit of the impedance representation (see Appen-
dices A and C3) we obtain the dissipative equation of
motion

. aU .
Cd=——"—M®—Gd—Mp*®,

C103
2D (C103)

where ® = (®7, ®7)7 regroups the junction and inner
mode fluxes, C, My, G are defined in Appendix C 3, and
U = U(®,) is the junctions’ cosine potential. Similarly to
the admittance case, the dissipation matrix

JJ JI
Mp MD) (C104)

Mp(t) =
o0 = (f, W

is defined by its Fourier transform:

. -1
M{)J(a)) = _w4CJD<lZ£]lnD — CUZCD> C;D’ (ClOS)
0

. -1
M/ () = *Cyp (’Zﬁ L, — wch) CoTL, (C106)
0

. -1
MY () = w“TDCD(’Zﬁ 1, — wch> Clp, (C107)
0

iw

-1
Mg(a)) = _w4TDCD<Z_ﬂnD — CU2CD) CDT]:[)
0
(C108)

Here, J and [ stand for the junction and inner mode sectors,
respectively. Unlike the admittance case, the dissipation
matrix here is symmetric, i.e., MY = Mp. This symmetry
is a consequence of two factors. First, the absence of direct
gyration in the impedance response (Bo, = 0) results in
the symmetry of the diagonal blocks. Second, the use of
the same description (flux-flux, in this case) to parameter-
ize both the junctions and inner modes in the impedance
representation implies that the off-diagonal blocks of the
dissipation matrix only differ by transposition.

The equations of motion can be obtained from the
Caldeira-Leggett Lagrangian

L=Ls+ Lp+ Lsp, (C109)

1.r . | 1.
Ls=-®'Cd— UW®,) — §<I>TM0<I> + 5<I>TG<1>,

2
(C110)
1 1
Ly=)_ (Exgmaxa —~ Exgmawixa), (C111)
(C112)

ESB = _érz)"axa’

where the minimal coupling Lgsp describes the direct
capacitive coupling between the qubit and drive ports.
The coupling matrices {A,} are chosen to reproduce the
classical dissipative equation of motion

Mp(w) = lim M(w — ie€),

CIl113
e—0t ( )

where

M@) =o' Y ram;' @ —w2)'Al. (Cl14)
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Up to correction O(A2), the classical Hamiltonian can be In contrast to Refs. [54,55], the system-bath Hamilto-
expressed as H = Hg + Hp + Hgp with nian Hgp in Eq. (C117) contains a charge-flux coupling
arising from the presence of gyrators in the inner mode
1 G \/ G description (G # 0)
Hy =5 <q - E‘I’) C~ (q - E‘I’) + U(®,) Similar to the nondissipative case, we successively
X apply the transformations
+ - ®'M;®, (C115)
2 c/oc o
H 1 T 1 1 T 5 C116 Pcu - 0 ¢ 1 l s (C1213.)
= —P.M, P« =X, MW, X, |, m+2
B Z <2p(¥ o p + 2Xa ax > ( )
c; T o Py= (L T (C121b)
=q") c¥p, + @'Y cyPp.. (C117) 0 1nya)’
o o O 0
o N | Poz( . ) (C1210)
where the Hamiltonian coupling matrices are now given by 0 1,

q/.p . ) )
co’ to obtain the normal modes of the junction sectors. Hence,
cIP = crp | — C i, m;‘, (C118)  the couplings
CQG:P
o
®;.p
G Ca
coP = —ciP. (C119) ca’ P
2 C‘I’R’P
o
s . ) . Cy = Cl122
Moreover, the dissipation matrix can be written in terms of * ceoP ( )
{ca®} as cQrp
CSGQP
M(w) = a)4C( Z Cg’p(a)2 - Wz)_lmacg’pT)CT.
= transform to
(C120)
|
0
—1/2 —1/2 —1/2
0aC, 0cc¥® — 04T, *OcRIcE® — 0T, OcNIcoP
0
QR p (C123)
Cg’G P
QG p
Ol

and the system-bath coupling is written compactly as Hsz = X'y C,p, with X = (@7, q7, @}, ®%, QF, QL) the
corresponding phase-space coordinates. The second step consists in diagonalizing the gyrator inner modes (and thus
eliminating the zero modes as well) via the symplectic transformations given by Eqs. (C53). Consequently, the new
effective couplings denoted c|, are given by

0
040G, 0cc¥® — 04C, > 0OcRIc? — 04T, *OcNTc2oP
0
Q 1/2 <I>6p+2 Q1/2 QGp/2 (C124)
91/2 Qr.p

—E Q 1/2 <I>GP_|_S21/2 QGP/2
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Finally, we dispersively eliminate the inner modes
via the symplectic Schrieffer-Wolff transformation Sgy =
exp(AJ); see Appendix B. Using Egs. (B13a) and (C55),
the nonvanishing matrix elements of generator A are given

by

S5/2~-1/2
Jo QRﬁ/ —T
Aplap = —= 2 (R))eps (C125a)
Jo ng
3/241/2
@, Qr, 1
(Ap)ap = ﬁ(ﬂ,)aﬂ, (C125b)
QJ - Qng
—5/2 __
6, o1
(Ax)a2k-1 = ——; — (N, (C125¢)
Q,, — g,
—1/2 12 T
(Axx)otZk = _QJO/( QGI:/z(NJ)aZkfla (C125d)
=5/2~-1/2
Q, Q" _r
(Ap)azk—1 = —ﬁ(N,)azk_l, (C125¢)
QJa - QGk
—1/2 12 T
Apazk =~ Q5 >Nz (C1250)
—=3/2
Jo/t IG/: —T
(Apx)a2k—l - - 5 (Nj)osz—l, (C125g)
Qja - QGk
—=3/2
2, 1G/kz —T
(Applazk-1 = —— (N (C125h)
Q./a G
To first order, this leads to the couplings
Co > Co = [1 +JA + O(AH]C,. (C126)

Projecting on the junctions’ subspace, one obtains the final
couplings as a function of the original ones:

63J,p — A;I)’QGC(?G’p 4 A;’,QGCaQGaP’ (C127)
- =12~ =1/2
&P = Q,°0qC, " Occ¥? + AB®ctoP

+ AE’QRCSR’p + ASQGC‘?G’I)_ (C128)

Here the SW matrices are defined as

—3/2
—T
(AP®6)gpp1 = —5——(N))a2i-1, (C129a)
Q, — 2,
—3/2
XYl _ Jo i~
(AP oof = — (N a2t (C129b)
Q, — Q,
—3/2
—T
(A2Q0) oy = =2 (N, (C1290)
2(2), — Qg)
—3/2
G —T
(APQ0) o = — 8 (Npaz—1,  (C129d)
2(Q), — Q%
—1/2
G —T
(AL®G) oy = 5/“ = (N, (C129)
Jo G
—1/2
G, —T
(AS®G) g = —_2’“—’2‘(NJ)a2k,1, (C129f)
QJ(X NG
=1/2
QJa QR —T
(AE’QR)“ﬂ == i (R))aps (C129¢)
QJa - QGk
1/2 4y
Jo T
(AFQG) o1 = —; sz (N)e2k-1,  (C129h)
Ja QGk)
1/2 5
Jo —T .
(AF)ans = — 24— (N (C129i)
( Jo QGk)

Similar to the admittance analysis of Eq. (C127), the
effective junction-bath coupling matrices €, contain two
contributions: one coming from the dressing with inner
modes resulting from SW transformations (terms propor-
tional to A,) and direct couplings between the qubit and
drive ports (terms proportional to the dressed frequency
Q). Besides, these coupling matrices allow us to com-
pute the quantum dissipative rates (see Appendix F for the
derivation of the master equation)

/4 ~ ~ N —
Vi = D YR +iCPP) MW 8 (2 — W)
o

x (CYP +iCe/P) ;0. (C130)

Using the definitions of C,, the squared terms in the last
equation can be written in terms of the dissipation matrix
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as

T ~ — ~ T
S D LB P M Wod (R — W)Y ]

o

T 5. — <o, p’
+5 D IEP MW (R — Wo)EEIP ]

_ M (SZ)
=[(;{,c{*,cf”)0 'Im ( = >C (r;l,;l,cf)]
j i’
Q.
[(o 0,7,)C'Im ( i”)c—T(o,o,cf)T} :
Q; i’
(C131)
where
¢! =%,/20qC)/20c,
gl :AE’QRa
Y
G __ K] ,Q
Cl _Ag G§+Ag G:
§G=A¢,¢GX+A<I>,QG
2 y4 2 P 5
with
0y Wg, 0
Y = , (C132a)
0 0y, wg,
_ c,! 717
cl=(Z J ). C132b
<TJ ILm+21> ( )

Using the definitions of the SW matrices {A,} to evaluate
the last set of equations, we obtain

T ~ — ~ T
2 Y [EYPMLWeS () — Wo)EY P ]
o

T ~®,, — =&, pl
+5 D [E PMa W8 (R — Wa)Co P 1

h R ] —  =RT _—

— Q' @Rz @)1Z" @)y
+ 22 @) Retz @12 @)y
(C133)

The cross terms are obtained similarly:
T - — ~o 0T
7 LM @ —w)E ]y
¥4 . — )
—is D [ PM W8 (Q; — Wa)CY P
—2 =R — ve—l = . ,sNRT —
=Q[Z @)Re(Z™ ' @)Z @)y

— e —_— 1 71 —~ = T O
+ Q2" @) Rez ™ @120 @)y
(C134)

Regrouping the squared and cross terms together, we
finally obtain the correlated decay rates

vy = S AZn(@)ReZ™ @)NZ)p( @]y, (C135)

and the Purcell decays are given by the diagonal elements

27 rive™! & W7 S
Vie = [Zn(Q)Re(Z™  (2))Z,5(Q))];  (C136)
with Z41V¢ given by
_ c!
2 (w) = ZoLay + — -
lw
= Zy1,, + Z%(w). (C137)

Similarly to Eq. (C100), we interpret Z91"¢ as the exter-
nal impedance seen by the inner modes, filtered by the
capacitances Cp connected in series with the drive ports.

7. Admittance formulas for driving amplitudes

We now compute the qubit-drive Hamiltonian A, that
results from (time-dependent) classical voltage sources
V@) =["(@o,..., VnD(t)]T present in the np drive ports;
see Fig. 5. The classical equations of motion are given by

.. 10 . .
C/oj=———L'®,+Y0®, - T,Q
I,
—M22 5@, — M2 Q — M2« V(1),
(C138a)
Q=-C'Q+Tleo, -2Q - ng) *®;
— M2 Q — MR % V(r), (C138b)

which differs from the equation of motion (C66) by sim-
ply adding a voltage source term My x V(f). Here, the
(n + m + 20) x np voltage-source matrix My (¢) is defined
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by its Fourier transform:

M®(w) = —(Lj3 — ©*Cp + iwY$,)

-1
x(;ol,,D—wCD—i—L ) Z5', (C139a)
0

—1

Mg(a)) iwTE (Zo 1, —w ’Cp + L, 1) Z(;l.
(C139b)

The existence of nonzero M$ arises from the direct
coupling between the qubit and drive ports (Cp, L]Dl,
Y% # 0). The Lagrangian is given by £ = Ly_¢ + Ly,
where Ly—o = Ls+ Lp + Lsp is the time-independent
Lagrangian (i.e., without drives) given in Egs. (C69). The
drive Lagrangian is given by

Ly(H) = —®)IMP « V(0] — Q'IM? % V(n],  (C140)
where Ly depends only on the generalized coordinates
{®,,Q}. We note that one could choose to drive the sys-
tem via {®,, Q}, both frames being related via a canonical
transformation [52]. However, in the former gauge, the
Hamiltonian takes a simpler form H = Hy_o + Hy, where
Hvy—¢ was computed previously in Egs. (C8) and Hy(?)
takes the form

Hy(1) = ®7[M® % V()] + Q"M % V()]

= XMy % V(©)] (C141)
with X' = (®7,q7, QR,QG, M}, ML) the phase-space
coordinates and My given by the 2(rn+ m + 2I) x np
matrix

My
0
M2
Q
M2
0
0

My = (C142)

Here, we remind the reader that n, m, [ are the num-
bers of junction ports, LC oscillators (reciprocal poles of
the response), and gyrators (nonreciprocal poles of the
response), respectively.

The voltage-source matrix transforms under a symplec-
tic transformation S as

My (1) = My () = (S™HTMy ().

By linearity of the Fourier transform, it translates in the
frequency domain as

My (@) - My (@) = (S~ My(w).

Successively applying

S, 0
( 0 S,) (C143)
given by Egs. (C52) and (C53) to diagonalize both the
junction and inner mode sectors, separately, and the sym-
plectic SW transformation Sgyw = exp(AJ) to dispersively
eliminate the inner modes (reciprocal and nonreciprocal

poles) as detailed in Appendix B, the transformed voltage-
source matrix My (w) projected on the junction subspace is

given by
QM
*I/ZMQG

(C144a)

MVVtPJ —I/ZOQC OcM Apx (

0
+App EXQ(—;I/ZM(;G ’

~ Q_l/zMQR 0
M v = _Axx R o - Ax — 5
vV <le/2M86 P <ZXQGI/2M$G>

(C144b)

where the generators {A., Ay, Apx, Ay} are computed as
in Eq. (B13a) in Appendix B. This leads to

M () = @, IV (@) + Y (@)Y @) 7,

MY () = -8, IS @)Y (w) /20,

(C145)

where Ydrive

is given by
-1

4 L
Ydrwe(w) — Z()_l]lnD + L + iwCp. (C1406)
W

Similarly, the off-diagonal dc part of the admittance is

1
Yo (w) = EL;Lg + iwCp. (C147)

Therefore, the quantum Hamiltonian due to the external
drives takes the form

A, =33 Teu0by + e3,05]1, (C148)

j=1 d=1
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where the driving amplitude contribution of junction port
j from drive port d is

gja(t) = — MY )ja * Va(t)

7
Q iwt
27[\/— d “e
(Vo (@) + Y @I @)/ ZoaV a(e)
(C149)
with the ac part of the admittance given by Y = YaR

YR
For a single-tone drive V;(f) = v, sin(wyf), we explic-
itly obtain

——1,2

i J
2327,

iwgt

— aja[—wgle”" )

(C150)

gja(t) = — (ja[wale

with
jalwg] = {[ij)(ﬁ') + Vilcg(wd)]Ydrive_l (®a)}ja

_Z[ @) + Yo @)Y (). (C151)

For realistic pulse drives with finite rise and fall times, one
can either use the integral formula (C149) or decompose
the pulse into its Fourier series V;(f) = de vy sin(wyt) to
account for the effect of other harmonics {w,}, and the total
drive amplitudes are simply the sum of single-tone drive
amplitudes, i.e.,

SHOES Z &a(l) (C152)

with g;(¢) the single-tone drive amplitude associated with
frequency wy given by Eq. (C150).

The analytical formula obtained in Eq. (C149) allows
us to characterize the classical crosstalk Xj; experienced
by qubit i while driving from port d(j ) associated with the
control line of qubit ;, taking into account not only the pos-
sible coupling between junction port i and drive port d(j ),
but also the possible stray coupling between drive ports
d(i) and d(j) that occurs whenever Y¥"¢ is not diagonal.
Thus, we extend the definition of the classical crosstalk
Xj;, as given in Ref. [16], to account for both direct and
nonreciprocal couplings:

Yid(j)
jd()

X; = 201log,,

(dB). (C153)

The matrix element a; is obtained from an 7 x np matrix
—ac — —d -
o, definedas o = {YjZ(Q ) +Y ch)(a)d)}Yd”Ve 1 (wg), where

wg is the drive frequency and using the notation
[Y(@2)]ja = Y;a(%). In summary, matrix o enables the
computation of drive amplitudes g;;(f) [see Eq. (C150)]
and classical crosstalks between qubit ports during drive
operations from different control lines [see Eq. (C153)].

8. Impedance formulas for driving amplitudes

We now obtain analytical expressions for the qubit-
drive Hamiltonian in terms of the impedance response.
Taking into account classical voltage sources V(¢) =
@,.... (t)]7, Kirchhoff's equations are given by

.. aU
Cd = —ag ~ Mo® - Gd —Mp + ® — My % V(5),
(C154)
where @ = (®7, ®% ®2)7. The (n+ m + 21) x np volt-
age matrix
M)
My (6 = | MR(2) (C155)
M (1)
is defined by its Fourier transform:
iw !
M/ (w) = —wzcﬂ)(z—o]l,,D — wZCD> Zy', (Cl56a)

. -1
M2 (w) = +w2RDCD(’Zﬁ L, — a)ZCD> Zy', (C156b)
0

Mg(a)) = +(U2NDCD(E]lnD
Zy

-1
— a)zCD> Zy'. (C1560¢)
As in the admittance case, the Lagrangian can be divided
into two parts, namely, a time-independent Lagrangian
Ly—¢ given by Eq. (C109) and a time-dependent part Ly:

L=Ly_g+ Ly (C157)
with
Ly(t) = —®TM}, % V()] — ®LIME % V()]
— ®LIMG % V(1)]. (C158)

Also, as in the admittance case, we make a gauge choice in
which we drive the system via the generalized coordinates
(®;, P, ®;). This choice is to be contrasted to that in
Ref. [16] where the choice of driven quadratures is instead
(®,, ). By definition, both pictures reproduce classical
equations of motion and the corresponding Lagrangians
are related by a total derivative.
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In this frame, the Legendre transform is simple to per-
form and we obtain a compact expression for the total
Hamiltonian,

H = Hy—o+ Hv(), (C159)

where Hy— is given in Egs. (C51). The drive Hamiltonian
Hy(?) is

Hy() = ®;[M},x V()] + ®4[M % V(D) ]
+ ®L[MT % V(1]

=X"[My = V(] (C160)

with

(q)J’ (115‘1)17;, q)ga Q]];’ Qg)a (C161)

My,
0
y:
My
0
0

My = (C162)

After diagonalizing the junction modes, the voltage matrix
is transformed as

0qC, "OcM,
0
Mfé+ RJMjV
M + N, MY,

0
0

My (C163)

Repeating the same steps of diagonalizing the inner modes
and rescaling by dressed frequencies leads to

1/2096;1/ZOCM“{/
0

1/2 R J
M, = 'V'G+ 2 RJMZ (C164)
2pG —|—OQG 2N, M,
—2,9.°MS — 2.0, AN, MY

Finally, dispersively eliminating the inner modes via a SW
transformation yields the voltage matrix couplings

RJ M,
Ny MY,
0

A — __
+ App <—2xQG1/2M;(/; _ ExQGI/z

@,

204G, *0cM,

12y 11
+A, (_ My + QR

M,
MG +a.

N, M, ) ;
(C165a)

vy @ MR 4+ G, PR MY,
My™ = —An _71/2 G 1/2 J
MS + Q. *N, MY,

0
A _
4 (zxszG‘”MfV? — 0"

where A is the generator of the SW transformation given
in Egs. (C125). Consequently, the previous equations can
be written in terms of the impedance response

N, MY, ) ’
(C165b)

1/2

° )jd_[{__‘ wlm[ JD(w)]
+ @ Im[Z), @ONZ (@),
(C166a)
M0 = [2°Z)p @7 @), (Cl66b)

After quantizing the junction modes [58], the quantum
Hamiltonian accounting for the external drives takes the
form

a,= ZZ ea(Db; + &3 (0b]],

j=1d=1

(C167)

where the drive amplitudes between junction port j and
drive port d are

1 ~eo o
E(MV T iM% Va0

gia(t) =

Y
27r\/§

x ([Zop(@) + 02, Zop (@12 (@) }aVa(@),

(C168)

where the ac part of the impedance is given by Z* =
ZR 4 ZNR For a single-tone drive Vy(f) = vgsin(wgt),
we explicitly obtain

—1/2
s b (ja[wale™" — aja[—wqle ")
2\/5 J J

(C169)

giq(t) = —

with
lwd] = ([Zon( @) + 0a2) " Zon (@124 (@0)}a
—ac — ——1=dc P
_ Z[zﬂ,,(szj) + 0, Zy (0125 (@a).
d=1

(C170)

Analogously to the admittance analysis, we can compute
the classical crosstalk X experienced by qubit i while
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driving from the control line d(j) associated with qubit j
to find that

Yid(j)

X; = 20log,, (C171)

‘ (dB)

jd ()
with aj; the matrix element of the n x np matrix o =
—ac — 11— - i
[Z05(2)) + 02, Zop(@0)]1Z9 " (). Here, wy is the
drive frequency, and we use the notation [Z(§J)]jd =
Zi()).

APPENDIX D: EXACT ELIMINATION OF
NONDYNAMICAL MODES

Because in the perturbative regime the approximate and
exact eliminations yield the same effective models, in
Appendix C we have approximately eliminated the nondy-
namical modes. Here, we perform an exact elimination of
these nondynamical modes, extending the validity beyond
the dispersive regime, partially in line with the approach
outlined in Ref. [28]. We emphasize that despite its ad hoc
nature this approach is equivalent to the novel method for
zero-mode elimination proposed in Refs. [60,61].

For the admittance, our starting point is Eq. (C7). From
there, we perform the symplectic triangular transformation

q —q —T1,Q

Sa,:
A o—0-T/o,.

<I)J —> <I)J,
, { (D)

Q- Q

To eliminate the nondynamical modes, we apply the
symplectic transformation used in the main derivation
[Egs. (C11)]. It then follows that the quadratic form of the
Hamiltonian (excluding the linear terms from the junction
potentials) is

Hy K
H= (Ké Hz) (D2)
with
_( T YiC)'2
HJ - <(Y‘§;C}1)T/2 C;l s (D3)
Q, 0
Q,
H[ = Qg ] (D4)
0 Q,
and
(0 —RQ N2 _NiQ!”
K= (o 0 0 o ) ®
NG = @@, nf®). (D6)

As we have not linearized the junction potential
in this elimination, the full Hamiltonian is H =

X"HX/2 + U(¢,) with the junction potential U(¢,) =
— >, Ej, cos(¢, /¢0), and X = (@5, 97, Qg, I1,,Q2, HQ).
The superscript D stands for dynamical, as all the modes
in the gyrator sector now correspond to dynamical modes,
and its dimension has been reduced by half, from 2/ — .
For the impedance, we start directly from the
Lagrangian (C38). Instead of doing a triangular transfor-
mation, we directly obtain the inverse of C using known
formulas for the inversion of 2 x 2 block matrices [62]:

cl= (CJ T T ) (D7)
T, Ly
Then, the Hamiltonian is simply
1 G.\ G
H=-(q-=®) C!{q-=@
s(o-30) 0 (a-30)
1
+ 5@/ @+ Ug)). (D8)

We eliminate the nondynamical modes applying the same
symplectic transformations as in the main derivation in
Egs. (C53). The quadratic form of the Hamiltonian (once
again excluding the linear terms from the junction poten-
tials) finally reads as Eq. (D2), now with

0 0
= (0 c;1+TJTTJ>’ (D9)
Q, 0
Q
H = ' : D10
! Q, (D10)
0 Q,
and
0 0 0 0

The full Hamiltonian is H = X"HX/2 + U(¢,) with X =
(®,,q,,11,,Qz, l'[g, D) and U(¢,) the junction poten-
tial.

We stress that, for a proper quantization of the whole
response beyond the perturbative regime, Hamiltonians
where the nondynamical modes have been exactly elimi-
nated must be used [28].

APPENDIX E: JOSEPHSON JUNCTIONS’
NONLINEARITIES

We now derive the first-order corrections from the
weakly anharmonic nonlinear potential of the Joseph-
son junctions. We obtain qubit anharmonicities, dispersive
shifts, and linear corrections from normal ordering of a
Taylor expansion of the junction potential. We do so with
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a general derivation of the corrections from the dressing of
the junction mode, which is valid for both admittance and
impedance approaches. Consider the general case in which
the initial Josephson flux variables ®, are related to the
final frame variables X = (®, q), expressed in dimensions
of (energy x time)'/?, via a dimensionless transformation
matrix « of shape (n x 7):

&, =Z*aX =2 ’® +aq) (E1)
with Z}/ ? the necessary diagonal rescaling to obtain dimen-
sions of flux, »n the number of junctions, and t = (n + m +
)) the total number of dynamical modes. We have separated
the flux from charge sectors in the final frame to simplify
the following calculations.

The nonlinear terms in the original frame are

Hy=— E2
| ng,, 595, (E2)
such that in the final frame we have
n 1 4
Hu =~ Z < 24T, 07 ( ,;: e+ a”‘qk) - ®
Introducing
b = \/7 (bT + by,
(E4)
G = z\fz (b} — be),
substituting, and rearranging we get
E(i) 22 ot
Hnl = - Xl: 12 ~ (Zatkbk +a,kb ) (ES)
with EC[ = e2/2CJi, ’Z/i = ,/LJ[/C_/[ o =a—ial. Here,

Cy, is simply (C,);; obtained from either Do, or Ay.
We expand the series using the general formula

<Xk:ak13k+a,tl;z)]v
- S fen(Se) (Sab) (Lrr) |

k
(E6)

where ¢, , s are nonnegative integers, CN
0<j <N, 0<s<N-2j, and t=N -2 —s. We
obtained the above expression with a rearrangement of

= (N/j!s!112),

the formulas presented in Ref. [63]. Hence, expanding
Eq. (E5) we have Hy = H, + Hg + O(¢%) with

t
= - Z(Vrsérgs + 2Vr33j85 + VHBIIST)
t
— D _[6B5arsby bbb,

pgrs
+ (4lgpqm pbzbjb + H.c. )
+ (ﬂpqrsbpbqbrbs + H.C.)],

Hp =

(ET)

where the coefficients are

o
EC J, ~ ~ ~
= E 12 5 ~2 alpalqalralsa

Vs = 6 Z ,Bpﬁrs-
P

:qurs

The bar over subindexes refers to conjugation; for exam-
ple,

n @)
EC ZJ, ~g o~~~
= Q; (X Ot,rOl,S

ﬂ]Tqu = 12 "-Q

(E8)

The inclusion of these conjugate coefficients is crucial
because, in contrast to the expansion for the nonlinearities
given in Ref. [13] and used in Ref. [16], we are allowing o
to mix flux and charge variables.

Now, assuming that all the nondiagonal terms of & are
o ~ O(k/A) and that @; = 1 + O(k?/6?), then in a sim-
ilar fashion to what was done in Ref. [16], to first order, we
obtain

EY (2\'s o B (7N
Vi = (g) @it + — <57/> aja;  (E9)
for the linear coefficients between qubit modes,
E(i) ZJ. ~ o~
= o (2 (E10)
2 ZJ,.

between qubit and inner modes, and v,, >~ 0 + O(k?/8?)
otherwise. This implies that we can write the coefficients
in matrix form as

v=a'2/°aZ)%& (E11)
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with
EM /225t
A= 0 :
E®M 22,1/ C,
0 O(m+l)><(m+l)
(E12)
where Ei = (Z Ji /L J;), such that v,; >~ (V),,. Therefore, to

first order, we obtain
2
H, = —ﬁ(oﬂhb + aqq)TZ}/ZAZ}/z(a¢d> +alq)

1
= _§¢JT(L31)*1<1>,, (E13)

where
hwq /2Ef,”
L31 = E-/ T . [}
hw,/ 2E£")

(E14)

similar to Eq. (138) of Ref. [16]. We note that w; =
1,/L;.Cy, here corresponds to the frequencies in the bare

basis after including a possible frequency shift due to le,
with L J; the diagonal entries of (E 7)ii defined in Eq. (C29)
[Eq. (C64) for the impedance], and not to the final frame
frequencies. Then, if at the beginning of our treatment to
Hamiltonian Hy defined in Eq. (C7) [Eq. (C62) for the
impedance] we add and subtract /,,

H = Hy+ H, — H, = H| — H,, (E15)

we can account for the linear corrections coming from the
nonlinearities to first order if we satisfy the condition

2E®
w?_wj<1+§, o )

with @, = 1/,/C;L; and & =./L;/L;. Solving this
expression for small anharmonicities £ /hw; < 1 we
obtain

(E16)

ED /h,,
(1+¢)32 —EQ Jha,,

@ =

@,/1+§,~<1 -

which, for ¢; — 0 (the case with no inductive poles),
reduces to

), (E17)

~ EQ/h

W=y - — (E18)
1 —EP /hayy,

J;

recovering as a special case Eq. (144) of Ref. [16]. These
formulas are valid for both the admittance and impedance
methods.

As for the self-Kerrs and dispersive shifts to first order
in the expansion of Eq. (E7) they are

8 - 12/311119

(E19)
— 245

Xik =

To explicitly obtain their values, we have to obtain the
entries of «. For convenience of notation, we divide « into
submatrices:

g 10 0

o= (a?,aj,aR,aR,aSR,agR). (E20)

From the derivation carried out in Appendix C, for the
admittance, we have

a =S 'PIS:L, (E21)

where P¢ is the projector onto the junctions’ flux subspace,

1/2 = — =
&1 =Z,"0.C, 0g,"?, and Z, = (L, /T,
In the full perturbatlve approach and taking nglv to first
order we obtain

@l =3y,
(ahy; =0,
@)y = =0 /oo, (F);,
(O‘R)zy =0,
(NRin = —O; /@i, (ML),

Y -1 /= —R
(aNR)iu = ®i,ﬂ WiWg, (nu)[a

with ©;, = } — w; . For the impedance, we have

o =(5%,0,87,59)Sg, (E22)
with
8 =z,"%0orc,orq, ",
§¢ = @, "RIQ; 2, Z, PNTa, ),
$1=(0,-Z, NIz, ;).
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By simply substituting and rearranging we explicitly
obtain

m[ZR (@
@)y =8 — ¥,
V2IZ;
26° -
@)y = ——== Y —Im{Res[Z" (wg,)1y ),

Zizj © Wg,,

L 2
(oNp)ij = L ()i ( Wen )
gy - = 2 —2 )
Z‘/i A /wgu wgp' - a)l-

(agR)lf/ =-

2
1 (mf), ( W, )
= B — )

vV ZJi «/ Wg,, a)gu - w;

with the residue given by Res[Z"R (wg, )] = limy_, i, (s —
iwg, )ZNR(s) = —iB, /2wy, , the nonreciprocal part of the
impedance residue at frequency wg,. Thus, we recover as
a subset Egs. (120)+122) of Ref. [16] with the difference
stemming from the different final frame we are taking.

It follows that the self-Kerr anharmonicities for both the
admittance and the impedance approaches are

8 = —EX(wy, /@) (E23)

After rearranging, the dispersive shifts in the admittance
approach are

8 2
Xiy = 20; (y—yz) : (E24a)
a)ry w
wg 2 0
Xip = 281’(—2 “_2> [€l9)? + (gl)?],  (E24b)
a)g/l. - a)i
with
gl = \/E/Ty ,)i/v/Ci, (E24c)
gl = \[@i/ g, L)/ V/C, (E24d)
g,-qu = \/E/Tg, (nﬁ)i/\fi, (E24e)

where the last three correspond to the bare cou-
plings between the qubit and inner modes given in
Egs. (C17d){C17h) with Oc = O, = Oq = 1,,.. For the

impedance, the dispersive shifts are

ry & 2
= 26; (y—y2> : (E25a)
a)ry D)
©u 60,2
Yiw =28 —5—"— [(g D+ (gl9M,  (E25D)
Cl)gu — (,()l
with
g W (r,))iv/Ci, (E25¢)
g = \[@iwg, 5)/C,, (E25d)
giQ= Eiwgu(nﬁ)i\/a, (E25¢)

where the last three correspond to the bare couplings given
in Egs. (C55b)~+C55f) with Oc = Oq = 1,.. For the recip-
rocal resonators, we recover the dispersive shift given in
Eq. (63) of Ref. [16]. The transformer ratios r,, n;" can
be obtained directly from the residues of the response,
as explained in Appendix A. Moreover, if higher-order
nonlinear corrections are desired, these can be straight-
forwardly obtained using Eq. (E6). For example, if the
sixth-order terms of the expansion are included, the dis-
persive shifts are corrected to second order in perturbation
theory by the factor y;, — (1 — 2E(Ci)/h5i)xiﬂ.

Additionally, we note that the dispersive shifts for the
impedance and admittance approaches are different. This is
to be expected due to the different frames used for quanti-
zation in one approach or another; however, and as we have
highlighted several times throughout this work, this differ-
ence is negligible in the dispersive regime. Going further,
analytical formulas for qubit cross-Kerrs can in principle
be obtained by considering higher-order terms of nglv, as
was done in Ref. [47]. Moreover, it is useful to note that
a numerical treatment beyond the perturbative regime can
be done using the exact Hamiltonians after elimination of
the nondynamical modes given in Appendix D.

APPENDIX F: DERIVATION OF THE MASTER
EQUATION

In this appendix, we derive a completely positive trace-
preserving (CPTP) master equation for the qubits, tak-
ing into account any possible quasidegeneracies. In the
standard approach to open quantum systems, the master
equation is derived from a microscopic model (sys-
tem, bath, and interaction Hamiltonians) using the Born-
Markov and secular approximations [64—67]. However,
the secular approximation turns out to be restrictive and
fails whenever the spectral gap Aw of the qubit Hamilto-
nian ﬁlq is of the order of the natural linewidth I dictated
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by dissipation, i.e., Aw <T. In this case, the rotating-
wave approximation typically used to transform the Bloch-
Redfield equation into a master equation in Lindblad
form (CPTP) breaks down [68,69]. Recent works have
introduced the partial secular approximation to extend
Lindblad’s equation to systems whose energy levels are
not necessarily strongly separated (i.e., Aw < T'), while
preserving complete positivity [68—71].

The starting point of our derivation is the Caldeira-
Leggett Hamiltonian A = H +Hz + A, 4 With the inter-
action term of the form of Eq (C81) and where

@—Z L@+ D), (F1)
J

7 Pab 1 2

Hp = %7: (Zmab + 2mabwabxab) (F2)

qB—Z<¢]ZC xab+¢jzc potb
+; Z CH %o + q; Z 62"’ﬁab>. (F3)
ab ab

Here, we consider the system-bath Hamiltonian ﬁqB ~
[|Hgsll < [IHgll, [Hgall <
||I:IB|| (Born approximation), which is valid when the
qubits are coupled dispersively to the inner modes and
when direct capacitive, inductive, and nonreciprocal cou-
plings between the qubit and drive ports are weak, which
is the regime of interest here [72].

The main idea of the partial secular approximation con-
sists of separating the set of qubits (energy transitions)
based on their frequency difference. With that objective,
we define an equivalence relation F between qubit ports j,
j'suchthat (j,j) € F if and only if their energy difference
is smaller or of the order of the natural linewidth, that is,
|§j — §j/| < TI'. This separation of energy scales allows
us to perform the rotating-wave approximation whenever
(j,j') ¢ F. However, if (j,j') € F, the qubits are consid-
ered to be degenerate to first order in perturbation theory
for the system-bath coupling [71]. Therefore, tracing out
the baths yields the master equation [73]

O(T) as a perturbation i.c.,

d/; PR N €~ GT ET € A
Z:—Z[Hq,p]—“ Z )/]/ (A /,OA __{A A’)IO})
GJjeF
€.€'=(¢p.q)
(F4)

where we have omitted the Lamb-shift Hamiltonian that
introduces, in the dispersive and weak direct coupling
regime, just a small renormalization on the system Hamil-
tonian ﬁq. Notably, as shown in Ref. [32], in the adiabatic

limit when Z; < Yf;_l, the Lamb-shift Hamiltonian is

exactly canceled by the second-order terms in the system-
bath couplings that we have neglected in our Hamiltonian
[Eq. (C71)]. In typical circuit parameters, this limit is sat-
isfied. In the previous equation, the collapse operators are
defined as [65]

=Y EE), (F5)
£-£=9;

A=Y MEgE), (F6)
£-£=Q;

where T1(E) is the projector over the eigenspace of ﬁq
with energy £. The spectral densities yjjf/ are defined as
the Fourier transform of the bath’s correlation functions

+o0
y;f =/ dre (B6 (r)B6 0)). (F7)

o0

Using Eq. (C81), the bath’s eigenoperators are defined as

B! = (6% + € Pha), (F8)
o

Bl = (¥R + C¥PPa). (F9)
o

Writing the normalized flux and charge operators in
terms of the bosonic modes dAJJ- = (l/ﬁ)(b; +b),q =

@i/ V2) (IA); - Bj), the master equation can be expressed in
a compact way as

dp b5t — Libth 5
— = il A1+ > Mw(bj’l)bj - g{bjbﬂ’p}>
GJjeF
(F10)
with

At cryogenic temperatures 8! = kT < ﬁj such that the

number of thermal photons is negligible, 77 = 1/ef"% —
1 <« 1, and the bath can be approximated to be in its
ground state. In this case, one can easily compute the bath

correlation functions and y;f , which leads to

- a)otb)a

B
jT —_—
- 5 Z Z(S“/’b + it“/'b)*(so‘j/b + itaj/b)a(gj
b=1 «
(F12)
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where
E,(b,x

- ot zap
Sqy = ——— + /MgpWap CF F13
% m abWab ajp? ( )

~q.x

e = SPapwag P — —_ (Fl14)
ajp — ab®ab @y m.

By symmetrizing the delta function, i.e., § (ﬁj — Wep) =
8[(2 + £2:)/2 — wap] + O(T), one can readily verify that
matrix y; is positive semidefinite within the Born approx-
imation. This ensures that the master equation represents a
CPTP map.

APPENDIX G: CIRCUIT EXAMPLES

In this appendix, we provide further examples of cir-
cuits demonstrating the application of our results. This
appendix is divided into four parts. First, we start with a
comparison of the admittance and impedance approaches,
revealing their equivalence in the dispersive regime. We
then focus on a specific singular circuit, relying solely on
the admittance response in a situation where the impedance
approach cannot be applied. In the third part of this
appendix, we show how to use our results to estimate
Purcell decay rates, and we compare these rates to mas-
ter equation simulations and previous one-port analyses.
Finally, we give a detailed analysis of the nonreciprocal
circuit presented in the main text. We provide here both
admittance and impedance responses of this three-port
device, and give a simple explanation for the conditions
that achieve chiral dynamics with complete population
transfer.

1. Effective coupling rates: admittance versus
impedance

The circuit we consider is the two-port circuit of Fig. 7,
already studied in Ref. [47]. It consist of two linearized
qubits (J) interacting via an inner mode (») that we take to
be a simple LC circuit. Our objective here is to compare the
admittance and the impedance methods. The impedance
can be obtained with an ABCD analysis to find that

. Ao A1S
Z(S) = ? + W, (Gla)
_(1C o
o= (50 ) (G1b)
I 1
Al = ’f (1 1) > (GIC)

with Cj = (Co + C)), 0. = 0p(rej + )2/ Qrer + 1 +
1)'/2, o, =1//L.C,, r; =~ rcj/«/Cr, where r.. = (C./C,)

(a) Ck
il
CC Cc
R
LiE Cromm ==Cs;EL;
(b) G
(]|
| | |
C, C.
é——l H
LJ CJT CTT Lr TCJ LJ
(c)
C —"

7

(d)
Y(s)
I
ug | T =8
FIG. 7. (a) Two (linearized) Josephson junctions coupled by a

transmission line resonator and (b) an effective circuit with only
one inner mode of the latter. Canonical circuit representations of
the (c) impedance (Z) and (d) admittance (Y) response matrices
from the Josephson ports.

and 7, = (C./Cy). On the other hand, the admittance
response is

D]S
Y(s) = sDg + ———, G2
0 =Dt 0 (G2a)
_ (¢, C
D = G 5), (G2b)
1 1
D] :l/i (1 1), (GZC)

with C; >~ Cy(1 —r¢rey), C = Cerep, p, > @ (1 —rgre),
and r, = r../+/L,. These approximate values are accurate
in the dispersive regime where 7, 7 < 1.

To compare the two approaches, we show in Fig. 8(a)
the normalized difference between the normal mode fre-
quencies obtained from the effective classical Hamil-
tonian derived in Appendix C and the exact normal
modes of the circuit obtained from the standard Hamil-
tonian circuit analysis (dark blue, admittance; light blue,
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—
a4}
N

|Weff - Wexact‘/|weff|

0

FIG. 8. (a) Difference between the effective and exact nor-
mal modes of the circuit in Fig. 7(b) as a function of C./C;
with C; = 0. Dark (light) blue lines are the normalized differ-
ences from the admittance (impedance) methods. (b) Difference
between the effective and exact normal modes of the circuit in
Fig. 7(b) as a function of C; with C. = 0.1C,. We plot the
differences obtained from the numerical diagonalization of the
direct coupling (full perturbative) method with dashed (solid)
lines. Circuit parameters are C; = 51.0 fF, w; /27 = 5.57 GHz,
wy/2mw = 7.07 GHz, z, = 50 Q.

impedance). This is plotted as a function of C./C; with
the qubit-resonator coupling in the dispersive limit; see
the parameters in the figure caption. We find excellent
agreement in the dispersive regime, where C./C; < 1.
As C./C; increases, the accuracy diminishes because the
coupling between the qubit and resonator modes g =
Jojo.C.//C;C, increases and we get out of the per-
turbative regime. It is worth noting that the larger error
of the admittance approach can be attributed to the direct
capacitive coupling in its dc response between the external
ports [see C in Eq. (G2¢)], in contrast to the impedance’s
dc response that is directly diagonal such that the exact
dressing of the capacitances is in this case automatic. As
already mentioned in the main text, we stress that this
difference between the two approaches arises from our
perturbative derivation, which leads to different final effec-
tive frames. Of course, when an exact Hamiltonian from
the impedance and the admittance responses can be con-
structed, the normal modes of both are exactly the same
[28,74-76].

In Fig. 8(b) we compare the fully perturbative approach
(solid) with the previous diagonalization method, where
the direct coupling is treated exactly (dashed), as devel-
oped in Appendix C. There, we plot the normalized normal
mode frequency difference for both approaches when vary-
ing the C;/C; ratio. Clearly, even in the strong coupling
regime C; > C,, the previous diagonalization approach
maintains its accuracy.

2. Direct inductive coupling and JJs’ nonlinearities

We now turn to the circuit of Fig. 9 where we replace
the direct capacitive coupling of Fig. 7 between the lin-
earized qubit modes with a direct inductive coupling.

This is the simplest circuit that allows us to verify our
extension of Ref. [16] to include direct inductive cou-
pling between qubit ports. As discussed in Appendix A,
for circuits with direct inductive coupling between the
qubit ports, we have Ay = lim,_,(sZ(s) in the impedance
characterization. Because of this, the Lagrangian obtained
from the Cauer representation is singular, preventing us
from directly obtaining the Hamiltonian. In contrast, the
Lagrangian for the Cauer representation of the admittance
response is not singular at any pole and the circuit Hamil-
tonian can thus can be systematically obtained. Hence, we
study only the admittance response. To do so, we note that
Y (s) is the same as that given in Eq. (G2a) with the addition
of the inductive poles Dg/s, where Dy = (1/L.)(1 — o).
Figure 10(a) compares the normalized difference between
the normal modes in the effective and exact linear sec-
tors, similar to the above example. It is evident that our
approach achieves a remarkably high level of precision.

To benchmark the effective nonlinearities presented in
the main text and derived in Appendix E, we compare the
effective ZZ interaction obtained from numerical diago-
nalization of the effective Hamiltonian with that obtained
from numerical diagonalization of the Hamiltonian after
full exact circuit quantization. In the qubit subspace, the
diagonalized Hamiltonian takes the form

i = %a; + % 2 4 wyole?. (G3)
The effective and exact ZZ interactions (wzz) are shown in
Fig. 10(b). The figure shows how a zero ZZ interaction can
be obtained by tuning the ratio between the junction and
coupling inductances L /L.. Importantly, the results above
show that the effective ZZ interaction is accurate when
deep in the dispersive regime and under weak direct cou-
pling, but this accuracy decreases quickly with increasing
coupling strength. This discrepancy arises from the omis-
sion of both higher-order terms in the expansion of Sgw
and the nonrotating terms in the nonlinear expansion (E7).
For reciprocal impedances, these higher-order corrections
are given in Ref. [47]. For the most general nonreciprocal

L
T

C

E,,)’( c,,:l: lcr.l.I éLrl =|=CJ *EJ

FIG. 9. Two-port example circuit with direct inductive cou-
pling between qubit ports. For circuits with direct inductive
coupling between inductive qubit ports (i.e., described in the con-
figuration space by their flux), A, = 0, A¢ will be singular, and
unconstrained Hamiltonian dynamics cannot be systematically
obtained from the impedance response.
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case for both impedance and admittance, analytical inclu-
sion of these higher-order corrections remains an open task
that can be completed following the guidelines provided in
Appendix B. We also note that if the residues of the admit-
tance response can be obtained then a complete numerical
treatment beyond the dispersive regime using the exact
classical Hamiltonians we give in Appendix D is feasible.

3. Readout and drive-induced Purcell decays

We use the circuit in Fig. 11 to present a comparison
between the analytical formulas derived for dissipation
in Egs. (18) and (19) and those resulting from the cou-
pling between the qubit and drive ports, incorporating both
impedance and admittance responses. We assess the accu-
racy of these formulas by comparing them to a master
equation simulation and previous one-port results pre-
sented in Ref. [77]; see Fig. 12. For the circuit of Fig. 11,
the numbers of qubit and drive ports are n = 1 and np = 2,
respectively. Once the 3 x 3 immittance response matrix is
determined, which we do not present here due to its non-
compact form, we can apply our results given in Egs. (18)
and (19) to estimate the qubit-relaxation rate 1/7;. To
do so, we first extract the dc part of the immittance
response given by Y% = D, Z% = Ay/s with Dy, =
limyy— o0 Y(s)/s and Ag = lim,_, ¢ sZ(s). This allows us to

—
&

|Weff - wexact|/’Weff|

b
(b) 0 - = effective
— exact

~N

T

s -10r-

N

N

3 20

0.‘1
LJ/LC

0.05

FIG. 10. (a) Difference between normal modes of the linear
effective and exact Hamiltonians of the circuit in Fig. 9. (b) The
ZZ interaction obtained from the diagonalization of the effective
and exact quantum Hamiltonians as functions of L, /L.. Circuit
parameters are C; = 100 fF, C. = 0.1C;, E;1/h = 20.4 GHz,
Ejy/h =12.6 GHz, and w, /27 = 7.8 GHz.
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where Z; is the characteristic impedance of the external
transmission lines. Here, index 1 represents the qubit port,
whereas the drive and readout ports are 2 and 3, respec-
tively; see Fig. 11. Equipped with these matrices, we can
now express the Purcell decay rates as

1 1< .
=5 2 RV @)Y ian @)Yy, @),
dd' =1
(G6)

2
1 1 P N _
— == ) RefZ\* @)Ziun @7}, (@),
Nz Ly a2

(G7)

where C is the first entry of Do, and C~! that of A,,
i.e., C = (Dg)11 such that, for weak values of the cou-
pling capacitances, it is approximately given by C; +
Cjq + Cj,. The qubit frequency is expressed asw = @, {1 —
E./ws[1 — (E./w))]}, where &; = 1/4/L;C, E. = €*/2C,
and L; = 1/(Cc_02). In the case of the circuit of Fig. 11,
the drive ports are decoupled, as evidenced by the diago-
nal nature of Ydrive, Zdive e YI¢ = Y& =0 and Z§ =
Z{5 = 0. Consequently, the total relaxation rate can be
decomposed into the sum of a Purcell decay rate result-
ing from the readout line and a drive-induced decay rate
originating from the direct coupling with the drive line, i.e.

R (G8)
TR Ty
where
L L Reyie @Y @) (G9)
—_ = — w w)|*,
Y~ C 1 12
L L reyi @@ P (G10)
= — w )|
TEY C 22 13 >

similar expressions are obtained for the impedance. In the
limit of weak couplings Cjq4, Cj, Cy,, Cr K C;, C,., Gy, We
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To facilitate comparison with prior studies, we rephrase
the Purcell decay rate in terms of the qubit-readout
resonator coupling strength g, the readout resonator-
Purcell filter coupling J, and «, the bare decay rate of
the Purcell mode. Using our Eqgs. (6) and (18) in the
weak coupling regime, we obtain g >~ Cj.(0w,/4C; C)'\/2,
J =~ Cpp (w07 /4C,Cp)V?, and k=~ (a)} C2Zy)/C,[1 +
a)}Zg(Cd + Cr)?] = k(wy). Using these expressions,
Eq. (G11) can be concisely written as
! g\ ) 2
Tlﬁo _Kq(ArqAﬁi> (==
<(i59) (%)
1+¢) \1+¢ )
where k, = @ CiZy)/Cpll + @*ZH(Cy + C)*] = k (@),
Arq =w, — o, qu =wr — o, and Sy = AM/EM with
Y, =w,+w and p=r,f. From this equation, we
obtain corrections to the usual Purcell protection formula
given by (g//A;Ap)*ks of Refs. [78,79] coming from
two distinct contributions. First, the qubit probes the bath
at its own frequency, rather than at the filter frequency,
which is reflected in k, = x (w), in accordance with Ref.
[80]. This correction is significant when the bath is not
entirely flat, something that cannot be captured by the stan-
dard master equation, as discussed in, e.g., Sec. IV of Ref.
[9]; see also Fig. 12. Second, there is a correction of order
¢, originating from the counter terms in the interaction
between the qubit and the resonator-filter modes. Notably,
this correction becomes particularly relevant in the deep
dispersive regime (i.e., when A, ~ X,,,), as highlighted
in Ref. [81].

In Fig. 12, we present a quantitative comparison
between our immittance results (light and dark blue) and
the integration of the master equation (brown) obtained
after the exact quantization of the three-mode system
(qubit, readout-resonator, Purcell filter). In this simula-
tion, the values of k; and 70 are taken from previ-
ous one-port results; in particular, here from Egs. (2.18)
and (3.1) of Ref. [77], yielding k; = Refioy Cx(Z;" +
iwr Cg)/Cp [ZO_1 + iwr (Cg + Cp)]}, and a similar expres-
sion for 1/77 by substituting C, by C;, Cx by Ci, and
wr by w.

(G13)
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FIG. 11. Example of a three-port circuit for a typical qubit
control and dispersive readout routine. It consists of a capac-
itively coupled qubit to its control line with characteristic
impedance Z; = 50 Q connected to a voltage source V(7). The
qubit is also coupled to its Zy = 50 2 readout line via two
LC oscillators, corresponding to a standard scheme involving
a capacitively coupled readout resonator and Purcell filter. The
readout line is typically driven by a classical voltage source
VRo(9).

4. Three-port circulator circuit from the main text
with capacitive filter

We provide the calculations required to obtain the results
for the example of Fig. 2 of the main text. We obtain the
admittance of the circuit in Fig. 2(a) with the m-capacitive
filter of panel (b) using the admittance representation
of the ideal circulator described by a scattering matrix
S(¢), and the combination of additional parallel and series
capacitors:

Di(¢)s + Ei(¢)

Y ($)(¢) = Doos + Exc (@) + wy(¢)2 )

b

Do = Cy 13,
Ex(9) = —G(#)[S(27/3) — S(—27/3)],
Di(¢) = a($)[2 — S(—27/3) — S(2n/3)],
Ei(9) = V30, ($)a($)[S27/3) — S(=27/3)].
In the dispersive regime, and up to second order
in 7,7 <1 with r,g = C./C, and ry; = C./Cy, we
have C; ~ [Cs(1 + ry) — Cor?,], G(¢) ~ tan(¢/2)r2,/

V3R, wy(¢) =tan(¢/2)/(C. + Co)R, and o(¢p) = tan
(¢/2)°r%,/3R*C,. Matrix S(¢) corresponds to the scatter-
ing matrix defined in Eq. (21) of the main text. The inverse
of the admittance gives the impedance response

Ay Ais+B
Z = — _—
® s w? + 52’

Ao = Cy15 — Ci[SQ2r/3) + S(—27/3)],
A = B[21; — SQ2r/3) — S(—27/3)],
Bi = V3w.($)B[S(27/3) — S(—27/3)],

with C; =~ Cj 4 2Cy, Cy = Cereg/3, 02(¢) =~ 0, (¢)(1 —
Teglej), and B =~ rfy./?’Cg. As is clear from the above,
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FIG. 12. Analyzing circuit Fig. 11: (a) Purcell decay T; ?O from
the readout line, (b) drive-induced relaxation 7%, as a function of
the coupling capacitances C;. = C,, Cjy = 0.1C.. We compare
our results obtained with both impedance and admittance for-
mulas (18) and (19) (light and dark blue) with those obtained
from integrating the master equation of the three-mode sys-
tem (brown). We used realistic circuit parameters L; = 10 nH,
C; =77 {F, giving a plasmon frequency &, /27 = 5.73 GHz.
The frequencies of the readout resonator and Purcell filter are
w,/2m =7.50 GHz, wy /2 = 7.51 GHz, respectively, and their
impedances are z, = z; = Zy = 50 Q. The external coupling and
shunting capacitances to the ground are C;, = 20 {F, C; = 100 fF,
respectively.

the frequencies of the poles are slightly different in both
immittance presentations. This clearly leads to Hamilto-
nians with different frequencies for the inner modes after
the exact circuit quantization. This difference however is
insubstantial, as the quantization is done with different
frames for each response. When accounting for the exact
frames within which each response is defined, all observ-
ables are predicted to be identical regardless of the chosen
approach.

Furthermore, the one-third ratio needed to achieve full
chiral population transfer dynamics can be readily under-
stood by examining the exact Hamiltonian of the cir-
cuit. By introducing the quasimomentum mode operators

B, = >, el 33} /~/3 for the qubit modes, the linearized
Hamiltonian in terms of ¢ reads

@) =) BB+ w,$ia

—J()(B" a+Blat + He), (G14)

where J(¢) = Jwjw,(@)\/rejreg/6 . By separately con-
sidering the beam-splitter-like (two-mode squeezing)
interaction between the k = —1 (k = 1) mode with the
inner resonator mode, the elementary shifts A1 in the fre-
quencies of the modes l§i1 are A_; ~ —2J(¢)*/A and
A1~ —2J(9)?/[2w,(¢p) — A]. Complete chiral popula-
tion transfer is obtained when the quasimomentum mode
energies are equally spaced [19]. This equal spacing is
approximately obtained for a detuning A =~ 2w,(¢)/3,
which leads to @ = w,(¢)/3. For this condition to be
accurate, the perturbative criteria k(¢)/A(¢) < 1 must
be satisfied, where k(¢) ~ {[la(®)|/C/l[@/w,($)]}'/?
is the coupling between the qubits and the inner
mode, and A(¢) = [@ — w,(¢)|. In particular, when w =
w,(¢)/3, the perturbative criteria reads k(¢)/A(¢) =
(BCy/A4C) 2 reg /(1 —1eg) K 1.If Cyg ~ Cy and 74 < 1,
it will remain accurate for all values of ¢. Finally, it is note-
worthy that the couplings within the Hamiltonian provide
a clear explanation for the feasibility of achieving chiral
dynamics for any value of ¢, contingent on a straightfor-
ward frequency condition. Explicitly, as ¢ changes, the
Hamiltonian in Eq. (G14) remains invariant, with only the
strength of the coupling J(¢) and the frequency w,(¢)
changing; hence, by setting @; = @, (¢)/3, only the time
scale of the resulting dynamic changes.

5. Three-port circulator circuit from the main text
with resonator filter

Here, we provide details of the simulation performed
to obtain the qubit population transfer dynamics shown
in Fig. 3(b) using the LC filter shown in Fig. 2(c). Addi-
tionally, we show how our simple formulas can be used
to engineer the linear response of multimode nonrecipro-
cal systems. In particular, we obtain an ideal circulator
response for the circuit with the LC filter in Fig. 2(c) and
match the effective scattering matrix given in Sec. II of
Ref. [19].

The full Hamiltonian was constructed using the
impedance representation following Appendix D. The
admittance approach is equally valid, but the former is
preferred due to the lack of poles at infinity, a feature
that simplifies the construction. The effective Hamiltonian
(3) is constructed as prescribed in the main text. We fix
the parameters Cj., C,;, Cg, and R, as well as the fre-
quency and impedance of the filter resonators w,, and z,, .
Using Eq. (9), we solve for @ of Eq. (6) such that 6; =
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FIG. 13. Comparison of the classical scattering response S

(solid) computed from the impedance matrix Z of the circuit in
Fig. 2(a)(i) using the LC filter Fig. 2(c) with reference probe
transmission lines with characteristic impedance Ry = 50 €,
with the effective one (dashed) obtained as in Sec. II of Ref.
[19]; see the text for details. The frequency at which ideal cir-
culation is achieved (w,) is shifted from the bare frequency of
the filter resonators (w,s ). The system parameters are C; = 10.0
nF, C;, = 10.0 nF, C,; = 5.6 nF, Wy = wy(¢)/3 =2m x 12.08
GHz, z,, =50 €, R =100 2, ¢ =~ 0.0817, which leads to ».
0.977w,s .

/6. In particular, the resulting expression is a second-
degree polynomial in the qubit frequency @, which admits
a physical solution for any degree of nonreciprocity in the
central element (i.e., ¢ # {0, w}) provided one can tune the
remaining circuit parameters (e.g., resonator frequencies,
coupling strengths, capacitances to ground). The quan-
tum simulations are performed by truncating the maximum
photon number to four, and convergence was checked by
comparing with simulations with five photons.

Figure 13 shows the classical linear response (solid),
and the desired quantum linear response (dashed) obtained
using Eq. (21) of Ref. [19]. To obtain the classical
response, for simplicity, we first take the limit C; — 0,
where the nonreciprocal circuit becomes identical to that
studied in Sec. II of Ref. [19]. Then, we set the filter res-
onator frequency using Eq. (22) such that the effective hop-
ping phase between the resonators is 8; = 7/6. Finally,
the response is obtained from the impedance matrix Z(w)
of the circuit [18,82], as measured with reference probes
of Ry =50 Q, i.e., S(w) = (Z+ Ro1)""(Z— Ry1). The
quantum mechanical response from Ref. [19] is com-
puted here by setting its two free parameters to w, = w,
and « = |J| [see Eq. (13) of that reference together with
the condition " = 2k]. Here, w, is the frequency where
the ideal circulator response is obtained, and J is the
effective coupling between the resonator modes obtained
using Eq. (8). The observed small discrepancy between
the two approaches arises because the targeted response
(dashed line) assumes symmetric spacing between the
three harmonic modes obtained after diagonalizing the
effective Hamiltonian for the three resonators. Specifically,

if g < A; < A, are the three lowest eigenvalues of the
effective Hamiltonian in the ideal case, it holds that A; —
Ao = Ay — A1. However, when the full Hamiltonian is
taken into account, the resulting eigenvalues exhibit a
slight asymmetry, such that A; — Xy = A, — A; + A. This
small A is the source of the observed minor discrepancy.
This, however, does not prevent ideal circulation.

Remarkably, the desired circulator response can be
obtained for arbitrary small values of ¢, i.e., low nonre-
ciprocity in the central element. This example shows how
our methods can be useful not only in designing effec-
tive quantum Hamiltonian models, but also in engineering
desired scattering responses.
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