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We propose to couple the flux degree of freedom of one mode with the charge degree of freedom of
a second mode in a hybrid superconducting-semiconducting architecture. Nonreciprocity can arise in
this architecture in the presence of external static magnetic fields alone. We leverage this property
to engineer a passive on-chip gyrator, the fundamental two-port nonreciprocal device which can
be used to build other nonreciprocal devices such as circulators. We analytically and numerically
investigate how the nonlinearity of the interaction, circuit disorder and parasitic couplings affect the

scattering response of the gyrator.

I. INTRODUCTION

Processing quantum information with high-fidelity re-
quires interfaces for detecting, controlling and routing
quantum signals and nonrecripocal devices are vital ele-
ments to realize these tasks [1-4]. At a fundamental level,
nonreciprocity requires breaking time-reversal symmetry
defined by the invariance of the system with respect to
the transformation ¢ — —t, where ¢ is time. Equivalently,
the Lagrangian of nonreciprocal devices is not conserved
under the transformation ® — ® and ® — —®, where ¢
is the flux degree of freedom associated with a circuit
mode.

Under the wusual capacitive or inductive interac-
tions, modes in superconducting circuits typically cou-
ple through the same quadrature, for example charge-
charge or flux-flux interactions. These couplings preserve
time-reversal symmetry and lead to reciprocal two-body
interactions. As a consequence, realizing circulators in
Josephson junction-based quantum circuits often relies
on parametric drives [4-9], the Aharanov-Bohm effect,
or its dual the Aharanov-Casher effect [7, 10-12]. Other
Josephson junction-based nonreciprocal devices include
gyrators [13], isolators and directional amplifiers [14-23].
Optomechanical systems are also used in the design of
nonreciprocal devices [24-31]. Other proposals for non-
reciprocity rely on the Hall effect [32-34] and spatiotem-
poral modulation of conductivity in semiconductors [9].

Here, we propose to engineer a static coupling between
two modes that involves distinct quadratures: one mode
participates in the interaction via the flux operator, while
the other mode via the charge operator. This flux-charge

interaction, which we refer to as FENNEC (Flux intEr-
coNNEcted with Charge), is realized by the use of weak-
links with voltage-tunable potential energy [35-42]. We
show how the FENNEC coupling, with the help of a static
external magnetic field, can implement a gyrator, a build-
ing block of other nonreciprocal devices such as circula-
tors.

The paper is organized as follows. In Sect. 11, we detail
our proposal for a flux-charge interaction starting from
the Andreev bound state energy spectrum of a weak-
link. In Sect. III, we introduce a gyrator design based
on the FENNEC interaction. We describe the system
using mean-field calculations and provide numerical sim-
ulations in the presence of system nonidealities. As an
application of this gyrator, we discuss a circulator design
in Sect. IV before concluding in Sect. V.

II. FLUX-CHARGE INTERACTION

Our approach to implement flux-charge coupling is
based on voltage-tunable Josephson junctions [44]. These
junctions can be realized by replacing the usual oxide
separating the junction’s superconductors by semicon-
ducting nanowires [36, 37, 39, 45, 46|, two-dimensional
electron gases (2DEGs) [47-50], or van der Waals mate-
rials [40-43, 51], see Fig. la-c). The coupling between
the superconductors separated by such barriers is gov-
erned by Andreev reflections. The total Andreev bound
state (ABS) energy in a multichannel weak-link junction
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FIG. 1. a) Nanowire junction, b) two-dimensional electron gas
(2DEG) junction and c) graphene-based Josephson junction.
Each semiconducting junction is gated by two voltage lines:
one for the dc voltage bias and one to implement the flux-
charge interaction. Panels a) and b) are inspired by Ref. [35].
d) Circuit implementation of the flux-charge interaction. e)
Approximate graphene junction energy taken from Ref. [43].
f) Magnitude of the first derivative of the Josephson energy
in e) with respect to voltage in electronvolts, such that the
derivative is dimensionless. (See panels e)-f) for nanowire and
2DEG junctions in Appendix A 6.)

is [36]
es(V, :—AZ\/l—

where A is the superconducting gap, T;(V') is the trans-
mission probability of channel ¢ which is controlled by
the external gate voltage V, ®; is the gauge-invariant
flux across the junction, and ®9 = h/(2e) is the flux
quantum. Here, we focus on the weak transmission
limit, T;(V) < 1, when

E‘](Vv, (I)l) ~ _EJ<V) COS(27T<P1/(I)0), (2)

)ysin?(r®,/®g), (1)

with the voltage-tunable Josephson coupling E (V) =
A T;(V)/4. The large transmission limit is discussed
further in Appendix A 6.

In this work, we propose to couple the weak-link device
(1) to a second mode (2) via the gate voltage [see Fig. 1d)]
such that the voltage V biasing the weak link is in-
fluenced by the voltage across the second mode, V' —
Vo + <I>2, where V) is an external voltage bias and Py is
the time-derivative of the branch flux of the second mode.
In the presence of an external flux ®{* threading a su-
perconducting loop comprising the junction in Fig. 1d),
the charge-flux coupling is revealed by Taylor expand-
ing Eq. (2) in ®y(5) about the time-periodic field aver-
ages (P1(2) (1))
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where 0®(2) = ®y(2) — (P1(2)(t)). Equation 3 leads to an

interaction between the voltage of the second mode Py

and the flux of the first mode ®;, resulting in a flux-
charge interaction in the Hamiltonian describing the de-
vice [52].

In the quantized model, ®; and ®, have fluctua-
tions o< (Do/2m)\/TZ1/Rq and o« we(Po/2m)\/TZ2/Rg
respectively, with Rg = h/(2¢)? ~ 6.5 kQ the resis-
tance quantum, Z;_(; ) the impedance of mode i =
(1,2), and ws the frequency of the second mode.
In what follows we work in the limit |0"E;/0V"| <«
nlwy (1 Zs/ Rg)A~/2(® /2m) =" |0E; /OV| for n >
1 such that only the first derivative of E; contributes
to the interaction Lagrangian and /7Z;1/R¢g < 1 which
is appropriate for a low impedance mode. Under these
conditions we truncate Eq. (3) to its first derivative with
respect to V and to first order in ®; resulting in an in-
teraction Lagrangian of the form [see Appendix A 2 for
details]

G; By @, (4)
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where using Egs. (2) and (3) the flux-charge coupling
strength is

Am B (Vo + ($2)

G P—
7 Rg 2e st @0

(@5 —(@1(1) |, (5)
where E',(V) = 0E;/0V. The flux-charge interaction
of Eq. (4) breaks time-reversal symmetry since it is not
conserved under the transformation & — & and & —
—®, and therefore has the form needed to implement
nonreciprocal devices [53, 54].

The coupling Gs1, which is largest in magnitude
at O = £P( /4, is generally smaller than 1/Rg = 2¢/®
as suggested by the derivative of the energy disper-
sion in Fig. 1f) which is obtained from the experimen-
tal data of Ref. [43]. By optimizing the device geom-
etry beyond what was done in Ref. [43], it is possible
to increase the electrostatic coupling between the gate-
line and the semiconducting region of the SNS junction,
thereby making E’;/2e larger than reported in Fig. 1d).
In principle, G5; can also be increased using paramet-
ric amplification [55-57]. An analysis of the interaction
strength based on spectroscopy data for different types
of junctions can be found in Appendix A6. We also
note that the leading order effects of the junction non-
linearity are captured by the mean-field approximation
of Eq. (5) where the field averages have to be solved for
self-consistently.

Here, FE'(Vy)(®y) is generally much smaller
than E'(Vp) in magnitude, such that E,(Vy + ($3)) ~
E(Vp) in Eq. (5). However, for increasing
photon numbers in the first mode, the time-
average of Eq. (5) decreases in magnitude. In-
deed, the averaged flux field in the first mode

is (®1(1)) ~ (®0/27)\/TZ1Rg 320, alMeint /y/2 4 h.c

with agn) the displacement in the nth harmonic of the



flux field due to an input signal with frequency w. To
leading order in Z;/Rg < 1, the time-averaged Eq. (5)
is then (4mE’;/2eRq)sin(2n®{*/®o)(1 — m7Z1N1/2Rq)
where Ny = Y ° | |a§n)\2 is the photon number in the
first mode. As will be explained later, the impedance Z;
plays a key role in defining a maximum photon num-
ber, ~ Rg/mZ;, which that can be allowed in the first
mode before the FENNEC interaction is impacted by
the junction’s nonlinearity. A smaller impedance Z;
results in a larger maximum photon number before the
interaction is suppressed.

Moreover, at external fluxes where sin(27®$*/®q) =
+1 and |G21| maximized, G2 is to first order insensitive
to flux noise but sensitive to charge noise proportion-
ally to the second derivative of E; with respect to volt-
age. However, because 0Ga1/0V} is orders of magnitude
smaller than G12, charge and flux noise have negligible
effects on the FENNEC interaction strength at those ex-
ternal flux biases. (See Appendix A 4 for details.)

III. GYRATOR DESIGN

The simplest and most fundamental nonreciprocal de-
vice based on the flux-charge coupling of Eq. (4) is the
gyrator. An ideal gyrator is characterized by the scatter-

ing matrix
01
s=(°0). (©

which relates the amplitude of the incoming (a) and out-
going (b) fields, at each port of the device via b= S - a.
The circuit Lagrangian of an ideal gyrator takes the form
of [53, 54]

Loyr = g ((i)z‘l)l - (1)1‘1)2) , (7)

where G is the conductance of the gyrator, ®,(,) is the

branch flux and @1(2) is the voltage at port 1(2).

To realize Ly, using the FENNEC interaction, we con-
sider the lumped-element circuit of Fig. 2 comprising two
identical internal modes 1 (blue) and 2 (green). Each
mode contains a symmetric SQUID loop of semiconduct-
ing junctions biased at half quantum flux. The FEN-
NEC interaction is realized by capacitively coupling each
mode to the voltage port of the other mode’s voltage-
tunable junction. The presence of semiconducting junc-
tions in half-quantum-flux-biased SQUIDs results only in
the flux-charge interaction without any additional non-
linearity in the inductance of the internal modes of the
gyrator. Both modes are also shunted by LC circuits
with resonance frequencies setting the central frequency
of the device. The flux bias between the LC circuit and
the SQUID loop is set to one quarter quantum flux to
render the FENNEC interaction quadratic as needed for

D /4] Py/2 D /2] Py /4

FIG. 2. Proposed lumped-element gyrator design. The gy-
rator is divided in two symmetric subcircuits, shown in blue
(left) and green (right). Each half comprises two supercon-
ducting loops, where a SQUID of semiconducting junctions is
shunted by an inductance Lo and a capactiance Cy. The two
junctions have equal superconducting gap A and transmis-
sion probabilities T;(V'), and are biased at the same dc volt-
age Vo. The superconducting loops are threaded by +®/4
and £®¢/2, with + (—) for the blue (green) half. The two
parts are connected through the FENNEC interaction: the
branch flux of one subcircuit is coupled to the voltage port of
neighboring junction of the other subcircuit. Each subcircuit
is connected to an input-output transmission line.

gyration in Eq. (7). Finally, each internal gyrator mode
is coupled to an external port via an inductance. Stray
capacitive coupling between the two modes will be mostly
present in a realistic implementation and will be briefly
analyzed later on when we discuss circuit disorder. We
stress that the device, which involves only two modes, is
both compact and passive.

Using Eqgs. (4) and (5) with ®§* = ®¢/4 and P§* =
—®y/4, we find that the circuit of Fig. 2 results in an
effective interaction Lagrangian of the form of Eq. (7)
with a time-dependent conductance
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with G1(12) defined in Eq. (5) and
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The approximation in Eq. (8) results from Taylor ex-
panding in the field averages (®(3)(t)) to second or-
der and neglecting the second derivative of E; (see Ap-
pendix B4). Typical device parameters (see Fig. 1) re-

sult in Guax < 1/Rg and therefore a narrow band-
width. In Eq. (8) the averaged flux field is (®y(2)(t)) ~

(@0/27)\/7Z0/Rq Ypy 05 €™ [V/2 + h.c with a{(y)
the displacement in the mth harmonic of the flux field
due to an input signal with frequency w, and Z; =
/Lo/Cp the characteristic impedance of the shunting
LC. The total photon number in mode 1(2) is there-
fore Nyoy = D07, |a57(12))|2. The time-dependent con-
tributions in Eq. (8) result in frequency mixing and, as a
consequence, a time-averaged conductance Eq. (8) that
decreases from its optimal value with increasing input
power. Within the rotating-wave approximation, it is



useful to approximate Eq. (8) by its time-average

(10)
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with N = (N7 4+ N3)/2 the average photon number in
the gyrator which is proportional to the input power.
As discussed in further detail below, a reduced con-
ductance leads to increased reflection. The effects of
frequency-mixing due to the counter-rotating terms that
are dropped in Eq. (8) are analyzed in Appendix B 5.

Scattering matrixz. Starting from the equations of mo-
tion of the mean-field Lagrangian, we find that the linear
scattering response can be expressed as

-1\ ! -1
s =(1-2%) (1+2%).
TL TL
(see Appendix Bb5) where Zpr is the characteris-
tic impedance of the input-output transmission lines,
and Z,, = iwL.+[iwC + (iwL) "t +iGo,] ! encodes the
total impedance of the gyrator modes. Here, C and L
are the 2 x 2 capacitance and inductance matrices of
the gyrator modes respectively, o, is the Pauli matrix,
and L. is the coupling inductance matrix between the
transmission lines and the gyrator modes. In the ideal
case where L. = L.1, C = Cyl and L = L1, the scat-
tering matrix reduces to the simple form

S(w) = cos(26,)1 + isin(26,,) oy, (12)

where

QGZTL(W)
tan(26,,) = — — — ;o (13)
1~ Zry,(0)/ Zo(w) — G2y (w)
and
= 2L
Zr1(w) =

) L wnwl s
Zo(w) ZO(”% (15)

T 1+ [ZW)/ Zow)] 1+ G2 Z3 ()]’

are the frequency-dependent characteristic impedance
of the lines and renormalized load impedance due to
the coupling inductance, respectively. Here Zp(w) =
[iwCo + (iwLo)~']~! is the impedance of the load
whereas Z.(w) = iwL, is the impedance of the coupling
inductance. S approaches the ideal scattering matrix of
a gyrator Eq. (6) for |tan(26,)| — oo or, equivalently,
when the circuit is perfectly impedance-matched such
that transmission is maximal.

Central frequency. The central frequency of the device
corresponds to the frequency for which the denominator
in Eq. (13) vanishes with the smallest G possible. As
discussed in further details in Appendix B 5, the central
frequency is close to the resonance frequency of the in-
ternal gyrator modes wo = 1/4/LoC.

Impedance-matched conductance. The conductance for
which the scattering matrix approaches that of an ideal
gyrator at w = wy is approximately

1_ \/1 + 2 (\/ELCWO/ZTL)Z —1
ZTL (ﬂLch/ZTL)Q

Go = Zri(wo)” , (16)

which becomes Gy = Zfﬁ as L. — 0. To maxi-
mize transmission, we set Guax in Eq. (9) equal to Gy
in Eq. (16). We also note that Gy decreases with increas-
ing L.. As will be shown below, we ideally want L. = 0
such as to maximize the frequency bandwidth of the de-
vice leaving us with the constraint Gua.x = Zfﬁ. In
cases where the transmission lines have a characteristic
impedance Zry, < Gl which is most likely for typical
circuit parameters, we can nonetheless use a matching
circuit between the lines and the gyrator [1, 58].

Frequency bandwidth. We also introduce the frequency
bandwidth 6 = wy — w_ for gyration with wy the
cut-off frequencies for which reflection equals transmis-
sion, where |tan(20,,)| = 1. At large L., where Gy =~
(Lewo)™1, we find (see Appendix B5)

5~ ZoZrL
LEWO '

(17)

The same expression for zero L. is instead & =

2wor/1+ (ZO/ZTL)2 where 4ﬁ = GQZTL+2|G‘ZTL—1.

Compression point. As discussed above, frequency
mixing can lead to reduced transmission and here we de-
fine the compression level as the maximum average pho-
ton number N for which the scattering-matrix compo-
nents deviate by 1 dB from the expected values in the
zero-photon linear limit. Near the central frequency wy
we find that [tan(20,,)| ~ 2(1 — x)/[1 — (1 — )],
where z = 7ZyN/2Rg using the mean-field expression
for the conductance in Eq. (10), see Appendix B 5. From
this expression, we find a maximum average photon num-
ber

Nin (18)

ax ™~ 7TZO
by setting |tan(26,,)] ~ 1.31 and with 6., the angle
at which transmission drops by 1 dB in Eq. (12) at the
central frequency wg with nonzero average photon num-
ber N. That the maximal photon number N,,,, decreases
with increasing Zj is a signature that the system dynam-
ics is more affected by the junctions nonlinearity for large
zero-point fluctuations of the internal gyrator modes. As-
suming a typical mode impedance Z; = 5092, Eq. (18)
leads to Npax = 41 photons.

Numerical results. The reflection and transmission co-
efficients of the scattering matrix in the linear regime
(ie. N < Rg/nZy) for different L. and Z, are
shown in Fig. 3a-f). The frequency bandwidth is shown
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FIG. 3. a-c) Reflection |S11| and transmission |S12| in dB computed analytically at the impedance matching condition G = G as
a function of the frequency w renormalized by the resonance frequency wog = 1/+/CoLo, for different coupling inductances L. =
ZrL/wo % {0.05,0.50,5.00} respectively, and for fixed load impedance Zy = \/Lo/Co = 10Z7r, and in the N = 0 limit. d-f)
Two-dimensional version of a-c) where Zy is varied. The dashed lines are the |tan(26,)| = 1 boundaries, where reflection
starts to dominate over transmission. Two such boundaries closest to w = wg are highlighted in light green. The central
frequency is identified with a purple line. g) Transmission |Si2| versus the photon number N in the gyrator and the load
impedance Zy. The 1 dB-compression level is highlighted in light green and corresponds to the maximum photon number that
can be tolerated in the gyrator. The analytical estimate from Eq. (18) is the purple line which shows agreement with the 1 dB
level. h) Numerically computed frequency bandwidth near w = wo using the boundaries highlighted in d-f) versus the coupling
inductance L, for different load impedances Zg. The black lines correspond to Eq. (17). Details of the fitting algorithm can

be found in Appendix B5. i) Impedance-matched conductance as a function of coupling inductance L., see Eq. (16).

in Fig. 3h) and the optimal conductance Eq. (16) is shown
in Fig. 3i). In panels a-f), we observe that the central fre-
quency (purple line near wy) slightly deviates from wy as
a function of Zy/Zty, for non-zero L. with our choice
of conductance Gy (see Appendix B 5 for analytical esti-
mates). The dashed light green contours in panels d-f)
about w = wy correspond to wi. We note that the fre-
quency bandwidth near w = wy also quickly decreases
with increasing L., which is clearly illustrated in panel
h) where we see excellent agreement with Eq. (17) for
large L. values. Panel i) illustrates that the optimal con-
ductance G is inversely proportional to L.. Compression
is also shown within mean-field theory in Fig. 3g), with
the purple line corresponding to Eq. (18).

Noise sensitivity. The gyrator interaction in Eq. (7) is
akin to a Jaynes-Cummings interaction between two res-
onant LC oscillators that are the internal gyrator modes.
This quadratic model, with energy splitting 2G, is in-
sensitive to both charge and flux noise. Nevertheless,
for the design of Fig. 2, and within mean-field theory,
the interaction strength given by Eq. (8) is sensitive

to both charge noise @1(2) — @1(2) + 6@1(2) and flux
noise @1y — P9y + dPy(2). To leading order in the
noise, we find that G' — G + (9Gmax/OV0)[0®1 + 0P5]/2
is insensitive to flux noise but sensitive to charge noise.
OGmax/0Vy < E'[(Vp) is however orders of magnitude
smaller than G, and consequently charge noise is neg-
ligible. Derivations and full analysis for both flux and
charge noise can be found in Appendix B 3.

Clircuit disorder. Gyration is fragile to frequency mis-
matches and stray couplings, both unavoidable in realis-
tic circuit implementations and resulting in o, and o,
components in the scattering matrix Eq. (12). We con-
sider L. = L1 + dL.o,, C = Cyl + dCoo, — C120,
and L = LQ]_ + dL()O'Z - L120'm with ch, dCO, dLO
the disorder in L., Cy, Lg, respectively, and Cia, L12
the parasitic capacitive and inductive couplings between
active nodes and loops, respectively. As shown in Ap-
pendix D, deviations in the scattering matrix elements,
proportional to o, and o, are much smaller than
unity for dL, < Zr1/wo, dCy < Z11.G%/wo, dLy <
ngozTLG%, Cio K ZTLGg/wo and Lo < L%wozTLG%.



These constraints are all realizable in superconducting
circuits. We note that a larger optimal conductance Gg
[i.e. asmaller L. in Eq. (16)] renders the device less sensi-
tive to circuit disorder, which is also a direct consequence
of a larger frequency bandwidth, see Eq. (17). Further
discussions regarding circuit disorder can be found in Ap-
pendix D.

Optimal circuit parameters. Important circuit pa-
rameters are the coupling inductance L., the conduc-
tance Gpmax in Eq. (9) which must be set to the op-
timal conductance value Gy, and the characteristic
impedance Zj of the shunting LC resonators. For typical
semiconducting junctions, Gpax < Zfﬁ which forces L.
to be large such that the condition that Gpax = G can
be satisfied accordingly to Eq. (16) unless we use a match-
ing circuit between the transmission lines and the gyra-
tor. A larger L. (i.e. smaller Gy) results in a smaller fre-
quency bandwidth [see Eq. (17)] and increased sensitiv-
ity to circuit disorder as noted in the previous paragraph.
We also require Zy < Rg to maximize Eq. (18) which
equally contributes in reducing the frequency bandwidth.
Overall the larger Ghax can be made the larger the fre-
quency bandwidth and the smallest the sensitivity to cir-
cuit disorder.

Beyond mean-field theory. So far we have used the
mean-field approach to capture the leading order effects
of the circuit nonlinearity in the scattering matrix. How-
ever, this approach does not take into account the im-
pact of quantum fluctuations. The time evolution of
the full circuit under a dissipative master equation is
analyzed in Appendix C, where we show that quantum
fluctuations are indeed negligible when comparing reflec-
tion against mean-field theory for different input pow-
ers and load impedances. In Appendix E, we also fol-
low the circuit-quantization procedure [52] on a generic
circuit with the FENNEC interaction which is nonlin-
ear in both the phase and charge quadratures due to
the higher derivatives of E;. To this end, we introduce
a perturbative expansion for the canonical charges with
respect to the voltages <i>1 and <i>2 to take into account
the higher derivatives of E;. The perturbative expan-
sion yields nonlinear corrections to the quantized circuit
Hamiltonian. The leading order effect resulting from the
second derivative of E; is a nonlinear capacitive energy
that depends on the phase of the other mode.

IV. CIRCULATOR DESIGN

Having demonstrated that the flux-charge interaction
leads to the fundamental two-port nonreciprocal element,
we use first principles of circuit theory to build more gen-
eral multi-port devices. As an example, Fig. 4b) shows a
symmetric version of a circulator built from the gyrator
design of Fig. 2.

The limitations and imperfections of our gyrator design

a) b) +
Zn I

+ Gy +
—>
(’(] l‘(l> <
o o
9)
1.00 A
— Sl
0.75 - — Spit] -
0.50 1 [Snnal -
0.25 1
O.OO i T T T T T
0.0 0.5 1.0 1.5 2.0
w/wo
FIG. 4. a) Three-port circulator characterized by a scat-

tering matrix S(w) with input-output transmission lines of
impedance Zrr,. b) Lumped-element design for a circula-
tor based on a single gyrator with its circuit symbol shown
in gray and corresponding to the implementation in Fig. 2.
The three equal loads shown in green have a characteristic
impedance Zp. The gyrator here can be implemented with
the FENNEC interaction. ¢) Absolute values of the full scat-
tering matrix elements versus the frequency for n = 1,2, 3.

imparted by either the junction nonlinearity or circuit
disorder, as discussed in the previous section, will be the
same for the circulator design in Fig. 4b). For simplicity,
here we therefore consider the gyrator to be ideal. The
circulator in Fig. 4b) was already analyzed in Ref. [59]
also considering an ideal gyrator.

In the linear semi-classical regime, i.e. within mean-
field theory and for small input photon numbers where
FENNEC acts as an ideal gyrator, this device is described
by the scattering matrix

01 0
S=(0oo0-1], (19)
10 0

when the system is probed at resonance (w = wy) and is
impedance matched (Ztr, = Zp = 1/Gp). The absolute
values of the full scattering matrix elements are shown
in Fig. 4c) while details of analytical expressions can be
found in Appendix F.

V. CONCLUSION

We proposed a flux-charge interaction that breaks
time-reversal symmetry in the presence of static exter-



nal magnetic fields and which can be used as a building
block for passive nonreciprocal devices such as gyrators
and circulators. We analytically and numerically inves-
tigated the scattering matrix of a gyrator based on the
this interaction. The strength of the FENNEC interac-
tion, which we wish to maximize, will determine both the
frequency bandwidth of the device and the sensitivity to
circuit disorder. The nonlinearity of the junctions will
also result in compression similarly to other proposals
for circulators [7, 10, 11]. Despite its narrow bandwidth,
the advantages of our gyrator are both its compactness
and passiveness.

Beyond applications to nonreciprocal devices, the
FENNEC interaction yields either quadratic or nonlin-
ear two-body interactions opening up new possibilities
for engineering two-qubit gates and next-generation su-
perconducting qubits [60]. Indeed, based on the recent by
proposal by Rymarz et al. [54], it can be shown that GKP
states [61] can be stabilized with this interaction [62].
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Appendix A: FENNEC interaction properties

1. Time-reversal symmetry

Voltages and currents are typically considered even and odd variables with respect to time inversion, i.e. V(—t) =
V(t) and I(—t) = —I(t). Given that the fluxes and charges are their time integrals respectively, i.e. ®(t) = fg V(r)dr
and Q(t) = fot I(7)dr, we would then define ® — —® and & — & under time inversion.

2. FENNEC Lagrangian

We consider a generic circuit Lagrangian of the form £ = Ly + L, where

£0:¢>T.%-<i>+<i>T-%.<i>+(@-v)T-%-(«b-v)—U(cp), (A1)

is the Lagrangian due to all standard superconducting circuit elements,

: N Do (2n\ ™ 9 e (A, T, Vi, 5%, 0
Lint = 7€J(A17T17 Vl + ¢2a @?Xv 901) == Z ’I’Li?Wl' <(PO> J(a‘/lvna;ml 801 ) (A2)
n,m=0 ’

results from the FENNEC interaction alone. Here ® = (®;, ®5) is a vector comprising the branch flux ®; (®3) of the
first (second) mode, ¢ = 27®/P( are the associated branch phases, Co and C, are capacitance matrices due to the
shunt capacitors and the coupling capacitors respectively, Cy is the capacitance matrix associated with the coupling
to the control voltage lines V', U(p) is any additional potential energy of the two modes,

g1 (AT, V, 0%, @) = —AZ \/1 — [T(V)); sin? (‘p_z‘pew) (A3)

is the form of the Andreev bound-state energy of any semiconducting junction in the circuit, A is the gap energy of
the kth junction with transmissions [Tk];, ®§* is an external flux threading the kth loop. In this work we focus on
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the leading order contribution of the interaction Lagrangian
‘Cfennec = G¢)2®1/2a (A4)

where we defined the amplitudes

A 0% (A, Ty, V1, 055,0)  4m A e L [T (V1)) sin® (957 /2) /2
G:_ao J( 18‘/18<p1 1 ) :aOTlZ[Tl(‘/l)];Sln(spl ) [ 1( 1)] ( 1 / )/3 (A5)
,- V1= [T (V) sin® (57 /2)
In what follows we truncate the interaction Lagrangian to quadratic order,
. H2 . G .
Ling ~ 9‘1)3 — —E aady + S0y + — Py (A6)
2 204 2
where we defined the charge offset
de g (A1, Ty, Vi, 55,0 AL [Ty (V1) sin® (957 /2) /2
g = — <<;—J( 1) a1‘7/ 1, %1 ):_Z 1[ 1( I)LSln (@1/)/37 (A7)
1 [T ())sin® (057/2)
the phase offset
21 021 (A1, Th, Vi, ¢%,0) _ 27 Ay [Ty (V1)]i sin(e5") /4
= — — = — A
51 (I)O 8<p (I)O Z 3 ( 8)

7 \/1 — [T1 (V1)) sin® (57 /2)

the shift in the capacitance

co = 7825J(A1a Tl, V17 (pixa 0) _ Z A1 Sin2 (@?I/Q) /2 |:[T1(V1)]// o ([Tl(vl)}l)2 Sin2 (QD?I/2) /2 (A9)
- - i .2 er )
V2 - \/1 [Ty (V)]s sin® (957 /2) 1= [T1(V1)]; sin” (p5%/2)
and the shift in the inductance
2 92 ex 2 .

Fo () StAe D (2 ST feos(pi7) + 113 (V) sin' (55 2)].
4 d, 0p? 02 , .2 3

T 1= T (V)sin® (957/2)

(A10)

We already advertise that at ¢ = =+7/2, in the weak transmission limit [T1(V7)]; < 1 and more gener-

ally [[T1 (V)i [ T1(V1)])/] < 1, the shifts co and 1/¢; are negligible contributions to the capacitance and inductance
of modes 2 and 1 respectively.

3. Weak transmission limit

We further simplify the system Lagrangian by considering the weak transmission limit [T7(V7)]; < 1 where we find
that

AS T W) AT (V)
(AT V0%, )~ Ap D2l TVl A2AT VIl (o eny Ay (AT V) S (ALT, V) cos (- ¢77)

4 4
(A11)
where we defined the effective Josephson energy Ej(A,T,V) =AY [T1(V1)];/4. We consequently find that
A OE (A1, T, V1) . . o
G~ E% sin(p7), (A12)
 O0E;(A, Ty, V1) | OE;(AL,Th, V1) o
Qg = 57 il os (¢°), (A13)
2 3 ex
B = %E,,(Al,Tl,vl)sm(@l ), (A14)
82EJ(A17T17V'1) a2E’J(A171117V'1) ex
o= — 572 + 572 os (¢°F), (A15)
1 (2r)°
= <<I>) Ej(Ay,T1, V1) cos(¢7). (A16)
1 0

In what follows we drop the small shifts ¢y and 1/¢; for compactness.



11
4. Noise sensitivity

In this section we analyze the noise sensitivity of the device. Notice that given the term & (A1, Ty, Vi + P, o, 1),
charge noise in the second mode, such that Py — g + 6<i>2, is equivalent to V3 — V7 + 5P,. Similarly, flux noise in
the first mode, such that @1 — @1 + dp1, is equivalent to T — YT — dps.

Charge noise. In presence of charge noise, which amounts to V; — V; 4+ 6%, in the FENNEC interaction strength G,
we find that G — G + 0G where

_ AT PEs (A, Ty, V)

0G ~
@ ov?

sin ()0, (A17)

to leading order in the noise.
Flux noise. In presence of flux noise, which can be implemented with ¢ — ¢§* — d¢1 in the FENNEC interaction
strength G, we find that G — G 4 dG where

47\ 2 0B, (A1, T, V; o
G ~ — (%) %COS(Q&H )oD. (A18)

Resolution of the strength. Another important point is the resolution of the DC gate voltage bias, V', which must
satisfy

4 82EJ(A1,T1,V1) . ex -
By a2 sin(er)| - (A9

oV«

5. Mean-field theory

In this section we linearized the FENNEC interaction within a mean-field theory approximation:

rmf_ i 505 67 (2w \™ 0" e (A1, Ty, Vi + (D), 05 — (1), 0)
int nl m! \ P oVndpm ’

n,m=0

(A20)

where 0@, = @ — (P). The field averages have to be solved self-consistently. To second order in the fluctuations we
arrive at the effective interaction Lagrangian

Ling = as(t)®s + B (t) @1 + G(t)D2P1 /2, (A21)
where we defined

41625J(A1,T1’ Vi + (D), 05 — (91),0)

G(t) =— A22
02 (A1, Ty, Vi + (D2), 05 — (1), 0
ar(t) =~ 227B1 T a<v2> P00 gy (A23)
21 Oej (A1, Ty, Vi + (Da), 5% — (1),0)
Bit) = - (A1, T, Vi 4 (@2), 07 = (£1).0) (B2)G (1) /2. (A24)
L 8@
To quartic order in the flux we find the approximate interaction Lagrangian E{ﬁ{ =G (t)<i>2<I>1 where
A OE;(Aq, T 2\ 4r PE; (A, T Dy)?
G(t) = Am OB, (A1, Th, V1) sin (¢2) (1 — {¢1) 4 Ar O° B, ( 1,3 1, V1) sin (¢5%) (®2)
D oV 2 %) oV 2 (A25)

_4l32EJ(A1,T1,V1)
L ov?

cos (¢§%) (P2) (1)

We consider the second and third derivatives of E; to be negligible. Rg = ®/(2e) = h/(2€)? ~ 6.5 k2 the resistance
quantum.
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6. Estimation of the interaction strength

We remark that, following standard circuit quantization, the FENNEC interaction yields a Hamiltonian
term (g/h)Ga®, where g = 8F¢, F';(Vp)/2e and Eg, isthe charging energy of the second mode.

The Josephson energy F; in the weak transmission limit is estimated from the approximate Gatemon transition
energy formula

(A26)

fo = (\/ 8EcE; — Ec) /h,

where E¢ is the measured charging energy provided in [36, 43, 47]. We numerically compute the derivative using an
interpolated spline that fits the fg that was experimentally measured. We also numerically confirm that the FENNEC
interaction strength is indeed proportional to this derivative in Figs. 5 to 7. Two-dimensional electron gas junction
have smoother energy with respect to the gate voltage (see Fig. 6) but generally weaker first derivative. Nanowire
junctions can in principle yield larger first derivatives (see Fig. 7) but appear more noisy. Graphene junctions result
in both large first derivatives and smooth profiles (see Fig. 5).

We also note that in the regime of a single channel with large transmission T'(V) we instead find e;(V,®;) ~
—A]cos(m®1/Po)| + (A/2)(T(V) — 1) sin? (7P, /®g)| sec(m®; /Pg)|, which is more sensitive to the external voltage V'
near half flux quantum. In other words, it is possible to find larger FENNEC interaction strengths by working in the
large transmission limit.

Gate voltage (V)

Gate voltage (V)

20 20 — ]
_ 1201 p ™ b) N 9
N I 101 I 101
6 100 I0) — s (9
= = 0 A = 0
g 801 Q —
= = —10 A S -101
60 3 3
—204 —20 4 — 1
40 +— : : : ; ; ; . . . . .
-40 -35 -3.0 -25 -40 -35 -3.0 =25 -40 -35 -3.0 -25
0 J 1
— 1073 4 10 1o
N N
3 S I
% 10-4 4 ) % 1071 4 e) § 100 4 f)
N g s
S 1075 + 2 1072 4 2 107! 4
-40 -35 -3.0 -25 -40 -35 -3.0 =25 -40 -35 -3.0 =25

Gate voltage (V)

FIG. 5. a) Josephson energy estimated from [43]. b)-c) Numerical discrete Fourier transform for different DC gate voltages.
Here we add a small AC voltage with frequency and amplitude both determined by the capacitive and inductive energies of a
fictitious second mode. The inductive energy is 50/h GHz and the capactivie energy is 0.1/h GHz in b) and 1.0/h GHz in c).
d) First derivative of the Josephson energy in a). e)-f) line-cut of b)-c) respectively at the frequency of the AC voltage. e) and
f) follow the pattern of the first derivative in d).

Appendix B: Gyrator implementation

1. System Lagrangian

We consider a generic circuit Lagrangian of the form

L= EO + Eint + ECOT7 (Bl)

where

Co

. . C .. T C
—_ 7.0 . T e | _ J
Lo=9T 22 &+ T = q>+(q> V)

—~(<i>—V)—<I>T~ (B2)

|
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of Fig. 5. Based on the spectroscopy data in [47].
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FIG. 7. See caption of Fig. 5. Based on the measured gatemon frequency in [36].
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is the Lagrangian due to all standard superconducting circuit elements,

Lint = _eJ(A17T17 Vl + ¢2a §0(1)X7 4101) - €J(A27T27 ‘/2 + (.Dla (pgxa 802)
B i by oy (277)’"8"+msJ(A1,T1,V1,<p‘i",0) B i

o 25 (%)m 0" ey (A2, Ty, Va, 9587, 0)

o= ntmb \@g Vo o=y nlml \ @ Vo
(B3)
results from the FENNEC interaction alone, and
Ecor = —E](Al, T17 ‘/17 W?X -7, (Pl) - EJ(A% T27 ‘/27 (ng + ™, 902)
e O 2m\" 0me g (AL T Vi, 9 — W, 0) i o5 (2n\" 9" (Ag, Ty, Vo, p5* +m,0)  (B4)
N = ml \ @ dp™ A=oml \ @ O™ '

will be used to cancel the potentially large interaction-free part of Ly since e;(A,T,V,p*™ + m,0) =
—e7(A,T,V,¢™,0) in the weak transmission limit [T'(V1)]; < 1, as will be clear below. Here ® = (&, ®3) is
a vector comprising the branch flux ®; (®3) of the first (second) mode, ¢ = 27® /Py are the associated branch
phases, Cy and C, are capacitance matrices due to the shunt capacitors and the coupling capacitors respectively, Cy
is the capacitance matrix associated with the coupling to the control voltage lines V', Lg is an inductance matrix,

€J(A7 Ta ‘/a Soex’ (P) =-A Z \/1 - [T(V)]l Sin2 <<)0290em)7 (B5)
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is the form of the Andreev bound-state energy of any semiconducting junction in the circuit, A is the gap energy of
the kth junction with transmission probability [Tk (Vi )i, ®¢* is an external flux threading the kth loop. In this work
we focus on the leading order contribution of the interaction Lagrangian

Liarget = G4(1) (‘i>2¢’1 + ‘131‘1’2) /2+ G_(t) (‘i)z‘I’l - ‘i’l‘%) /2, (B6)

where we defined the amplitudes

_2182€J(A17T17V1780§X70) 2£a2EJ(A27T27‘/2780§X70)

Ge =3, Vg T3, Vg (B7)
Here
e (AT, V,0™,0) A Z OTW)]i ., wws L= [T(V)];sin? (¢°7/2) /2
=——) ——"sin(¢*) . (BY)
o B \/1 — [T(V)]; sin® (s@“/2)3

Moreover G_(t) = 1/(2R), where R is the resistance of a gyrator. Overall we truncate the interaction Lagrangian to

2

. P2 . . . . .

Ling + Leor = Z {ck@i + —E 4o @) + 51@‘1)1@} + G4 (1) ((I)ﬂ)l + (I>1<1>2) /2+G_(t) (@2@1 - @1‘1’2) /2 (B9)
2|2 2,

where we defined

82€J(A€7 Tlv W7 SO?X7 O)

Ck = — V2 ) (BIO)
l _ 21 2 825J(Ak,Tk7Vk7§02x70) - 21 2 825J(AkaTk7Vk7¢zx+(_1)kﬂ-70) (Bll)
N dp? 0 op? 7
6€J(A€7 Tev W7 902)(7 O)
= — B12
A oV ) ( )
27 8€J(Ak7 Tk7 Vka SDZX7 O) 2m agJ(Aka Tk7 Vk7 Lpix + (_1)k7r7 0)
B = —=— - == . (B13)
0 dp 0 dp

For optimal gyration we wish for G_(t) (G4 (t)) to be maximized (minimized). G_(t) leads to a resonant Jaynes-
Cummings-type interaction with a 7/2 relative phase (ia'b + h.c) whereas G| (t) leads to a off-resonant two-mode-
squeezing-type interaction (ia'b! + h.c).

2. Weak transmission limit
In the weak transmission ([Tg(Vi)]; < 1) limit we find that

e (AT, V, 0% ) = A+ A 2Tl — A2Vl cos(p— @) =A+E;(AT,V)—E;(AT,V)cos (o — ).

4 4
(B14)
Notice that
2B (A, T,
C = — (1 — COS (@?X» 0 J(aéjg & W)a (B15)
1
- B1
7 =0 (B16)
E;(Ag, T,
o = — (1 cos () P21 BT T0), (B17)
Br = 0. (B18)

From now on we will drop ¢, and 1/¢ in the assumption that they are negligible contributions to the capacitance
and inductance of the modes.
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Gyration. If the FENNEC interaction can prove useful for two-qubit gates the main application is the realization
of nonreciprocal devices. It follows that

1 0E;(A, T 1 OE(As. T
G_(t) ~ T sin (o) 2 2B2 AL T V) T ey %w

B19
Rg 2e oV Rq ( )

where we defined Rg = ®¢/(2e) = h/(2e)? ~ 6.5 k) the resistance quantum. Importantly, this implies that the
resistance of the gyrator is

g e <sin(<p<1ﬂf) 1 08;(A1, T, V1) 1 0E;(As, T3, V)

g EUERT ) i ) o 22T ) ) (B20)

Typically |0F;(Ag, Tk, Vi;)/OV| < 1 and it is therefore clear that the resistance of the gyrator R is mostly likely
larger than the resistance quantum Rg.

3. Noise sensitivity

In this section we analyze the noise sensitivity of the device. Notice that given the term 5J(A1, Ty, Vi + s, o5, 01),
charge noise in the second mode, such that Py — Py + 5@2, is equivalent to V3 — Vi + 5P. Similarly, flux noise in
the first mode, such that 1 — @1 + dp1, is equivalent to T — ©T* — de1.

Charge noise. In presence of charge noise, which amounts to V7, — V3 + §dy and Vo — Vi + 0@ in the FENNEC
interaction strength G_(t), we find that G_(t) — G_(t) + 6G_(t) where

7T i82EJ(A1,T1,V1)

0G_(t) ~ R—Qsm(go1 ) 76 572

1 82EJ<A27 T2; ‘/2)
2e ov?

5By — 1 sin (p57) — 58, (B21)
Rq
to leading order in the noise.
The frequencies of the normal modes of gyrator become wy = wo+G_(t) £ IG_(t). We observe that the dispersion
is linear in charge noise and determined by the second derivative of E.
Fluz noise. In presence of flux noise, which can be implemented with ¢ — ©$* — dp1 and 5§ — P§* — dpo in
the FENNEC interaction strength G_(¢), we find that G_(t) - G_(t) + 0G_(t) where

1 0E;(Ag, T3, Va)

1 0E;(Ay, T
08, (L1, 1’V1)5<p1+i008(<p5x)% oV

™ er
0G-(t) m — g cos (") oo =l o

5o B22
o ©2 (B22)

We observe that the system is insensitive to flux noise to leading order at the optimal gyration point |¢$*| = 7/2.

4. Mean-field theory

In this section we linearized the FENNEC interaction within a mean-field theory approximation:
Efﬁf‘, - 7€J(A17 Tla Vl + (i)Qv 90(133(7 @1) - EJ(A27 T27 V2 + q.)la QDSX’ @2)
_ i 004 507" (27r>m 0" tme s (Ay, Ty, Vi + (P2), 05 — (1), 0)
)

[l m! Vo™ (B23)
- i 5 spm "o (ANg, T, Va + (D1), 05° — (92),0)
= nl m! <I>0 oV opm 7

where 6Py, = Oy, — (Py). Similarly,

L8 = —e (A, T, Vi + o, 05 — 7, 01) — £7(A0, Ta, Vo + @1, 055 + 7, 09)

_Z&I)m( ) 0me (AL, Ty, Vi, 0ff —m — (¥1),0)

™ (B24)
B = 5o 2m " O™Me 7 (Ag, Ta, Vo, 05 + 7 — {p2),0)

m=0



To second order we therefore arrive at the effective interaction Lagrangian

2
ot + £t~ Y [ar®de + B8] + G (1) (9201 + 0102 ) 2+ G (1) (D201 — $193) /2,
k=1

where we defined

Go(t) = 21 Pey(Ay, Ty, Vi + (92), 08 — (1), 0) - 21 9e(Ag, Ta, Vo + (P1), 05 — (2),0)

P Vo i AV oy
F ex _ 1\
ault) = L BOTVF B (o 0) g G0+ ('G0)
2w 02y (Ak, T, Vi + (D0), 05 — (91),0) 21 925 (A, Tho, Vie, 5% + (—1)*71 — (1), 0)

) =g, 9 "3 9

0 (2 0 14

. G+ (-G _(¢

(b, +(t) (4 ) ()’
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(B25)

(B26)

(B27)

(B28)

where £ # k. The field averages have to be solved self-consistently. To quartic order in the flux while neglecting higher

order derivatives in either V or ¢, we find that

2B (ALTL V) e (4 (pn)? 21 OB (A2, T2, Va) . s (4 _ (p2)?
G+(t) = ETSIH(% ) (1 5 iaoTsm(% ) (1 5
OFE (A, Ty, Vi
onlt) = — (1 — cos(pp)) P2 TETD),
and S (t) = 0.

5. Scattering matrix of the linearized system

In this section, we focus on the linear mean-field Lagrangian [63]:

Lot = 22:/0 dx [g (8t<§i(x,t)>2 - 2% (amti)i(x7t)) 2] — (i)((),t) — @)T : Lgl . (‘i(O,t) _ <I>) Lal.
i=1 7=

(B29)

(B30)

&
(B31)

—1 o . )
1T Q,(i,_ o7 . L—~<I>+<i>T- Gy (t)oz —iG_(t)oy BT G (t)og +iG_(t)oy, &,

2 2 4 4

where L. is assumed to be diagonal. Here o, and oy are the Pauli matrices.

Equations of motion

The equations of motion for the effectively linearized Lagrangian are given by
(9[,mf ame B 8£mf _ iaﬁmf B aﬁmf
(0, ®;) | 0(0,®;)  0d;  dt b,  0D;

=9, i=1,2,

which explicitly take the form

2P (x,t) = %aﬁé(x,t),

%azé(o,t) =L (@(O,t) - ‘I’) )

0=C- &+ L' ®—iG_(t)oy - ®— %ami(o,t).

(B32)

(B33)
(B34)

(B35)

Given the wave-equation Eq. (B33) we find that the quantized field in the transmission line j has the form

= h “dw o
P t) = iwt+ik,x o T zwtfzkwxbf h.c.
(2,7) V 471'0/0 \@<€ o T € w C)’

(B36)
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with the dispersion relation k, = wvcl = w/wrr and commutation relations [di,w,d; w,} = 0;0(w — W)

and [bl w,bj w,} = 0;;0(w —w'). Here ay (b,) are the annihilation operators associated with the ingoing (outgo-

ing) fields at frequency w.

Fourier transform

We apply a Fourier transform on Eqs. (B34) and (B35) (with the definition §(w) = [~ dt y(t)e™"/v/2m and
property y(—w) = [y(w)["):

P(w) =P0,w) — — - 0, ®(0,w) (B37)

o
I
m
Q
+
h
\
QU
&
E
E
€
3
‘E
,’94
&
N\ —
Ko

0. ®(0,w). (B38)

Ezxpansion in the amplitude of the flux fields

G _(t) depends on the average of the flux fields which we assume to have small amplitude. We write G_(t) =
G_ + AdG_(t) where

a _ 271' (9EJ(A1,T1,V1) . 27'[' aEJ(AQ,TQ,‘/Q) .

= —— 7 7 7 ex\y T TTTINTay—ay 4] ex B
o o i () - o LT i () (1339)
is the contribution that is independent of the flux fields, and
2 2
MG _(t) = 2m 9B (A2, Ty, Vo) in (¢5°) @Q;t» Z; O (A(;"/Tl’m sin (1) <s01ét)> ; (B40)

Dy ov

depends on the flux fields following the mean-field approximation. We do a perturbative expansion in A, i.e. ‘i(O, w) =
z (k) X
Yoo N @ (0,w) and MdG_(t) = Y72, ANe+1dG ™M) (#), and solve Eq. (B38) in each order of A. For conciseness we
stop at first order.
Order 0:
9 = _ 2 (0) L. 2 (0) 1. 200
0=(-w’C+L'—wG_0oy) (® (Ow) ——"-0,2 (Ow)]—--0,® (0,w). (B41)
Order 1:

, L () Lo . s ()
0=(-w’C+L"'—wG_0gy) @ (O,w)—T 0.2 (0,w) —76<I> (0,w)

B42
0 ;o0 , 2 (0) L. A(O) , ( )
—/ dw' W'dG_ (w—w)oy - | P (O,w)——@‘I’ (0,0 ).
Consistently with the perturbative expansion we have that
2 aEJ(A2 T2 ‘/2) . <(p(0)(t)> 2 8EJ(A]_ T]_ ‘/1) . <(,0(0)(t)>2
)\dGO )= L2\ 22 Ta) ex 2 5 s ex 1 ) B43
—(t) o, oV in (¢5%) B @0 oV sin (p7") B ( )
Input/output equations
Accordingly to Eq. (B36) we have in the case w > 0
2 (k) h —ikox iko,x
® (r,w>0)= y— (e Ko g0k + et ‘bfff)) , (B44)
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1 i
where 0;; = {07 Z 7&‘7 is the discrete delta function. Eq. (B41) then takes the form
» VF)
zZ
0= au+b0 + 2@ (aw - b§?>) (B45)
Zr1,

where Ztr, = 1/f/c is the characteristic impedance of the transmission lines and

Z(w) = iwLe + (iwC + (iwL) ™ +iG_oy) " = iwLe + Zo(w). (B46)
At zeroth order the scattering matrix is then
z -z
b® = §O(w) - ay, = ( @) _ 1) - ( ) | 1) C Q. (B47)
ZTL ZTL

Similarly we observe that Eq. (B42) reduces to

S / / -1 / / -1 /
e [oo e w TG (w =) ZTL ZTL %y ZTL ZTL e’ (B48)

using the identities

Next we must solve for dG'” (t). Eq. (B37) yields, for w > 0,
. h iwL h [ Z(w) ! Zo(w)
$O) () = pl0) 4 e —p0Y) ) =/ —1 . B50
@) =\ fray (@0 T8+ 7 (aw w ) Voo T Zo O (B50)

Monotonic incoming field

In what follows we assume that the incoming field is monotonic with frequency wg. As a result we find that

ZH(w A Zo(w Z(w -t
ey =x (2l 1) 2] g, ol () )
ZTL ZTL ZTL ZTL (B51)
—1 —1
L X (ZT(wo) B 1) Zg (wo) (awg)? - Zo(wo) (Z(CUO) _ 1) emi2w0t 4] o
2 ZTL ZTL ZTL ZTL
where we defined the quantity
2r\” 2h 4
_(2m\" 20 _ B52
X <<I>O> mew  Rgew (B52)
Now we observe that
~(0) ~(0) ~(0) ~(0)
dG_"(w) =dG_"(0)d(w) + dG_" (2wp)d(w — wo) + dG_" (—2wp) 0 (w + wop), (B53)

in other words, dAG(_O)(w) is sharply peaked at three frequencies. The w = 0 component leads to compression, and
under conservation of total exctations, w = +2wq lead to frequency mixing. Indeed, the outgoing fields are no longer
monotonic as they oscillate at both wg and 3wy, the latter having much smaller amplitude. Importantly we see that
the scattering matrix is rectangular:

b—3wo M(—3LUO; —wo) 0
bowo | _ SO (—wy) M(—wo; +wo) | (@—w, (B54)
b wo M (+wo; —wo) SO (4wp) At
b+3w0 0 M(+3C&J0; +w0)
where we defined the frequency-mixing matrices
W’ . (0) Z (W) )‘1 Zo(W') . (Z(w’) )—1 Zo(w')
M(w;w') = —ZppdG_ (w — o' ( -1 . 120, - | —2 — 1 . , B55
( ) w T ( ) ZrL ZTL Y\ Zm ZTL (B55)

which are ultimately proportional to x.
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Effective linear response theory

The leading order effect of the nonlinearity is compression: frequency mixing can be thought as its direct conse-
quence. Compression is associated with the static component of dG_(t) only. We therefore propose an effective linear
response theory that captures compression:

1
b ~ S(w) - aw, = <Z(w) 1) , (Z(w) +1) Cay, (B56)
ZTL ZTL
where
Z(w) = iwLe + (iwC + (iwL) ™ +iGay,) ", (B57)
= ~ 0 N 2 8EJ(A1,T1,V1) . ex WZQNl 2w 3EJ(A2,T2,V2) . ox ’/TZQNQ

G=G_+XG_(0) = R T sin (o7°) ( 1 2Rq B, % sin (p5%) [ 1 Ry )

(B58)

with Ny (o) the average photon number in the internal gyrator mode 1(2) with characteristic impedance Zy. It can be

verified that Taylor expanding Eq. (B56) to leading order in )\dC(i (0) returns the linear part of Eq. (B48).
Ideal case. We consider the limiting case L. = L.1, C = Cyl and L = Ly1. In this case we find that
2(w) _ Zew), (Z'@1+iGoy) " Zw),,  Zn/%w) iGZm

_ gy, (B59
7l 7 Zon, - @)+ By ()@ + P2, (B

where Zy(w) = (iwCy + (iwLo)’l)_1 is the load impedance and Z.(w) = iwL, is the impedance associated with the
coupling inductance. Our goal will be to redefine Zy(w) and Zvy, such as to include L.. To this end consider

Zw) (20" (@1 +iGo) B Z11(w)/Zo(w) ) iGZrL(w) oy, (BSO)
= — = — — — - = — —3 Y
Zru ZrL(w) (ZrL(w)/Zo(W))* + G? 21 (w)  (Z1L(w)/Z0(w))? + G*Zrpp, (W)
By putting the last two equations equal we find the effective load impedance due to the coupling inductance

= Zo(w)

Z = , B61
o) T 2@ Zow)) L+ P ) (B0
and the effective frequency-dependent characteristic impedance of the lines
_ 7
ZTL(w) = TL 3 . (B62)
(14 Z.(w)/Zo(w))” + G2Z2(w)
With these definitions we find that
—1 N o . . 2 2 o
Zw) 1 (Z(w) D) = ((a — 1)1 —iboy) - ((a + 1)1 + iboy) _ (a®+b%—-1)1 szo'y7 (B63)
ZTL ZTL (Cl — 1)2 + b2 (CL — 1)2 + b2
where Z(w) = al + iboy with
Z 4
a= EL(M)/ o(w) _ , (B64)
(ZrL(w)/Zo(w))? + G2 Zpy, (W)
b= —— GZrLw) . (B65)
(ZrL(w)/Zo(w))? + G*Zpy (W)
We therefore find that the scattering matrix reduces to
S(w) = cos(26,,)1 + isin(26,,) oy, (B66)
where we defined the angle 6, via
2G7Z
tan(20,,) = GZr(w) (B67)

1 Zoy,(w)/Zo(w) — G2 Zy (w)
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Central frequency. The central frequency wy, of the device corresponds to the frequency for which the denominator
in Eq. (B67) vanishes, i.e.

G = Znilwi) ~Zo (wh)- (B6)
Moreover we wish for the optimal conductance G to be minimized, i.e. 7%14 (W) /Zg(w(’)) — 0 and G = 1/Zrr(wp).
Naturally we wish for both Zr1,(w)) and Zy(w() to be large. w( must therefore be the frequency at which Zr,(wy)

peaks. Using G = 1/Zr,(w)) we find that Eq. (B62) becomes

0= Z2(wh)Zrr(wh) — Zr0Zap(wh) + (1 + Ze(wh)/Zo(w)))’ (B69)

2
) (B70)
where Z2(w() < 0.

We would like to minimize |7;i (wp)| such as to maximize |Z7r(w))|. We find a root at wf/wo = /1 + Zo/Lewo.

-1
However this is not sufficient to define the central frequency. Indeed, we notice that for L. — 0, |Z1p(wh)| = Z7f is

which reduces to

——1 ZrL 472 (wy) Ze(w))

flat meaning that it cannot be minimized. This leads us to also consider the second condition that Z 1(w6) =0to
satisfy Eq. (B68):

0 = Z5 (wh) + Ze(wh) Zg 2(wh) + Ze(wh) Zrr. (wh)- (B71)

We quickly observe that for L. = 0, thus Z.(w() = 0, we exactly find wj = wp. For large L., such that ZEi (wh) =~
—iZ5 (wh), we still ind w) ~ wp.

In what follows we therefore approximate w{, &~ wgy to compute optimal parameters for gyration such as the con-
ductance G' ~ 1/Zrr,(wp). Because of this approximation we emphasize that in the end the central frequency will be

found by numerically solving Eq. (B68).
However for an arbitrary G, solving 7{«5 (w)—Zy 2(w) — G? = 0 reveals that

We Zri(wo) — G2 + GAL2w?

1~ .
wo 2G2(2L.wo/Zo — G2L2w3) + 4252 (1 — G2L2w3) (2L w0/ Zo + G2L2w3)

(B72)

2.0 A

0.8 1.0 1.2 1.4 1.6
w/Wo

FIG. 8. Central frequency obtained by numerically solving for the root of Eq. (B71) along with Eq. (B70) from L.wo/Zt, = 0.05
(dark blue) to Lewo/Zt1, = 50.00 (dark green).
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Optimal conductance. |tan(26,)| — oo corresponds to perfect gyration where S resembles Eq. (6). This occurs at
central frequency, where the denominator of Eq. (B67) vanishes, which we found to be

UJ6 X Wy = 1/\/ L()Co. (B73)

This is approximately where G can take on a minimal value (assuming Z%L(wo) /73 (wp) =~ 0)
Go = Zz! (\/1 ¥ 222 — 1) /22, & =)L/ Zrr, (B74)

such Gy = Zrp(wo)~! and therefore |tan(26,)] — oo. The approximation we make in this work is wf) ~ wp
in Eq. (B74).
Frequency bandwidth. We define the frequency bandwidth A = w; —w_ for gyration with the cut-off frequencies w
for which reflection equals transmission, i.e. when |tan(26,,)| = 1. We consider two limiting cases: L. = 0 and L. > 0.
L. =0. For 6, = +7/8 solve the equation
L+ ZrL/Z0(w)|* — G*Z3;, F2GZr1, = 0 (B75)

according to Eq. (B67). Here we observe that this equation can only be valid if FG < 0 at perfect impedance
matching where GZ11, = 1. We therefore simplify the equation to

L+ |Zrn/Z0(W))? — G2 Z2; — 2G| Z1r, =0 — Zr1/Zo(w) = ii\/G2Z?FL +2|G|Z11, — 1 = +i2e. (B76)
We finally arrive at the explicit constraint
(w/wo)? + (2¢Zo/Z11)(w/wo) — 1 = 0, (B77)
where Zy = \/Lo/Cy is the impedance of the load. We find the solutions
2
wy €2y €Zy )
— = ——44/1+ . B78
wo ZtL (ZT (7

We finally find the frequency bandwidth

w w €z 2

+ - —

— = 24/1+ . B79
wo <ZTL> (B79)

L. > 0. As a simplification we focus on perfect impedance matching, i.e. we choose G such that |G?TL (wo)‘ =
1, which corresponds to G = 1/L.wy according to Eq. (B74) in the large L. limit. As seen in Fig. 9a)-

b) we find that Zy(w) ~ (Gch(wo)ZTL)_l and Z1r(w) ~ Zo(w)ZtL/2Zc(wo) in the large Zo(w) limit and
for G2Z2(wp) ~ —1. We also observe that Z?FL (w) /Zg(w) ~ —1. This fact allows us to approximate

tan(20,,) ~ 2GZ 11, (w), (B80)

which shows near perfect agreement in Fig. 9¢) near w = wp. We also emphasize that the |tan(26,)| = 1
condition occurs in a range smaller than the frequency range plotted here. We are ultimately interested in
finding frequencies for which |tan(26,)| =1 closest to wy. Eq. (B80) indicates that this occurs for

12G Zrp(w)| = 1. (BS1)
Finally we find the approximate constraint
wo w Z()ZTL
— —— =4 , B&2
w W L2w? (B82)

where we used Zo(w) = iZo (wo/w — w/wo) " & (iZ0/2)(1 — w/wo) ! to leading order in w — wp. This leads to
the cut-off frequencies

2
w4 ZoZTL ZoZTL ZoZTL

— = + ~1=x . B
wo ( 212wk ) 202wk 2L2wk (B83)

Finally we find the frequency bandwidth

wi —w-— _ ZoZtL (Bs4)

wo L%wg '
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FIG. 9. Analytical estimates in presence of a coupling inductance.

Compression level. At central frequency we find that |tan(26,,)| ~ 2(1 —z)/(1 — (1 — z)?) where x = 1ZoN/2Rg
and N = (1 N; +(2 Ny given that |GoZ7r(wo)| = 1 for perfect impedance matching at Ny = No = 0 and G = Go(1—z),
and where (; () are determined from Eq. (B58). For identical junctions and flux biases satisfying sin(p{*) = — sin(¢5*)
we find that (; = (o = 1/2. When transmission drops by 1 dB such that |sin(26,,,)| = 107%! and therefore reflection
is | cos(20,,,)] = V1 — 10792, we find that |tan(26,,)| = 107%1/y/1 — 1092, We therefore find the constraint

10701 2(1 —2)
= =nZoN/2Rg. B
1-1002 1—(1—-x)% © =mZoN/2Rq (B85)
We obtain the maximum average photon number
o)
Npax = —=. B8&6
& 7TZO ( )
Numerics

Dimensionless parameters. It is useful to define the following dimensionless quantities:

e Renormalized frequency:

W = w/wo
where wy = 1/4/LoCy is the central frequency.
e Renormalized coupling inductance:
L = Lewo/Z7L
where Zp, is the characteristic impedance of the transmission lines.

e Renormalized characteristic impedance of the load:
Zy = Zo| Z,

where Zy = /Lo /Cy is the characteristic impedance of the load.
e Renormalized conductance: G’ = GZtr, where G is the conductance of the gyrator.

The system can therefore be entirely characterized by three parameters Ly, Z) and G’ to be optimized. Here wy
and Z71, are parameters to be defined.

Frequency bandwidth ~We numerically solve for when Eq. (B67) is +7/8 using the least_squares algorithm in Scipy.
The distance between the two solutions closest to wg is used to defined the bandwidth. The solutions are shown
in Fig. 10a) for different L.’s with corresponding residuals plotted in b). The frequency bandwidth is then shown
in ¢) and compared against the analytical estimate in Eq. (B84) (black lines). We observe near perfect quantitative

agreement in the large L. limit.
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FIG. 10. Numerical computation of the frequency bandwidth. a) Cut-off frequencies w4t for which |tan(26.)| = 7/8 for
different L.’s, closest to wo. b) Residuals of the least_squares algorithm in scipy. c) Frequency bandwidth obtained from a)
and compared against Eq. (B84).

Appendix C: System Hamiltonian and Effective Lindblad Master equation

1. Canonical quantization

We consider the gyrator Lagrangian in Eq. (B1) and add transmission lines interacting with internal gyrator modes
via a coupling inductance as in Eq. (B31). We stop at the first derivative of the junctions’ transmission coefficients.

The canonical charge fields are

- oL - oL
Q1<.'I},t) = =, <= Cat©1($,t)7 QQ(.’E,t> = =, <= Catq)2(x7t)7 (Cl)
(01 @1 (z, 1)) 9(0; @1 (z,t))
while the canonical charges are
. A 0T . A 0T
@ =Co®1 — —— v sin(y2), = Cody + — 1oV v Sln(¢1)~ (C2)

The full system Hamiltonian is H = )", f (z,8)0,®;(x,t) + i ®; — L,
i=1 2L (C3)

The quantized fields in the transmission line j have the form

~ I h > d )
@j(x,t) = RA (': 'Lk T A + +e ik “’xd;w +h.C.>, (C4)

I |
Gi(z,t) = —i ZC " o (e™2af , + e ™7 —h.c.) (C5)
- ,

0

with the dispersion relation k., = wv/'c{. Here [&j,w, al, } = 0;;0(w —w’). The quantized Hamiltonian then takes the

3w’
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form H ~ fIg + ﬁt + ﬁgt, where

H; = / dwhwalwazw,

A / dw . .
Hy = 27TL Z/ erw + a’z wt h.C.) Pis

where Ec = €2/2Cy and Ej, = (®/27)?/Lo. Here we assume small zero-point fluctuations ¢/2E¢/Er, < 1 and small
gyrator strength g < /8EcFE,. Thus, we can expand the gyrator modes in the Fock basis:

n; = 2“7(6 - bT) bi = n(b; +b ), with n = V/2Ec(EL + (¢2/16E¢))~1, (C7)

and truncate sin(¢;) to 5-th order in ¢;.

2. Time evolution

Following a similar process to that in [10], we can derive a master equation for the gyrator. Assuming a single-mode,
coherent-field input in the transmission lines, we find

b= L0 = A0 /43 (05061 — {81855} /2] (C8)

where we defined the reduced system Hamiltonian

H(t)/h=Hy/h =Y # (ﬂie*wi)j - h.c.) , (C9)

i=1

where we included an incoming photon fluxes with coherent amplitude 3; and frequency wy in each of the lines, with
decay rate k = h/(2cL?wp).
The Master equation is used to compute the average outgoing fields in the steady limit,

;= lim Tr{ Wstéj,a(t)}, (C10)

t—o00

where I;j is the annihilation operator of the jth gyrator mode, and reserving contributions from sin((;) to 5-th order.
The components of the scattering matrix are then given by S;; = o, /8; — ;.

The scattering matrix is extracted from the time-ordered integral of the evolution operator over a period of the
drive T' = 27 /w,

V(T) =T exp ( T,C(t)dt) , (C11)

which is calculated using an exponential integrator [64]. The evolution is performed in the diagonalized basis of fIg
and truncated to the first 21 states, allowing for a total of 5 excitations in the composite system. The steady
state is subsequently found by renormalizing the right eigenvector of V with eigenvalue norm 1. These results were
corroborated by numerical integration of Eq. (C8) using the mesolve function of QuTiP [65].
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FIG. 11. Numerical agreement between mean-field theory (black lines) and full-circuit time-evolution for different charging
energies (i.e. different load impedances Zy) against the average photon number in the gyrator.

3. Comparison with mean-field theory

Numerical results are shown in Fig. 11.

Appendix D: Circuit nonidealities

We start from the effective linear response theory proposed in Appendix B 5:

bo ~ SW) - aw = <Z(°") - 1)1 : (Z(“) +1) - G, (D1)

Z7L ZTL

where
Z(w) = iwL + (iwC + (iwL)™" + z’Gog,)i1 . (D2)

We now consider the general case L, = L.1 + dL.o,, C = Cyl + dCyo, — C120, and L = Lyl + dLgo, — L120.
Here C12 and Li5 are the stray capacitive and inductive couplings respectively between the two internal gyrator
modes. dL., dCy and dLg are due to asymmetries in the circuit. We highlight that G is the average of the FENNEC
interaction strength on both sides of the gyrator and is therefore insensitive to asymmetries — we only care about
impedance matching with the characteristic impedance of the transmission lines.

We assume that dL., dCy, dLg, C12 and Ly2 are much smaller than G and Taylor expand the perturbed impedance
and scattering matrix Z’(w) and S’(w) to leading order in those quantities, i.e. Z'(w) = Z(w) + dZ(w) and S’ (w) =
S(w) 4+ dS(w) where

iwdC’o — dLo/(ZL(Z)w) iwClg — le/(iL%w)

dZ(w) = iwdL.o, — 7:%w) 1 G2 2 7%w) + G2 Oz, (D3)
and therefore
45() =~ (1= 5() - SH - (1- $w)). (D4)
Recall that
S(w) = cos(26,,)1 + isin(20,,) oy, (D5)

and therefore we find that

1 —cos(20,,)

dS(w) Tt

(D6)

(i, — 00 L) Lo 1) )

75 (w) + G2 i 75 (w) + G2

At central frequency wy = 1/v/LoCp, where Z; ' (wg) = 0, and at perfect impedance matching 6,, = 7/4 we observe
that

(D7)

G2 Oz G2

dS(o.)) _ Zl (ideCGz . indCO — dL()/(ZL(%oJo) + iw0012 — ng/(ingo) Uw> )
TL
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Frequency mismatches, due to disorder in the circuit design, yield a o, error in S(w), which mostly affects reflection,
whereas stray couplings result in a o, error, which instead mostly impacts transmission. We get the constraints

|UJ0dLC/ZTL|, |deCU/ZTLG2|, |dL0/(ZTLL?)wOG2)|, |wOC’12/ZTLG2|, |L12/(ZTLL(2JOJ0G2)| < 1. (DS)

These constraints come without surprise: Gyration is known to be fragile to circuit disorder and parasitic couplings.
Another error specific to our circuit is due to deviations in the areas of the loops. This can in principle yield
residual sin ¢ potential terms. This is not captured by the calculation above. The leading order effect of this term
is the renormalization of the photon number in the internal gyrator modes, or in another words, more compression
and frequency mixing.

In Fig. 12 we plot the magnitude of circuit disorder resulting in a 1% error in the scattering matrix, found numerically
using the least_squares algorithm in scipy. We indeed observe that larger Zy (i.e. Cowo = 1/Zp and Lowy = Zp) and
smaller L. (i.e. larger G) yield larger tolerances. Similarly in Fig. 13 we observe that disorder in L. is not limited
by Zy it is however impacted by L. itself— a smaller coupling inductance allows for stronger disorder.

0.096 5 0.096
0.084 4 0.084
0.072 0.072
0.060 S 3 0.060 <
0.048 G 0.048 3
0.036 ° 2 0.036 ©
0.024 1 0.024
0.012 0.012
0.000 0 0.000
0.096 0.09
0.084 8-8‘73
0.072 _ 0.06
0.060 9 0.05 <
0.048 « 0.04 [
0.036 © 003~
0.024 0.02
0.012 0.01

' 0.000 - 0.00

0 5 10 0 5 10
ZolZ7. ZolZ7

FIG. 12. Magnitude of dC, dL, dC12 and dLi2 resulting in a 1% error in the scattering matrix for a), b), ¢) and d) respectively.
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FIG. 13. Magnitude of dL. resulting in a 1% error in the scattering matrix.
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Appendix E: Generic Lagrangian

We consider a generic circuit with total Lagrangian of the circuit is £ = Ly + L, where

cozch.%.<i>+~i>T.%.¢>+(¢>_VJ)T.CJ (- vs) - Ule). (1)

is the Lagrangian all the capacitive and inductive contributions commonly found in superconducting circuits and

Lint = —71(P2,01) — e72(P1,02),  e1p(Pr, 1) = Ak\/l — T3 (Vi 1, @) sin? (W), (E2)

results from the FENNEC interaction alone. Here ® = (®1, ®2) is a vector comprising the branch flux ®; (®2) of the
first (second) mode, ¢ = 27® /P are the associated branch phases, Cy and C, are capacitance matrices due to the
shunt capacitors and the coupling capacitors respectively, C is the capacitance matrix associated with the coupling
to the control voltage lines Vy, U(yp) is the potential energy of the two modes defined by the shaded regions in the
circuit, Ay (Ag) is the ABS energy of the small junction of mode 1 (mode 2), T} (T3) is the transmission probability
of the small junction of mode 1 (mode 2), ey 1 (Pey2) is an external flux threading the loop enclosing the small
junction and the shaded region of mode 1 (mode 2).

1. Taylor-expanded form

We will now simplify the interaction Lagrangian. First we do a Taylor expansion in &y,

_Z oy " €J1 <1>27<P1) Z DT 0"e 5 2(P1, p2)
$y=0

n! oD

(E3)

lnt - $1=0
n=0 =

Second we also do a Taylor expansion in T},
277 ©1 Pex,1 . n 2 P2 — Pex,2
1nt - Z 91inm— | ' () Z 92,n,m— . (2) ) (E4)
n,m=0 n,m=0
where we defined the couplings

1 /2) A T (Vi ®2)
1 - -
m P

ginm= (1" ( <i>1—0> . (Eb)

1/2 Ty Vg, 1)
nm = (—1)™ Ay | ——=——22 2
ci>2—o> » G2m, (=) (m) 2 ( oen

In vectorized form the Lagrangian then takes the form

L=a7. 0(2 2 % N { T2(<p) o+ 7. %ol ] +Z [11><2 : gnécp) : ¢:'" + q):m : gn;go) “laxa| —U(y), (E6)
where we defined the charge offset
qo(p) = —Cy - V5 +gi(e) - 1ax1, (E7)
the total capacitance matrix
C(p) =Co +C.+ Cy + g2(ep), (E8)

the diagonal matrices

9n(ip) = 3 ding (g™ (5222 ) gy i (PP ) ) (E9)

m=0

and where o is the Hadamard product. We highlight the identity

wn(af2) =~ (2 5 (3 costim ) — (-1 (i’;“)) (©10)

k=0

obtained with the help of the binomial theorem.
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2. Canonical quantization

In virtue of Hamilton’s principle, the canonical charges, q, associated with ® are given by

oL . o ('Pon
= 9% Qo(p) +C(p) @+ E gnt1(p) - Y (E11)
n=2 ’

where we observe that ¢ is nonlinear in ®. .
Let’s consider gn+1 — Agn+1 to be a perturbation for n > 2. We will now write ® using a perturbative expansion,

®=C'(¢) (g—qoly +ZAka ZAka , Xo(g) =C7'(¢)-(@—q0(¥)), (E12)

where ) is used to define the order of the expansion. Plugging this expansion in the definition of the canonical charges
yields

on

0= i MNTIC(p) - X + Z gnt1(e (Z A’ka> (E13)
k=1 n!

n=2

where we can then use the binomial theorem to obtain

on om om om
L[ g (OX0)™ (XD (AKX
— AP X = li ) El4
n! (I;J k) Koose . m1§;771K:0 o™i T ! ° my! ere m! ’ (E14)
1 i
where 0;; = {07 Z 7&] is the discrete Dirac delta function. By grouping terms of same order in A we find that
y VF]
o (k=1)/1  (k=1)/(k=1) 0y yo(n=5Zi m;) 1y, )om
_ S (\"Xo) (A X3)
X =— Z C™ (¢) ‘Qn+1(‘P) : Z Z 5k—1,2§;11 jm; B Zk,l AY °© my!
n—2 m1=0 me—1=0 T 2= ) (E15)
(/\klek_l)omk—l
O+++0 .
mk_ll
The first correction terms are explicitly
Xo=C"¢) (@d—q0(¥)), (E16)
00 B xon
X1 =- Z c 1(90) “Int1(p) - n0| ) (E17)
n=2 ’
00 ) X(c;(nfl)
X2 =— Z C™ (@) Gn+i(ep) - 1)1 ° X3 (E18)
S Xo(nfl) Xo(n72) X02
X3 =— c! . N il B, OF = m— E19
3 ; (¥) - Gn+1(p) ((”1)! o X3+ =20 2 (E19)
(E20)

We emphasize that [®, g] = i following the canonical quantization.

3. Full system Hamiltonian

Now that we have expressions for the canonical charges we can write the Hamiltonian. The total system Hamiltonian,
given by H = ®7 . q— L, is (for A =1)

(i,Ton

CONY S (n=V)gnlp) & (n = 1)gn(%) Z
T .
H <I' 9 (I’—Fn . 11)<2 9 . n' + n' . 9 '12><1 +U 5 q’ Xk

(E21)
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We can also divide the system Hamiltonian ‘H = Hquad + Hnin into two parts:

T C ' (p)

5 (@—a0(p)) +U(e) (E22)

Hquad = (q - Q()(QD))

involves all the contributions up to quadratic order in the charge operators q — qo, and

k=0

N Z (n—Dgnle) (o Xu(@)™ | (Cilo Xa(@)"™" (- 1;gn<so>
n=3

2 n! n!
comprises all remaining terms that are nonlinear in the charge operators, due to higher derivatives of the transmission
coefficients.

(E23)

lixo- “laxi

q-quadratic Hamiltonian in expanded form

Let us consider g; 1,1 to be the largest components by design and any other g; ,m — Agjnm be an error term.
Moreover we consider the coupling capacitance C. — AC, to be an error on the same order. We want to write the
g-quadratic Hamiltonian to leading order in A. The capacitance matrix to have the form

C1+ 22 Ay 2.0cos(l(p2 — Per.2)) —\C,
C — =1 14y ’ %) 3 E24
() ( “h\e. Co+ 32, Masg cos(U(or — pent) (E24)

where C; are the total capacitances and where we defined the coefficients

co m—1 co m—1

2(—1 m-+k o om 2 m-‘rk nom om

M= Yo 3 2O T (305 g == Y Y K e (205 (e2s)
m=1 k=0 m=1 k=0

To leading order in A we find that

_ 1= 300 My 2 C7 Feos(£(pa — Pex2))) CF ! \C.crtest )
C 1 ~ ( =1 345 1 = A er, 1 o i 1 2 _ . (E26
(¢) ( AC.CTCy ! (1— 5% MaasCy cos(lor — perr))) ) - (E20)
The charge offsets can be written as
qo1 — 91 €08 (P2 — Pex2) + D peo AA1 1,0 c08(£(P2 — Pex 2)))
’ , E27
9o($) = <QO2 — 9208 (1 — Per1) + Y pon Mo 1,0 cos(l(p1 — Pes,1)), (B27)
where go; are some scalars and where we defined the couplings
g1=—-9211/2, 92=—0111/2. (E28)
The g-quadratic Hamiltonian to leading order in A then approximately takes the form
2 2
- + - Yex - + - ¥ex
Houad = (g1 — go1 + g1 cos (92 — Pex2)) + (92 — go2 + g2 cos (P1 — Pex,1)) T U (1, 00) + /\HAuad + (9()\2)7 (E29)
2C4 20, d
and the error Hamiltonian
Howad = — % Z Aq10cos(l(p2 — Pex,2)) — % ZAQ,LZ cos(£(p1 — Pex,1))
£=2 £=2
2 0o
Q1 QngOl Z A1 2,0 COS @em,2)) - @22%2) Z A2,2,é COS(f(QOl - SOem,1)) (E?’O)
2 r=1
C

+ Téz (1 — qo1) (g2 — qo2) -
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g-nonlinear Hamiltonian in expanded form

To leading order in g, for n > 3 we can approximate

o0 A Cil . . on Cil . . Ton A
M~ =3 |1axa gr;(so) (C ) (Q| w() |, (C7He)- (g ' 20(9) " Agnle) loxa| . (E3D)
o n! n! 2
To leading order in A we find that H,, =~ )\Hnln + O ()\2) with
- QO1 - (q2 — C]02
Hnln = Z nlCy Z Ay e cos(f — Pex,2)) — Z W Z Az e cos(b(p1 — pex,1))
n=3 n=3
- = X (E32)
QO1 q2 — qo2
nz nlCy L ngg nlCy b2,
where we defined the coefficients
_ - 92.n,m 2m _ > 91,n,m 2m
£l,n - 4m (m> 9 62,71 - 4m (m) . (ESS)
m=0 m=0
Approximate form
Combining the results of the previous sections with A = 1 we therefore find the approximate Hamiltonian
(Q1 — go1 + g1 €OS (902 — Pex 2))2 (g2 — qo2 + g2 cos (<P1 — Pex 1))2
= - : U errs E34
H 2 + 2, +U (p1,02) +H (E34)
where we defined the error Hamiltonian
(01 — q01) (92 — q02)
Herr = — —a ZZ:; Ay 10cos(b(p2 = Pex,2)) — o KZ; Az 10 cos(l(p1 — Pex,1))
_ i (@1 — )" f: A1 n,e cos(b(p2 = Pex,2) f: (g2 —doa)" Z Az .m0 cos(£(p1 — Pex,1)) (E35)
= nlCT ” = nlCy
e (m—9)", (2 g02)” Ce B
Z ST ; nicE §2.n t oG (01 — q01) (42 — qo2) -
Here the couplings are explicitly
Ay [O0T2(Vya, ®1)
=—— , E36
9 4 ( 6<I>1 b,=0 ( )
Ay [ OTi (Vi @)
_~/1 J, 7 E37
92 4 ( 6@2 by=0 ( )
co m—1 .
2(=1)% (1/2\ (2m Ay [(O"T5"(Vy2, P1)
oo m—1 .
2(=1% [1/2\ [(2m Ay (0T (Via, P2)
Aopye=— Om—pp— | —— 22 , E
2,n,0 Z g ( m i kL] 5n aco (E39)
m=1 k=0 2
Z(=1)™ (1/2\ [2m\ As [0V T3 (Vya, &1)
) =22 ' J, , E40
€1,L mz_:o 4m—1 m m 4 8@? <i>1:0 ( )
o (=)™ (1/2) [2m\ Ay (0" (Vi 2)
n= —_— | ————= . E41
& ijo o U ) U ) 3 537 o (E41)
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Tolerance values of the higher derivatives in the error terms are ultimately determined by the mode impedances,

ie.
oo m-—1 . n
2(— 1) <1/2>< ) (2e)" Ay [ TPV s, &1) ArZ,
Om—k,e - — . < , (E42)
oo m—1 . n
2( ].) 1/2 (26)”A1 8”T{W(VJ1,(I)2) 47'('22
S . , E4
mzz:l = <m> < k) = anlcy by b0 )| S\ R (E43)

where Z; is the impedance of mode j and Rg ~ 6.5 k) is the resistance quantum. The constraints are obtained by
considering the smallest non-zero matrix elements of the charge quadrature g; to be given by i2e\/Rq/(47Z;).

Appendix F: Classical scattering matrix for a 3-port circulator

Following standard circuit theory [59], we can compute the classical (linear) scattering matrix response for a gyrator-
based 3-port circulator with symmetric LC-resonator loads at their ports, see Fig. Fig. 4b). Such matrix relates the
amplitudes of single-tone input (a,(w) = (V,, + Z1rI,)/vZ7L) and output (b, (w) = (V,, — Z1rl,)/v/Z11L) signals,
where I, (V},) is the current (voltage) of port n, such that b = S(w)a. Solving Kirchhoff’s equations in the frequency
domain, we obtain

) R*(Zry, — Z0)* — Z3, 23 2RZo(Zo(R+ ZrL) — RZri)  2RZo(R(Zrw + Zo) — Zru2)
S =—| 2RZy(R(Zy — Zr1) — ZrnZo)  R*(Zri — Z0)? — Z3,28  —2RZo(R(ZrL + Z0) + Z1LZ0) |- (F1)
2RZ(R(Zrr, + Zo) + ZrrZ0) —2RZo(R(Z11, + Zo) — Z1n20)  R2(Zrw + Z0)? — Z3L 73

Here, we have defined the parameters

r=(Z3.22 — R*(Zr1 — 3Z0)(Z11 + %)), Zo(w) = 207 (F2)

and Zg = /Lo/Co and wy = 1/v/LoCy. Impedance-matching the whole system to the reference transmission-lines
(R = Zy = Zr1.), and working on resonance condition (w = w;), the linear response becomes that ideal circulator

01 0
S— |00 -1]. (F3)
10 0
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