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Time-dependent drives play a crucial role in quantum computing efforts with circuit quantum electro-
dynamics. They enable single-qubit control and entangling logical operations, as well as qubit readout.
However, their presence can lead to deleterious effects such as large ac-Stark shifts and unwanted qubit
transitions ultimately reflected into reduced control or readout fidelities. Qubit cloaking was introduced by
Lledo et al. [C. Lledod, R. Dassonneville, A. Moulinas et al., Nat. Commun. 14, 6313 (2023)] to tem-
porarily decouple the qubit from the coherent photon population of a driven cavity, allowing for the
application of arbitrary displacements to the cavity field while avoiding the deleterious effects on the
qubit. For qubit readout, cloaking permits us to prearm the cavity with an, in principle, arbitrarily large
number of photons, in anticipation of the qubit-state-dependent evolution of the cavity field, allowing for
improved readout strategies. Here, we take a closer look at two such strategies: first, arm-and-release
readout, introduced together with qubit cloaking, where after arming the cavity, the cloaking mechanism
is released and the cavity field evolves under the application of a constant drive amplitude; and, second,
an arm-and-longitudinal readout scheme, where the cavity drive amplitude is slowly modulated after the
release. We show that the two schemes complement each other, offering an improvement over standard
dispersive readout for any values of the dispersive interaction and the cavity decay rate, as well as any
target measurement integration time. Our results provide a recommendation for improving qubit readout

without changes to the standard circuit-QED architecture.
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L. INTRODUCTION

Qubit readout is an indispensable operation in quantum
information processing [1]. For superconducting qubits,
the standard method is dispersive readout, which consists
in driving and measuring the response of a cavity the res-
onant frequency of which is shifted depending on the state
of a far-detuned coupled qubit [2,3]. An advantage of dis-
persive readout is that at small measurement powers, it is
close to quantum nondemolition (QND) [4-8]. However,
non-QNDness at moderate power results in readout errors
that have not yet reached the 1073 level for measurement
times of the order of 100 ns [9—12], lagging behind the
best-performance numbers of single-qubit and entangling
gates [13—16]. Improving dispersive readout further is cru-
cial to reach fault tolerance in the circuit-QED architecture
for applications such as quantum error correction [17-20].

In principle, increasing the strength of the cavity drive,
leading to a larger cavity photon population, can lead
to improved readout [2]. However, this is not an ideal
solution, as even a modest photon population can result
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in unwanted qubit transitions, including leakage out of
the computational subspace of the transmon [4,8,21-23].
Cavity drives also cause an ac-Stark frequency shift of
the qubit and broadening of the qubit line width via
measurement-induced dephasing [24-27]. Recently, an
alternative approach to accelerating and improving the
fidelity of dispersive readout has been demonstrated [7].
It is based on adding a cloaking drive on the qubit, which
allows the cavity to be armed with photons in a qubit-state-
unconditional way. During the arming phase, the qubit
is oblivious to the coherent state in the cavity, thereby
not experiencing ac-Stark shifts or measurement-induced
dephasing. Once the desired mean photon population is
reached, the cloaking mechanism can be released, allow-
ing the cavity field to evolve in a qubit-state-dependent
way as in standard dispersive readout. In this paper, we
explore how this additional control—the armed photon
population—allows for optimizations of the phase-space
trajectories of the cavity to maximize readout fidelity at
short integration times.

One readout strategy where phase-space trajectories of
the cavity field maximally distinguish the ground and
excited states of the qubit at short measurement times is
longitudinal readout [28]. It relies on a qubit-resonator
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coupling between the qubit o° and one of the resonator
quadrature operators (e.g., the P quadrature) with a mod-
ulated coupling frequency g,. This interaction produces a
cavity-field displacement in opposite directions in phase
space when the qubit is in the ground or excited state.
While longitudinal interaction has been physically imple-
mented in circuit QED [29,30], modulation of the coupling
frequency has remained challenging, with no experimental
demonstration so far of longitudinal readout except in its
synthetic versions [6,31].

Building upon the arm-and-release idea, in this work
we introduce a protocol for synthesizing a longitudinal-
readout process after the release step. The intuition is
that the positions of the fixed point of the average cavity
field—o, , for the (g)round or (e)xcited qubit state—can
be pushed or pulled by slowly modulating the drive
amplitude, tailoring the trajectories followed by the time-
dependent amplitudes ag . (#). This can be arranged in such
a way that o, (f) and o.(f) separate from each other in
exactly opposite directions in phase space, as under the
longitudinal interaction, something we refer to as arm-and-
longitudinal readout. This is illustrated in Fig. 1, which
shows the path in phase space of the cavity-pointer states
for dispersive readout (dashed lines), the arm-and-release
approach (dash-dotted lines), and the arm-and-longitudinal
protocol (full lines). Crucially, this arm-and-longitudinal
readout protocol is only possible due to qubit cloaking
[7], as the cavity needs to start from an armed state with
nonzero field amplitude. To account for and avoid ioniza-
tion [4,21-23], it proves convenient that, under this mod-
ulation, the amplitudes |o, ((#)| increase monotonously in
time until they reach a chosen maximum value, which can
be taken to be below the ionization threshold.

In this paper, we show that either arm-and-release or
arm-and-longitudinal always outperforms standard disper-
sive readout for any measurement time and any ratio y /k
of the dispersive interaction x and the cavity decay rate k.
In particular, we show that for signal integration times 2>
10/k, the arm-and-longitudinal protocol outperforms the
other two. These results can inform the design and manipu-
lation of current and future superconducting qubit devices.
Moreover, while we focus on circuit QED with supercon-
ducting qubits, these results are general and can be used in
other platforms.

The rest of this paper is organized as follows. In Sec.
I, we briefly remind the reader about standard dispersive
readout in the two-level-system approximation and in Sec.
111, about qubit cloaking and the arm-and-release scheme.
In Sec. IV, we explain how to transform arm-and-release
into arm-and-longitudinal readout. Having introduced all
the main ideas, in Sec. V we provide a performance
comparison between the three schemes. In Sec. VI, we
show that the arm-and-longitudinal is valid beyond the
two-level-system approximation for the transmon, the
rotating-wave  approximation, and the dispersive
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FIG. 1. The path in phase space of the cavity amplitude when
the qubit is in the ground (blue) or excited (red) state for the three
different schemes: dispersive readout (dashed line), arm-and-
release (A&R, dashed-dotted), and arm-and-longitudinal (A&L,
full line). The colored dots indicate different times in the evo-
lution, k¢t =0, 1, 2, 4, 10, and 20. The parameters are as fol-
lows: |x|/« =1 and &,/27 = 19.85 MHz and 18.49 MHz as
well as otarm/o/Mimax ~ 0.8 and 1 /«/i for arm-and-release and
arm-and-longitudinal, respectively.

approximation. Finally, in Sec. VII, we discuss our results
and offer an outlook.

I1. BRIEF ON DISPERSIVE QUBIT READOUT

We start by giving a short introduction to dispersive
qubit readout in the two-level-system approximation [2].
The Jaynes-Cummings Hamiltonian (A = 1)

A [6))
Hic = w,d'a + ch}z +g.6ta+é67ahy (1)

describes the interaction between a qubit and a cavity mode
in the rotating-wave approximation. Here, & is the annihila-
tion operator of the cavity mode of fundamental frequency
w,, 657 are, respectively, the Pauli-z, raising, and low-
ering operators for the qubit of fundamental frequency
wy, and g, is the interaction frequency. In the dispersive
regime, where |, — w,| > g., the Hamiltonian is approx-
imately diagonalized, up to second order in g./|w,; — w,|,
as

Vel fag = (0 +567) d'a+ 2157, )

where x = 2g2/(w, — ,) is the (full) dispersive interac-
tion, @, = w, + x /2 is the Lamb-shifted qubit frequency,
and U = exp{[g./(w, — 0)](@'6~ —aé+)).

As the arrangement of the interaction term in Eq. (2)
suggests, here we adopt the convention that the cavity fre-
quency is pulled by —y /2 if the qubit is in the ground
state |g) and by +x /2 if it is in the excited state |e). As

a result, by measuring the response of the cavity to an
external drive, one can infer the state of the qubit. For
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example, an initial condition (cg |g) + c. |e)) |0) evolves
to ¢q |g, ozg) + c. |e, @.) under the combined action of Eq.
(2) and the drive

Hi(1) = —&1 () (@ + h.c.)/2, (3)

where |0) is the cavity vacuum state and o, . are coherent-
state amplitudes that act as pointer states and evolve as

Age = —[i(w, — 01 F x/2) + k/2]ag +ie1()/2 (4)

in a frame rotating at the drive frequency w; and where
£1(?) is the cavity drive amplitude. Equation (4) is obtained
by using the dispersive approximation on the Lindblad
master equation [32,33]

dp = —ilHic + H (), p] + kD[l p, (5)

where D[a]p = apa’ — (1/2){a’a, p}. For simplicity, we
assume in Eq. (4) that the qubit state remains constant.

ITI. QUBIT CLOAKING AND ARM-AND-RELEASE
READOUT

As introduced in Ref. [7], cloaking a qubit in a cavity
allows us to decouple the qubit from the classical part of
a cavity field. This approach, which is achieved with an
appropriately chosen drive on the qubit, has been shown
to lead to faster dispersive readout via an arm-and-release
scheme. The latter consists in arming the cavity with pho-
tons while cloaking the qubit and subsequently releasing
the cloaking mechanism, allowing the dispersive read-
out dynamics to proceed. Noting from Eq. (4) that the
paths of the coherent states oz, will (for w; = w,) ini-
tially separate from one another along the X quadrature
at a speed Re[a, — &) o< x+/n(f), where n(t) is the mean
photon number, the arm-and-release approach has the clear
advantage of having a finite initial speed (7(0) # 0) due
to the armed photons, unlike in dispersive readout, where
n(0) = 0. Moreover, since high-fidelity qubit gates can be
realized on a cloaked qubit, the arming time does not factor
into the readout time [7].

The intuition behind the cloaking mechanism is the fol-
lowing. The cavity drive Eq. (3) results in a coherent state
inside the cavity, which acts as an effective classical drive
on the qubit [23]. An additional drive on the qubit can
destructively interfere with this effective drive, leaving the
qubit to experience the cavity as if it was in the vac-
uum state. To make this observation more precise, consider
applying a displacement transformation @ — a + «(¢) on
Eq. (5), with () chosen to eliminate the effect of the cav-
ity drive. Due to the qubit-cavity coupling term (o g.),
this transformation effectively passes the drive to the qubit
and the displaced Hamiltonian reads Hjc + ge(a (N6t +

a*(f)6 7). With an additional qubit cancellation drive
(1) = —g(a()6 ™t +a*(1)57), (6)

the effective drive on the qubit is cancelled out in the dis-
placed frame, where the Hamiltonian is just the undriven
Hyc of Eq. (1). Here, the complex amplitude «(#) corre-
sponds to the coherent-state amplitude of the cavity field
in the absence of the qubit, namely, it evolves according
to a(t) = —(iw, + k/2)a(t) + ie| (H)e~*1!/2 in the labora-
tory frame. The above results are exact and can be made to
account for the rapidly rotating terms that were (implicitly)
ignored in Eq. (1), as well as to account for the multilevel
nature of superconducting qubits. Moreover, the result
remains unchanged if qubit dissipation and dephasing are
included [7]. The picture emerging from qubit cloaking
is that the cavity field is displaced in phase space by an
amount «(?) that is qubit-state independent. Equivalently,
the qubit is not affected by this displacement.

Having introduced the fundamentals of qubit cloaking
and described the steps involved in arm-and-release read-
out, we study the expected performance of this approach.
Since the arming time does not factor into the readout time,
for the rest of this section we assume the intracavity field
to start at a chosen position along the P quadrature in phase
space. That is, without loss of generality, we take a purely
imaginary «(0) = iy With some real and positive oarm.
Furthermore, during the release step (¢ > 0), we take the
amplitude &, of the cavity drive to remain constant. With
these two conditions, we can integrate Eq. (4) to obtain

() = Olgrm |:sin (g) +icos (X?t):| e 5!
~ Xt . [ Xt _ky
+ & {X — |:x cos (7) —i-/csm(—)]e 2 }
+i& {K + |:x sin (X?t) — Kk CcOS (%)] e‘gt} ,

0

[\

where & = &1/(x* + «?) and the expression for a,(?) is
obtained by replacing y — —x. We recover the result
expected for standard dispersive readout when taking
Oam — 0 in Eq. (7). By noting that the expressions for
a.(t) and ag(?) differ only in their real parts, the contribu-
tion of the term proportional to oy, to the measurement
signal is o Re[org (1) — ()] = 20t sin(| x |2/2)e /2.
At short times, this contribution is positive, enriching the
signal.

For fixed parameters, the amplitudes a, . reach the same
steady states for both dispersive and arm-and-release read-
out but the maximum mean photon numbers 7, Vvisited
during the trajectories are not the same (for an explicit
expression for n(f), see Appendix A). Since qubit ioniza-
tion sets a maximum mean photon number for quantum
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nondemolition readout [22], to make a fair comparison we
first choose (x,k,é&;) for the standard dispersive dynam-
ics and then we adjust &; for arm-and-release such that
both schemes share the same 7np,. In Fig. 1, we compare
the phase-space trajectories for dispersive readout (dashed
lines) and arm-and-release (dashed-dotted lines). While
arm-and-release is clearly faster than dispersive readout
(see the colored dots), fixing the maximum photon num-
ber makes the two fixed points of arm-and-release have
a smaller separation than those of dispersive readout. As
we will discuss in Sec. V, there is an important trade-off
between speed at short times and long-time state discrim-
ination that influences the performance of the different
readout schemes.

To compare the performance of the arm-and-release
approach to that of dispersive readout, we compute, for
both cases, the signal-to-noise ratio (SNR) for homodyne
detection of the X quadrature of the cavity output field.
The corresponding integrated measurement operator up to
time 7 is given by M (1) = /k [j dtK([aly(®) + dou (D]
[3,34]. In this expression, K (7) is a filter function and Gy
represents the output field related to the intracavity field
via the input-output boundary condition @y = @in + +/ka,
where aj, is the input field [35]. The signal is defined as
| (M(‘L’))e - (M(t))g| and the imprecision noise is given by
the fluctuations around the mean field of M ,1.e., MN(r) =
M(t) — (M(1)). Putting these two elements together, the
squared SNR can be expressed as [3]

oNR? = (@) — (M (@))° ®
(M (D))e + (M3 (D))

The filter K(¢) should favorably weight times where the
signal is larger; thus, naturally, the optimal filter is K (f) =
(M (2))e — (M (2))g| [34,36]. Assuming that the input and
output fields remain coherent and in the limit of unit-
efficiency measurement, we obtain [34]

SNR? = 2« / ' dtRe[a, () — ag(D]*. 9)
0

Even though the full analytical expression of the SNR for
arm-and-release is rather long and thus uninformative (see
Appendix A), there are some interesting properties that are
worth discussing. As pointed out previously, the arm-and-
release scheme receives a boost compared to dispersive
readout stemming from the nonzero photons in the initial
condition. This is manifested in the SNR, the short-time
scaling, k7 < 1, of which reads

2 otarm| X |
SNRagr ~ \/;— (kT)*? (10)

K

and is to be contrasted with the short-time scaling of
standard dispersive readout,

1 /3eilx]
SNRigp ~ §\/;1,(_2(”)5/2'

Y
With arm-and-release, we thus acquire signal at a faster
rate proportional to o,m,. Remarkably, this rate is equal
to the rate exhibited by ideal longitudinal qubit readout
[28]. We illustrate this in Fig. 2(b) by comparing the
SNR as a function of the integration time for the case of
|x|/k = 1, which is optimal for dispersive readout [37].
In the short-measurement-time regime, the different scal-
ings are evident from the slopes of the dashed-dotted line
(arm-and-release) and the dashed line (dispersive read-
out); furthermore, even at k7 — 0, a clear improvement
is observed, corroborating our observation of the enhance-
ment provided by a nonzero o,.

In the opposite limit of long measurement times, kT >
1, the SNR is dominated by the term

SNRAgr ~ \/gg—l |X|/K

K 1+(X/K)2\/E’

(12)

which is the same long-measurement-time SNR as for
dispersive readout. This is because at long times, the con-
tribution coming from o, has decayed, as is evident from
the first line of Eq. (7). As such, in this asymptotic limit,
the ratio |x|/« = 1 corresponds to the optimal working
point for both arm-and-release and dispersive readout. To
illustrate this, in Figs. 2(b) and 2(c) we show the SNR at
different measurement times versus |x |/« for dispersive
[Fig. 2(b)] and arm-and-release [Fig. 2(c)] readout, respec-
tively. In both cases, the maximum approaches x /k = 1
at long times. It is also worth noting that for short mea-
surement times, the optimal value of |x|/«x is > 1 in both
cases, with arm-and-release reaching the asymptotic value
faster. Moreover, for each of the measurement times used
in Figs. 2(b) and 2(c), arm-and-release has a larger maxi-
mum SNR than dispersive readout as a consequence of the
boost coming from oyy.

IV. ARM-AND-LONGITUDINAL READOUT

As anticipated in Sec. I, arm-and-release readout can
be transformed into arm-and-longitudinal readout by the
appropriate choice of the time-dependent drive amplitude
€1(f). Let us start with the simple intuition behind this
scheme. As shown in Fig. 1, the arm-and-release ampli-
tudes oy .(f) curve toward the real phase-space axis as
time increases, moving toward their fixed points o , =
€1/(Fx — ix). To make the coherent amplitudes separate
along the X quadrature in a straight line without curving,
we slowly increase ¢1(¢) in time so as to push away the
fixed points that the trajectories follow.
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FIG. 2. (a) The signal-to-noise ratio (SNR) as a function of

the measurement integration time for dispersive (dashed) and
arm-and-release (solid) readout, for the corresponding pairs of
trajectories shown in Fig. 1. (b),(c) The normalized SNR ver-
sus | x|/« for (b) dispersive and (c) arm-and-release readout. The
different curves correspond to different measurement integration
times in units of 1/«.

The explicit form of € () needed to obtain longitudinal-
like displacements of the cavity field o, (f) can be
obtained from Eq. (4) by imposing the condition that the
displacement is only along the X quadrature (w; = wy).
With the initial condition «(0) = ioam, We obtain (see
Appendix B)

x? «
£1(1) = a2 (1 - 6_7’) p—y (13)
K

Using this expression, the qubit-state-dependent coherent
amplitudes take the desired longitudinal-like motion along
the real phase-space axis:

Uge = Farm

= >

(1 _ e—%’) Fidam  (14)

This arm-and-longitudinal scheme requires oy, 7 0 and is
thus enabled by our ability to prearm the cavity field using
qubit cloaking [7]. We remark that the frequency of the
drive needs to be chosen in between the two qubit-state-
dependent frequency responses of the cavity (w, & x/2),
which is important to ensure that the drive modulation nec-
essary for arm-and-longitudinal is independent of the qubit
state.

In Fig. 1, we show the arm-and-longitudinal trajec-
tories in phase space corresponding to Eq. (14) (solid
lines), comparing them to the arm-and-release and dis-
persive readout. For a fair comparison, the three pairs of
trajectories visit the same maximum mean photon number.
While at short times the coherent amplitudes ag . (f) sepa-
rate faster for arm-and-release, at long times the separation
is larger for arm-and-longitudinal, hinting at an interesting
trade-off between the two schemes. We can anticipate that,
depending on the ratio | x|/« and the target measurement
integration time, one or the other might be the best strategy.
We devote Sec. V to this analysis.

Substituting Eq. (14) into Eq. (9), we find, for the SNR
of the arm-and-longitudinal readout,

SNRagL = \/gw\//ct —3+44e 2" —e kT, (15)
K

At short times k7 < 1, this takes the simpler form

2
SNRpgL & \/;%M—W(KT)HZ

K

(16)

and thus offers better performance than dispersive readout,
the SNR of which is oc (k7)/? [see Eq. (11)]. We note that
the expression in Eq. (15) has the same functional form
as the SNR obtained for a modulated longitudinal qubit-
cavity interaction [28], the Hamiltonian of which is

H.(t) = ig. ()67 (@ —a), (17)

where g, is the amplitude of g.(f), which is modulated at
the cavity frequency, provided that we include the optimal
filter [38] and identify oty | x | With g..

This comparison suggests that, in a prearmed cavity, the
product oum| x| plays the role of an effective interaction
driving the readout dynamics. Importantly, realizing the
Hamiltonian Eq. (17) requires a qubit-cavity coupling that
is different from the standard capacitive coupling of circuit
QED, which, rather, leads to Eq. (1) [28,39,40]. In contrast,
our arm-and-longitudinal approach can be implemented
without changes to the standard circuit-QED architecture
[3].

Although arm-and-release and arm-and-longitudinal
share the same short-time SNR scaling, the values of the
armed amplitude, aam in Egs. (10) and (16), are not the
same. For fixed values of |x|/x, measurement time, and
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maximum mean photon number 7, We can optimize
oVer oy, to maximize the SNR of arm-and-release. On the
other hand, for arm-and-longitudinal readout, the value of
the initial amplitude oy is fixed and from Eq. (14) it reads

ﬁmax
Oy = | ———.
TV T+ (/e0)?

The reason is just that for arm-and-longitudinal, the mean
photon number reaches its maximum in the steady state
(compare the full and dashed-dotted lines in Fig. 1).

For long times, kT >> 1, we obtain

(18)

SNRg &~ \/gaarmb(lVKT
K

|x1/x

8’_lmax—
1+ x%/k?

where in the second line we have used Eq. (18). This has
the same long-time scaling with the measurement time as
dispersive and arm-and-release readout. Fixing 7y, and
the integration time, the SNR saturates at large | x|/«.

JeT,  (19)

V. COMPARISON OF THE READOUT
APPROACHES

Let us now put into perspective the results and discus-
sions of the previous three sections. We have introduced
an extra level of time-dependent control to extend arm-
and-release to arm-and-longitudinal readout. Both of these
schemes have a short-time SNR that scales with time as the
ideal longitudinal readout [28] and that offers an improve-
ment over that of dispersive readout. For the opposite limit
of long times, all three schemes have the same scaling with
time. These two observations beg the questions of which
one is the superior scheme and how much we gain with
it. We will see that these questions do not have simple
answers and, in fact, depending on the device parameters
represented by the ratio | x|/« and the measurement time
(see the examples given in Sec. I), either arm-and-release
or arm-and-longitudinal is the best alternative.

Let us start this discussion with a close inspection of the
phase-space trajectories of the three readout schemes. In
Figs. 3(a)— 3(c), we show the trajectories for o, (f)—since
a.(?) is its mirror image—for the ratios |x |/« = 1/3, 1,
and 3. In all three panels, the full lines show the trajec-
tories for arm-and-release for some illustrative values of
O, the black dashed line shows the trajectory of disper-
sive readout, and the red dashed line shows the trajectory
of arm-and-longitudinal. Same-color dots on different tra-
jectories represent the positions of the evolving amplitude
at equal times (k¢ =0, 1, 2, 4, 10, and 20). Importantly,
across all three panels and all trajectories, the maximum
mean photon number that is attained is the same.

As can be observed, interestingly, when |x |/« is small,
Oam 1 arm-and-release can be used as a control param-
eter to interpolate between dispersive readout (otym —
0) and arm-and-longitudinal (¢tarm — +/7max). Note, how-
ever, that for arm-and-release, the constraint of a fixed
maximum mean photon number implies that the drive
amplitude depends on the value of the initial cavity ampli-
tude, i.e., & = &1(@am). To see this, consider a fixed
value of the ratio |x|/k. Then, as the value of oy, is
increased, the maximum mean photon number is reached
at shorter and shorter times. As a consequence, the value
of &, decreases, thus effectively moving the steady-state
fixed points ay, closer to the origin. This can be seen more
markedly in Fig. 3(c) for |x|/« = 3, indicating the exis-
tence of a trade-off between the speed of evolution at
short times and the separation distance between the steady-
state fixed points. As a result, for large values of |x|/k,
arm-and-release might not provide an advantage over dis-
persive readout, an observation that can be made precise
by studying the SNR. Indeed, in the intermediate to long-
time regime, the SNR is dominated by a term proportional
to &) [cf. Eq. (12)]; thus, having a ¢, that decreases with
increasing o, greatly diminishes the performance of the
scheme.

In contrast, the horizontal trajectory of arm-and-
longitudinal avoids this trade-off altogether. In fact, we
are guaranteed to reach the maximum separation distance
between the time-evolving amplitudes at steady state. As
such, arm-and-longitudinal might be slower at short times
than, say, arm-and-release for some values of oy, as can
be appreciated from the equal time dots in Figs. 3(a)—3(c).
However, in the regime of intermediate to long times, the
separation between the pointer states is larger for arm-and-
longitudinal readout than the other two schemes, specially
as |x|/k is increased. This yields a purely geometrical
advantage for arm-and-longitudinal over the other two
approaches.

It is also useful to consider the assignment (or single-
shot) measurement error, defined as E,, = (1/2)[P(e|g) +
P(g|e)], where P(n | m) is the probability of assigning the
qubit to be in the state n when it is actually in m [41].
For the Gaussian distributions that we are considering,
the assignment error is related to the SNR [3] by E,, =
(1/2)erfc(SNR/2), where erfc is the complementary error
function. In Figs. 3(d)— 3(f), we plot the assignment error
for each of the trajectories of Figs. 3(a)—3(c). For |x|/k =
1/3 in Fig. 3, the error of the arm-and-release scheme
(solid lines) always improves over the error of dispersive
readout (black dashed line) and at larger aypy, it is always
better. Upon increasing the value of | x | /x, there is crossing
of the curves corresponding to the different schemes. For
short times, the largest oamy results in the smallest error,
yet for larger times its performance is the worst. This is
in agreement with the geometric picture of the trajectories,
which is most evident in Fig. 3(f), for | x|/« = 3, where
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(a)(c) The path in phase space of the cavity amplitude o, (¢) for the three different schemes: (a) |x|/k = 1/3;(b) |x|/x = 1;

(¢) Ix|/x = 3. Key to lines: black dashed line, standard dispersive readout; full lines, arm-and-release; red dashed line, arm-and-
longitudinal. The different colors for the arm-and-release trajectories indicate different initial amplitudes o, while the colored dots
indicate different times in the evolution, kt = 0, 1, 2, 4, 10, and 20. All trajectories, in all three panels, visit the same maximum mean
photon number ny,x = 2.44. (d)«f) The assignment error as a function of the measurement integration time for the corresponding
trajectories depicted in (a)—(c). From left to right, the parameters are as follows: | x|/« = 1/3, 1, and 3 and, for arm-and-longitudinal,
Oarm/ /Tmax = ~/9/4/10, 1/+/2, and 1/+/10. For dispersive readout, & /27 = 15.77 MHz, 19.85 MHz, and 34.38 MHz. For arm-and-
release, ogm € (0, M] and ¢ is obtained, after fixing oy, from the constraint of having less than the maximum mean photon

number.

the largest arming amplitude gives the worst performance
and, instead, arm-and-longitudinal readout yields a large
improvement (note the change in the range of the vertical
axis amongst Figs. 3(d)— 3(f)). This observation opens the
door to achieving improved readout performance in param-
eter regimes far from the well-known optimal working
point | x|/« = 1 of dispersive readout.

A. Arm-and-release readout versus dispersive readout

Up to this point, we have presented qualitative and
quantitative arguments in support of an improvement
offered by arm-and-release readout over dispersive read-
out, noting that there may exist a region in the parameter
space (|x|/k,kt) where dispersive readout is the supe-
rior scheme. In this subsection, we quantify the extent
of the improvement offered by arm-and-release as well
as identifying the region in parameter space where this
improvement is guaranteed.

To quantify the improvement offered by arm-and-release
readout, we introduce the relative gain

max {SNRagr (X, K, T, ¥arm)}

K, T) = , (20
Gagr(X, Kk, T) SNRam (1, 6, 7) (20)

where  SNRyisp (X, &, 7) = SNRagr(X, &, T, 0am = 0).
The maximization is taken considering the constraint that
both methods should lead to the same maximum mean pho-
ton number. In Fig. 4(a), we show this relative gain as a
function of the ratio | x|/« and the measurement time k7.
We observe a large region of this parameter space where
arm-and-release is advantageous, reaching gains as large
as Gagr ~ 400 for kT <« 1 (not shown) and small |x|/k,
and Gagr ~ 2 at intermediate times. However, this advan-
tage decreases at large | x|/« and for readout times ranging
from intermediate, kT ~ 4.5, all the way to the asymptotic
limit, where dispersive readout is advantageous. The gray
region in Fig. 4(a) delimits the transition between the two
regimes where one or the other scheme performs better.
This is consistent with the geometrical argument for the
trajectories discussed before, by which at intermediate to
long times the coherent amplitudes are in close proximity
to the steady-state fixed points and these are closer to the
origin for arm-and-release when |y |/« is large.

In Fig. 4(b), we show the normalized value of the ampli-
tude, g = afggmal /~/Mmax, that maximizes the relative
gain Gagr of Fig. 4(a). The normalization bounds it to
dam € [0, 1], making it universal. Hence, the optimal value
of o, for any system parameters can be deduced from
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(a) The SNR relative gain between arm-and-release and dispersive readout [see Eq. (20)], as a function of |x|/x and the

measurement integration time. (b) The optimal value of the (normalized) amplitude &, associated with the best SNR in (a). (c) The
SNR relative gain between arm-and-longitudinal and dispersive readout [see Eq. (21)], as a function of |x |/« and the measurement
integration time. (d) The ratio between the relative gains of arm-and-longitudinal and arm-and-release [see Eq. (22)]. The black stars
correspond to the parameters of the experiment in Ref. [9] and the red dot to those of Ref. [7] (in which arm-and-release was used; see
the text). In (a), (c), and (d), the gray contours indicate the separation between the regions with different optimal-readout strategies. In
all panels, for a given |x|/«, all other parameters are fixed by the choice of 7.

Fig. 4(b) by rescaling &,y by the appropriate maximum
mean photon number that is desired. The reasoning behind
this is that all relative gains remain unchanged under the
rescaling dam — arm/ V7 and & — ¢ / /1, as this con-
stitutes shrinking the whole phase space to the region at
the interior of the unit circle. Figure 4(b) gives an inter-
pretation to the region on the right of the gray contour in
Fig. 4(a), where arm-and-release does not offer an advan-
tage over dispersive readout. Since in this region &y, ~ 1,
the maximum mean photon number of the phase-space
paths occurs at times k7 — 0, thus leading to fixed points
o, , that are almost at the origin.

B. Arm-and-longitudinal readout versus dispersive
readout

While there is a region of parameter space where disper-
sive readout is favorable with respect to arm-and-release
[cf. Fig. 4(a)], we now show that arm-and-longitudinal
offers a large improvement over arm-and-release in that
region. To quantify this, we introduce the relative gain of
arm-and-longitudinal as

SNRA&L(X K, T, aaﬂn)
SNRdisp(Xa K, T) .

2n

GagL(X,k,T) =

In Fig. 4(c), we show this relative gain in the parame-
ter space (|x|/x,«xt). The arm-and-longitudinal readout
scheme offers a large gain Gagr ~ 400 at k7 < 1 (not
shown), similar to the relative gain of arm-and-release, a
consequence of the finite armed photons. Overall, arm-
and-longitudinal performs better than dispersive readout,
except in the region of large | x |/« and short measurement
times, which is delimited by the gray contour in Fig. 4(c).
In particular, in the region where the advantage of arm-
and-release over dispersive readout was not guaranteed,
now arm-and-longitudinal is the best of the three meth-
ods [compare Figs. 4(a) and 4(c)]. In short, qubit cloaking
always allows us to improve the readout fidelity regard-
less of the value of | x |/« and the measurement integration
time.

We stress that even a modest gain Gagr ~ 2 will yield
a large improvement for the measurement discrimination
error. This is illustrated in Fig. 3, which shows the assign-
ment error £, for | x|/« = 3, where arm-and-longitudinal
gives an improvement of several orders of magnitude at
intermediate to long times. In fact, for a large SNR, E,, =
(1/2)erfc(SNR/2) ~ e‘SNR2/4/(ﬁSNR), which means
that a larger prefactor in the long-time scaling of the
SNR can have a huge impact in the reduction of the
error.
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C. Arm-and-release versus arm-and-longitudinal:
Which one should you use?

The results of the previous two subsections are summa-
rized in Fig. 4(d), where we show the ratio

gA&L(X s K, T)
gA&R(X’ KT)
SNRa&L (X, &, T, 0tarm)

G(x,k,7) =

= (22)
max {SNRagr (X, 4, T, ¥arm)}

®arm

between the SNRs of arm-and-longitudinal and arm-and-
release. Together, these two schemes always provide a
better strategy than standard dispersive readout on cur-
rent superconducting circuit experiments. All that is left is
thus for us to make the recommendation of how, given the
device parameters |x|/k and a target measurement inte-
gration time, to make the more out of this pair of schemes.
The gray contour in Fig. 4(d) indicates G(x, k, ) = 1, sep-
arating the region where arm-and-longitudinal or arm-and-
release is more advantageous. In the case where arm-and-
release is the preferable choice, one can resort to Fig. 4(b)
to identify the appropriate arming amplitude yielding the
maximum improvement.

As an example, the experiment of Ref. [9] has per-
formed readout of a transmon qubit with |x|/k = 0.42
in kT = 11.31 and 20.73 with 98.25% and 99.2% aver-
age fidelity, respectively. In Fig. 4(d), we show these
two configurations (black stars), with our recommendation
being arm-and-release and arm-and-longitudinal, respec-
tively. We also indicate with a red dot the parameters of the
qubit cloaking experiment in which arm-and-release has
been used [7]. In all cases, the expected gain on SNR over
dispersive readout is in the 20-30% range. Albeit modest,
it can signify a large improvement in the discrimination
error and thus the readout fidelity, as mentioned in the dis-
cussion of Figs. 3(d)— 3(f). Depending on the value of the
SNR, the error can be reduced by up to 8%.

VI. FULL SYSTEM DYNAMICS

To simplify the presentation, the above discussion relies
on the following three approximations: (i) truncation of
the multilevel nonlinear system to a two-level system, (ii)
the rotating-wave approximation, and (iii) the dispersive
approximation. We now show that the readout trajectories
can be made longitudinal-like even without using these
approximations. As a concrete example, we consider a
transmon qubit [42] coupled capacitively to a cavity with
the Hamiltonian (A = 1)

Hy = wa'a+ 4Ech? — E; cos(@y) + igh (@' — a).
(23)

(a) 2 (b)
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FIG. 5. Numerically obtained paths of the cavity-pointer states

in phase space using a transmon multilevel Hamiltonian, no
RWA, and no dispersive approximation for arm-and-longitudinal
(full lines) and standard dispersive readout (dashed lines). In
(a) [(b)], we use «/2m = 1 MHz (10.1 MHz), and for arm-and-
longitudinal readout we choose n,, = 2 (1), which is in between
zero photons and the maximum number attained 7, = 4 (2).
This results in |x,,, |/x = 3.286 in (a) and 0.326 in (b). For the
standard-dispersive-readout case, we use w;/2w = 7.665 GHz
(7.666 GHz) and ¢,/27 = 4.876 MHz (15 MHz) for (a) [(b)].
All the other system parameters read as follows: E;/2m =
16.93 GHz, E¢/2mr =200.4 MHz, g/2m = 159.1 MHz, and
w, /27 =7.655 GHz.

In this expression, 7, and ¢ are the transmon charge
and phase operators, and E¢, E;, and g are the charg-
ing, Josephson, and coupling frequencies, respectively
[3]. To this Hamiltonian, we add the cavity drive term
H, (1) = ie, (¢) sin(w /) (a" — &) and we solve numerically
the Lindblad equation

ap = —ilHy + H\ (1), p] + «D[al(p). (24

We modulate ¢;(#) as in Eq. (13). Given that the arming
time does not factor into the readout time, we begin our
simulation for arm-and-longitudinal, shown in Fig. 5(b),
with a preloaded cavity, and simulate the readout dynamics
following the release of the cloaking mechanism.

In Fig. 5, we show the numerically obtained read-
out phase-space trajectories for arm-and-longitudinal (full
lines) and standard dispersive readout (dashed lines) for
two values of the ratio |x,, |/« ~ 3.3 [Fig. 5(a)] and
[ Xnae /K 2 0.3 [Fig. 5(b)]. Here, x,, is the numerically
obtained dispersive shift evaluated at a target photon num-
ber ng,, (for details, see Appendix C). The colored dots
correspond to times ¢t =0, 0.5, 1, 2, 3.5, and 10, in
units of 1/k. This figure shows that even when using
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the full transmon Hamiltonian and not using the rotating-
wave or dispersive approximations, the readout trajectories
can be made longitudinal-like via the modulation of the
drive amplitude, as in Eq. (13). Moreover, in agreement
with Figs. 3 and 4, the best improvement of arm-and-
longitudinal over standard dispersive readout is obtained
for long times when |[x|/k > 1, as is evident here from
the much larger separation of the average cavity ampli-
tudes for arm-and-longitudinal readout in Fig. 5(a) [note
the change in vertical scale between Figs. 5(a) and 5(b)].
The only system parameter that we change in Figs. 5(a) and
5(b) is x /27, taking values 1 MHz and 10.1 MHz, respec-
tively. We note that the asymmetry observed between the
ground- and excited-state paths in phase space is due to
Purcell decay, which affects both dispersive and arm-and-
longitudinal readout in similar ways. As discussed in Ref.
[7], qubit cloaking and thus arm-and-longitudinal works
with minimal change in the presence of a Purcell filter.

VII. DISCUSSION AND OUTLOOK

We have studied the arm-and-release and arm-and-
longitudinal readout schemes, which are derived from
qubit cloaking [7]. Both are a direct consequence of our
ability to prearm the cavity with photons in anticipation
of the readout dynamics. These two approaches comple-
ment each other and together offer a modest advantage
over standard dispersive readout for all values of the ratio
|x|/x and measurement times. Since qubit cloaking relies
on standard circuit-QED hardware [7], this advantage can
be achieved free of hardware overhead, i.e., no alteration
to this architecture is required. Arm-and-longitudinal is
realized by a slow turn-off of the cavity readout drive.
The resulting control over the cavity mean photon popula-
tion makes this scheme suitable for preventing undesirable
measurement-induced transitions and qubit ionization. We
thus hope that our results will help current and future
circuit-QED experiments to perform readout at or close

to the state-of-the-art level while relaxing some parameter
optimizations.

An interesting future avenue of research that might yield
improved readout schemes is to exploit the complementar-
ity of the two schemes discussed in this work. The combi-
nation of rapid evolution under arm-and-release for short
times, k7 ~ 2, followed by time modulation of the drive
amplitude, could bring together the best of both schemes.
This hybrid strategy is guaranteed to succeed provided that
Im[ag ()] = Im[a.(#)] is treated as a new initial condi-
tion for the dynamical problem [cf. the discussion around
Eq. (13)].

The longitudinal phase-space evolution of the cavity
amplitude during arm-and-longitudinal may also be use-
ful beyond the task of qubit readout. For instance, the
error-correction cycles with the GKP code use phase-space
motions of the cavity amplitude that are quasilongitudi-
nal [43,44]: it is interesting to explore the extent to which
these error-correction schemes might see an improvement
using the protocol presented in this work. Furthermore, the
longitudinal phase-space motion could also be useful in
implementing cavity-assisted two-qubit gates that rely on
the geometric phase of the cavity field [45].
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APPENDIX A: MEAN PHOTON NUMBER AND SIGNAL-TO-NOISE RATIO FOR
ARM-AND-RELEASE READOUT

In this appendix, we present the expressions for the time dependence of the mean photon number and the SNR for
the arm-and-release scheme, as well as for standard dispersive readout, which is recovered in the limit oy, — 0. The
mean photon number is directly computed from Eq. (7) as (f) = |a(¢)|* and we obtain

2
-~ _ €] — Kt 2 —«t
nA&R(t) - X2 +K2(1 +e 2 ) +aarme

s o [sin (o) o (4) = e ] = 26y cos () e

(AD)
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The SNR is computed directly from Eq. (9). We find that

SNR; Ix? 4ex? p
AR = 281X IV 281X 23 [K B (K cos (£r> — X sin (ir» e_jr]
8k k%2 + x?) (x? +«?) 2 2
elx?

deli x
_ —(X2 n K2)3 [X - (COS (ET
ek x
(2 + k2)}
el
2(x* 4«23

4aarm81 X

_l’_

[x* = (x* +«?

[x* 42k — (x* + &> + k*cos(xT) — xksin(x1)) e 7]

X ) + K sin (g‘[)) e*%r]
[X — (xcos(xt) +« Sin(Xr))e_”]

— k% cos(xT) + K x sin(x 'c))e_’”]

+ T [X — (X cos (%r) + k sin (%r)) e_%’]

__Yam1X
(X2 + K2)2
+ agrln
2 (x% +«?)
_ Qarm€1
(X% + «2)?

APPENDIX B: EXPLICIT FORM OF THE DRIVE
AMPLITUDE FOR ARM-AND-LONGITUDINAL
READOUT

As mentioned in Sec. IV, our starting point is the
equation of motion for the intracavity-field amplitude with
a resonant drive, w; = w,, given by

dg,e = _(:FlX/z + K/Z)ag,e + i81 (t)/2, (Bl)

and its formal solution,

@ (f) = a(0)e 5+ 4 %/ D (.
0 (B2)

where ag(f) = a.(t; x — —x). Furthermore, given that
our initial condition is Re[a(0)] = 0 and Im[« (0)] = aarm,
where o, 1S a positive real number, we achieve our goal
of making the trajectories separate along the X quadra-
ture if the condition Im[ag ()] = @arm is satisfied for all
times ¢ > 0. This immediately implies d/dflm[x(f)] =0
and after plugging this into Eq. (B1), we obtain

€1() = xRe[a ()] + kIm[a (1], (B3)
where we have dropped the sign dependence on , as this
will not affect the final outcome, which is qubit-state
independent.

[X2—(X2+K2—

[X — (x cos(xt) + Kk sin(x 7)) e*’”]

[x> = (x* +«* — k> cos(xT) + k x sin(x1)) e ]

% cos(x ) + K x sin(x 'r)) e_”] . (A2)

At this point, we split Eq. (B2) into its real and imagi-
nary parts, and plug them into Eq. (B3) to obtain

t
£1(1) = 2emK (1,0) + / Gtk D (D), (BA)
0
where the kernel reads

K1) = % [X sin (%(z — r)) + k cos (%(r— 1’))]

x e 200, (B5)
The expression in Eq. (B4) is a Volterra integral equation
of the second kind (see Ref. [46, Chap. 16]). Importantly,
this kernel is separable, meaning that it can be written as

L
K1) =Y GWi(), (B6)
=1

for some integer L and some functions {G;} and {;}. This
fact is a sufficient condition for the integral equation to
have a unique solution (see Ref. [46, Chap. 16]). This
solution reads

2
Qarm X

et = (1 _ e—%f> Faamk,  (B7)

given in Eq. (13).
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APPENDIX C: NUMERICAL DETERMINATION
OF x FOR THE FULL-COSINE TRANSMON
MODEL

With the approximations introduced in Sec. II, the dis-
persive interaction takes the usual form of approximately
x6+t6~ata, where the dispersive shift x is independent
of the photon number. Here, for a multilevel system,
using perturbation theory to approximately diagonalize the
system Hamiltonian gives

UH U~ @d'a+ Y &li) il + Y nxinlin) (inl,
i in

(CDH

where @, is the Lamb-shifted cavity frequency and the dis-
persive interaction x;, now depends on the cavity Fock
number z [3]. Here, {€;} and {|i)} with i = g,e,f ,... cor-
respond, respectively, to the Lamb-shifted energies and
the eigenstates of the transmon Hamiltonian 4Ecn, —
E; cos(@y). The actual eigenstates of H,, labeled |i,n) =
U |i,n), have associated eigenvalues €5 ~ (@r + xin)n +
€; according to Eq. (C1). We can define energy branches
for each of the transmon states (see Ref. [22]). The branch
associated with the transmon being in the ground (excited)
state corresponds approximately to cavity energies (o, +
Xg(e),,)N. Choosing an optimal drive frequency for read-
out with a target Fock number ¢, corresponds to using
@1 = @ + (g T Xear)/2, €xactly in between the two
branches at that Fock number. The full dispersive shift at
Niar 18 gIVEN BY Xpu = Xemar — Xgmar- 10 the modulation
of the drive amplitude [see Eq. (13)], instead of x, we
use X, Wwith a chosen n,. Our protocol works perfectly
well as long as y, does not change dramatically from the
initial n ~ 72 = |am|*> mean photon number to the steady-
state n ~ n® = ny, maximum mean photon number. In
particular, the dynamics should not lead to photon num-
bers that are so large that transitions to higher transmon
energy levels (i = f, .. .) are induced [4,8,21-23].
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