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We theoretically investigate a near-quantum-limited parametric amplifier based on the nonlinear dynam-
ics of quasiparticles flowing through a superconductor-insulator-superconductor junction. Photon-assisted
tunneling, resulting from the combination of dc- and ac-voltage bias, gives rise to a strong parametric inter-
action for the electromagnetic modes reflected by the junction coupled to a transmission line. We show
phase-sensitive and phase-preserving amplification, together with single- and two-mode squeezing. For
an aluminum junction pumped at twice the center frequency, wy/2m = 6 GHz, we predict narrow-band
phase-sensitive amplification of microwaves signals to more than 20 dB, and broadband phase-preserving
amplification of 20 dB over a 3-dB bandwidth of 1.2 GHz. We also predict single- and two-mode squeezing
reaching more than —12 dB over a 3-dB bandwidth of 5.3-GHz. Moreover, with a simple impedance-
matching circuit, we demonstrate a 3-dB bandwidth reaching 4.3 GHz for 20 dB of gain. A key feature of
the device is that its performance can be controlled in situ with the applied dc- and ac-voltage biases.
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I. INTRODUCTION

Many of the advances of quantum computation based
on superconducting qubits rely on the ability to readout
the qubit state by measuring microwave photons leak-
ing from a superconducting resonator [1]. Because of the
development of near-quantum-limited Josephson paramet-
ric amplifiers (JPAs) [2—6], high-fidelity single-shot qubit
readout is now possible [7,8]. These amplifiers are, more-
over, finding use in a wide range of applications, from
measurement of quantum features in the radiation emit-
ted by mesoscopic conductors [9—13] to the detection of
small ensembles of electronic spins [14], and even to the
search for dark matter [15]. JPAs are also versatile sources
of single- and two-mode squeezed states [5,16], which
have been used to confirm decade-old predictions in quan-
tum optics [17,18] and to improve electron-spin-resonance
spectroscopy [14]. Theoretically, squeezed states were
proposed as a resource to improve qubit readout and
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to perform high-fidelity gates [19—21] or as basis for
continuous-variable quantum computing [22,23].

Current JPAs are able to amplify signals to more than
20 dB, and to squeeze vacuum fluctuations by 7 dB (12 dB)
in single-mode (two-mode) experiments [5,24]. However,
in these devices, the amplification bandwidth is limited to
hundreds of megahertz [25-27]. At the price of increas-
ing device-fabrication complexity, much-larger amplifica-
tion bandwidth, exceeding 3 GHz, has been demonstrated
with the recently developed Josephson traveling-wave
parametric amplifier [28]. The development of a sim-
pler quantum-limited microwave amplifier, generating far-
separated two-mode squeezed states and capable of ampli-
fying signals over gigahertz bandwidths, is still needed to
further advance quantum-information-processing science.
It would also be an important tool to better character-
ize the radiation emitted by mesoscopic conductors, for
which there is an increasing body of interesting predictions
[29-33]. Here we propose a simple broadband parametric
amplifier consisting of a single dc- and ac-voltage biased
superconductor-insulator-superconductor (SIS) junction.
The device can be operated in both phase-sensitive
mode and phase-preserving mode and can be used for
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FIG. 1. Electrical scheme of the device: a SIS junction is dc-
voltage biased close to the onset of quasiparticle transport eVg, ~
2A, while it is ac pumped with a single tone V. cos 2wt. Current
conservation at the coupling node (x = 0) allows us to relate the
transmission-line outgoing field aqy to its incoming field a;, and
the current flowing through the junction 7.

near-quantum-limited amplification and two-mode squeez-
ing in a bandwidth of a few gigahertz.

The proposed setup, illustrated in Fig. 1, operates as
an amplifier in reflection mode. Parametric amplification
is possible by taking advantage of the strong nonlinear-
ity of the transport characteristics of the junction. To this
end, we consider a dc-voltage bias Vg smaller than twice
the superconducting energy gap A. At this bias point, the
junction behaves as an open circuit and the conduction
of quasiparticles is enabled by pumping it with a sinu-
soidal ac voltage V,.(f) = Vi, cos2wpt, where wy is the
center measurement frequency. This voltage combination
gives rise to modulations of the admittance of the junction
Y, (@ — 2nwy), with n the nth sideband of the pump, which
generates ac-quasiparticle current at frequency w — 2nwy.
As we show, the most-important terms are Y;(w — 2wy),
which is related to the coherent conversion of one quan-
tum of energy 2hwy from the pump to two photons of
frequencies w & wy, and Yy(w), which is related to single-
photon coherent (imaginary part) and dissipative (real part)
response due to the tunneling of quasiparticles. By appro-
priately choosing the dc voltage to be less then twice
the superconducting gap, we demonstrate that it is pos-
sible to make |Y;(w — 2wy)| large enough while keeping
ReYy(w) close to zero to generate parametric amplification
with near-quantum-limited noise and squeezing. Further-
more, ImYy(w) gives rise to a large frequency-dependent
impedance mismatch that limits the gain and squeezing
bandwidths. Fortunately, as we show in Sec. III C, this
frequency-dependent impedance mismatch can be handled
with an impedance-matching scheme.

It is surprising that even though SIS junctions are rou-
tinely used as high-frequency microwave quantum-limited
mixers [34,35], using a very similar principle, their oper-
ation as parametric amplifiers have been mostly disre-
garded [36,37]. Here we use the input-output formalism
[38] together with photon-assisted tunneling theory [39]

to compute the parametric amplification and squeezing
properties of an ac- and dc-voltage biased SIS junc-
tion [40]. The resulting Heisenberg-Langevin equations
[41] are numerically solved, allowing us to explore para-
metric amplification far from the small detuning limit
considered previously [36,37]. For an aluminum junc-
tion (A = 180 ueV ~ h x 43.5 GHz) pumped at 2wy =
27w x 12 GHz and operated at temperatures 7 << A /kg,
with kp the Boltzmann constant, we find that when it is
operated in experimentally relevant conditions, the device
can produce more than 20 dB of phase-preserving and
phase-sensitive gain, and approximately 13 dB of single-
and two-mode squeezing. In the phase-preserving mode,
the 3-dB gain bandwidth exceeds 1.2 GHz and, therefore,
it is twice as large as the bandwidth of the broadband-
impedance-engineered JPA [27]. Moreover, the 3-dB gain
and squeezing bandwidths can be increased to 4.3 GHz
with impedance-matching schemes to compensate both the
geometrical capacitance C and the dynamical susceptance
ImY; of the junction [27].

This article is organized as follows: In Sec. II we
describe the input-output formalism used to characterize
the device. Section III A presents results for an ideal SIS
junction for which the transport response rises steeply
at eV, = 2A — nhwy. The effects of the low-frequency
noise, which captures most of the nonideal effects, on
the amplifier is described in Sec. III B. An approach to
improve further the performance of the amplifier relying
on impedance engineering is presented in Sec. III C. Final
remarks are presented in Sec. IV.

I1. MODEL

We consider a SIS junction in parallel with its capaci-
tance and connected to a transmission line (TL), see Fig. 1.
The total Hamiltonian of the device is H = Hgp + Hee +

Hyun, where
A~ AT A A A
Hyp = Z €1C;C1 + Z eycjcr (D)
! r

describes the quasiparticles in the left (/) and right ()
superconductors forming the junction. In this expression,
¢; (¢,) annihilates a quasiparticle of energy ¢; (¢,) in the
left (right) superconductor. The Hamiltonian describes the
dynamics of quasiparticles. However, Cooper pairs are
also present and interact with the electromagnetic field.
Since we are interested in signals of frequency wy < A/h
amplified or squeezed by operating the junction close to the
onset of quasiparticle transport eVy. &~ 2A, we ignore the
effects from the tunneling of Cooper pairs whose Joseph-
son frequency is approximately 4A /i >> 2w,. Experimen-
tally, the effects of Cooper pairs can be further suppressed
by the passing of one flux quantum within a SIS junction
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[40]. This suppression can be done either by fabrication of
the junction in a superconducting-quantum-interference-
device geometry or by application of an in-plane magnetic
field to the junction [35].

The Hamiltonian of the electromagnetic environment,
which includes the TL and the capacitor C of the junction,
is

Q=0 / 1(a<i>(x>>2 O ()
dx | — +
“2c T, 2L\ ox 2C,
)

The first and second terms account for the charging energy
of the capacitor and the TL dynamics. The charge Q(x)

A
HEC -

and flux <i>(x) operators obey [dAD(x),Q(x’)] =ihs(x — x').
The TL characteristic impedance Zy = +/Ly/C is defined

in terms of its inductance Ly and capacitance Cy per unit
length. Finally, the last term in the total Hamiltonian is the
tunneling of quasiparticles dressed by the environment and
it takes the form [42]

Hyn = T () explie® (1) /] + Hoc., 3)

where 7 (H = Z,’r t;,.é;r?:, expli[eVict/h + @ac(®)]} is the
tunneling operator transferring a quasiparticle from the
right to the left side of the junction with tunnel-
ing probability amplitude ¢, = t,;. The phase @,.(¢) =
(eVac/2hwy) sin 2wyt takes into account the ac voltage, and
CiD(t) = CiJ(t,x = 0) is the TL flux at the position of the
junction.

In the interaction picture with respect to I:Imn, this TL
flux is written in terms of the incoming a;,[w] and outgoing
Qou[w] fields as [38]

5 [hZy [ d .
d(t,x) = 4_0/ Tci (ain[w]e—t(wt+kwx)
T 0 w

+agu[wle @Y + He.), 4)

where £, LoCy is the wave number. The incom-
ing (outgomg) field obeys the commutatlon rela-

tion [ain[w], a [w 1= — o) {[dgo|w],a out[ w']] =46
(0 — )}

To characterize the radiation emitted by the junction, we
use the input-output formalism adapted to circuits coupled
to quantum conductors [31,43,44]. To obtain the input-
output boundary condition, the first step is to derive the
Heisenberg equations of motion for both TL charge and
flux at the position of the junction (x = 0). The resulting
equations are combined to express current conservation

1 9dy(s
Codix=0)— LIPEY
L() ox

=1, (5)
x=0

which connects the outgoing field to the incoming field
and the current of the junction /,;(¢). Using Eq. (4), we can
express Eq. (5) as an input-output relation:

I[o]
1- iZoCa)’

1+izZyCw . Zy

&out[w] = .—ain[w] +1

— 6
1 —iZyCw 7 hw ©)

where 1 7[w] is the Fourier transform of 1 ;7 (¢). The first term
describes the phase shift due to the reflection of the input
field by the capacitor. The last term characterizes the radia-
tion emitted by the junction and it gives rise to both current
fluctuations and a deterministic response to the applied
voltages [43,44].

The current 7,[w] depends not only on the dc and ac

voltages but also on the TL voltage, I7TL (Hn = CfD(t), imply-
ing that 1 7[@] and aj,[w] do not commute. To circumvent
the noncommutation between 1, [@] and aj[w], we take
advantage of the weak TL-junction coupling /7 Zy/Rx <
1 (for a typical Zy =50 @ TL impedance [9,10], with
Rg ~25.8 k2 the quantum of resistance) and compute
I[w)] to second order in the TL-junction coupling [32,43].
In the time domain and for weak coupling to the environ-
ment, the current operator, in the Heisenberg picture, takes
the form

L) = I + H“‘“(t)cb(t) (7

where I,(1) = i(e/m)[T (1) — HeJand Y (6) = T () +
H.c. are, respectively, the quasiparticle current and tunnel-
ing operators in the absence of TL voltage. The final step
is to time-evolve I, (f). With use of linear-response theory,
the quasiparticle operators are time-evolved, in the inter-
action picture, with the interaction Hamiltonian Hiy(7) =
—}ép(t)éi (f), where superscript i means the operator in
the interaction picture. Once more, we take advantage of
the weak TL-junction coupling and the short interaction
time between the quasiparticles and photons to expand the
time-evolution operator to first order in dADi(t) to obtain

Lty =Ti,0) + Hmn(’)(t)qJ ®

i ! i Ti Ti /
-+ f HOU O 0l ®)

The first term is the current operator due to quasiparti-
cle tunneling and it depends on the ac- and dc-voltage
biases, while the last two terms describe modifications of
the current fluctuations due to the TL field. In the weak-
interaction limit considered here, we average over the
quasiparticle operators in the terms proportional to & (7);
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that is,

4 4i e - tun(i) f o\ &yi
Ij(0) = 13, () + ﬁ(qu 0))®'(0)

t

) ' (W[, TNl . (9)

This approximation is equivalent to the Born-Markov
approximation [32,43]. Under these approximations, the
current operator is written in frequency space as

oo

Lol =Tl = Y Ya(@ - 2nw0) Vi [0 — 2nam),

T (10)

where iép[a)] and Vﬁ[w] are the Fourier transforms [45] of
icilp(t) and IA/iTL(t), respectively. The generalized admittance

Y, (@) = i / doy Sy(w1) — Sjn(znw() - (f)l) (11
h) 27 (w1 +o+i0%)(w) +i07)

relates the current response at frequency w to the

TL-voltage dynamics at frequency w — 2nw, [44]. The

admittance is defined in terms of the photon-assisted

current-current correlator (jép(w)fép(w’)) =27, Su(w)

8(w + @' — 2nwy), where

1 [e.¢]
Su@) =5 > I (D) 4n(0)Seq(heo + eVge + 2m Feoy)

np=—0oo

+ Jnl—n(p)Seq(hw - eVdc - 2n1hw0)] (12)
is nonsymmetrized photon-assisted current noise
[32,43,44]. It is defined in terms of the Bessel func-
tion J,(p = eVac /2hw) and the equilibrium current noise
Seq(@) = 2e{lgy[w])/[1 — exp (—hw/kpT)] [46].
Equation (10) describes the linear response of the junc-
tion due to TL-voltage fluctuations. In the absence of ac
voltage, the linear response is strictly local in frequency
with Y, 20(@ — 2nwy) = 0. On the other hand, the addition
of the ac bias leads to Y,xo(w — 2nwy) # 0 due to TL-
voltage fluctuations at frequencies of the pump sidebands
2nawy. It is important to mention that Y,o(@w — 2nwy) is
nonzero only for nonlinear junctions [44]. Consequently,
in this device, parametric interaction is due to the com-
bination of photon-assisted transport and nonlinearity. For
instance, the nonlinearity converts a single pump photon of
frequency 2wq into two photons of frequency wy [47]. In
the SIS amplifier, this process is characterized by Y (w —
2wp) and allows parametric amplification and squeezing
[32]. As will be clear from Eq. (15), parametric ampli-
fication arises when |Y;(—wq)| ~ |ZO_1 + Yo(wg) — iCawy|.
Figure 2 illustrates the dc-voltage dependence of Y1 (—wy)

FIG.2. Nonlinear admittance as a function of the dc voltage for
an aluminum junction (A = 180 ueV ~ & x 43.5 GHz), eV, =
0.155 x 2hwy, and w = wy = 2w x 6 GHz. On the one hand, as
shown in Sec. 11, ImYy(wp) and ReYy(wy) give rise, respectively,
to coherent and dissipative absorption and emission of single
photons. However, the pumping gives rise to a parametric inter-
action characterized by a sizable nonlinear admittance Y (—wy).
For dc voltages eVy. ~ 2(A — hwy) and with the appropriate ac-
voltage amplitude, the nonlinear susceptance Y (—wy) dominates
over the single-photon coherent and dissipative response Yy (w),
giving rise to parametric amplification and squeezing (see the
inset).

and Yy(wo) for a weak pump amplitude eV, = 0.155 x
2hwy. From the above criteria, parametric amplification
and squeezing occurs for eVy. ~ 2A — 2hwy (see the inset
in Fig. 2). At this dc voltage, single-photon dissipation
ReYy(wy) is approximately zero, which is a necessary con-
dition to reach near-quantum-limited noise and a large
degree of squeezing by virtue of the fluctuation-dissipation
theorem. Unsurprisingly, this dc voltage is also the opti-
mal operational point of SIS mixers [40]. In Fig. 2, the
admittance present discontinuities for dc voltages eVy, =
2A — nhwy. These discontinuities are a characteristic of
photon-assisted transport and nonlinearity. The real parts
exhibit jumps that are replicas of the SIS /-V curve, while
the imaginary parts exhibit logarithmic singularities. In
practice, these discontinuities are rounded by experimen-
tal noise, a finite Dynes parameter [48], finite temperature,
and, in our simulations, numerical precision. Finally, it
is important to emphasize that fqp[a)] and Y, (w — 2nwy)
depend only on the quasiparticle dynamics determined by
Hgyp —l—Hqt;“(t) and on the intrinsic characteristics of the
junction (e.g., the superconducting gap A and normal-state
resistance Ry).

As mentioned above, parametric interaction emerges
from two-photon processes characterized by Y, (w — 2awy),
while single-photon processes are characterized by Yy (w).
The other nonlocal frequency contributions, from the sec-
ond term in Eq. (10), give rise to conversion processes

034035-4



PARAMETRIC AMPLIFICATION AND SQUEEZING. ..

PHYS. REV. APPLIED 11, 034035 (2019)

where photons of frequency |w| > 2wq are up- or down-
converted to w. As these contributions are detrimental to
amplification and squeezing, we consider that an on-chip
low-pass filter is used to filter all frequencies above 2wy.
As a consequence, we can safely ignore all the contribu-
tions to the current operator originating from »n # 0,1 in
the sum over z in Eq. (10), which takes the form

Ij[w] = I} [0] — Yo(w) Vi [0]

— Y1 (w — 2w0) Vi [0 — 2] (13)
In addition to the low-pass filter, the RyC time of the
junction acts as a high-frequency cutoff. For the results
presented in the next section, we take wgpc = 1/R7C =
21 x 30 GHz as a fixed parameter of the junction, which
is obtained for a normal-state resistance Rr = 50  and
C =100 fF.

Within these approximations, the expression for the
outgoing field in terms of the incoming field and the quasi-
particle current operators is obtained by substitution of Eq.
(13) into Eq. (6). After simple algebraic manipulation, the
outgoing field is

Goulwo + @] = F(@)an[wo + o1+ ¥ (@)a] [wy — ']

+ a(a)/)fqp[a)o + o'+ ,B(a)/)iqp[co/ — wol,
(14)

where o = w — wy is the frequency detuning and the
reflection coefficient

[Zy" — Y (@)][Zy ' + Yi(w)] + T'(w)
[Zy" + Y (@)][Zy ' + Yi(w)] — Do)

rw) =

(15)

where we defined Y;(w) = Yy(w) — iCw, ws = wy ~+
o and w; = wy — ', and T' (o) = Y1(0' — wo) Y} (-0 —
wy). Here, terms proportional to Z; !"and ReYy(w) are the
internal TL decay rates at which the junction absorbs and
emits photons, respectively. The terms proportional to C
and ImYy(w) are related to the geometrical capacitance
and dynamical susceptance of the junction. In the second
term in Eq. (14), we introduced y (@) = 24/ w;/w Y1 (0" —
@0)/ZoAoy, With Aw =25 + Yy (@)][Z " + V()] =
['(w'). As expected, the Fourier coefficient of &jn is propor-
tional to Y;. Moreover, the coefficients of ?qp[w/ + wy] are
(@) = (25" + V(@] and (@) = p;, Yi(@' — o),
with pLe, = i/ Ay /7 Zohws.

Equation (14) is a central result of this paper and shows
that the dc- and ac-voltage biased SIS junction acts as
an amplifier operating in reflection mode. More specifi-
cally, for a fixed frequency detunig o’ # 0, the operators
ain[@’ + wo] and a;[wy — '] commute and can be seen as
the input-signal and the idler-mode operators of a phase-
preserving amplifier [47,49]. In this mode, the gain is

given simply by G(«') = |r(«')|* and the last two terms
in Eq. (14) correspond to added noise beyond the quan-
tum limit A, (o) = [1 — 1/G(«)]/2. To characterize the
effects of quasiparticle tunneling on the performance of
the amplifier, we compute the added noise using the rela-
tion (|dou[]l) = G(®)(A(®) + (lain[]])) [24,49], with

A

(|O|) = (OTO + @@T)/2 and the added noise

2
A@) = Ay + G(Z,) {le(@) S0 (@,)
HIB(@)2So(—w) — 2Refa(@)B*(@)1S1 (@)}

(16)

The terms proportional to Sy(ws), So(—w;), and Si(w;)
are noise generated by the tunneling of quasiparticles,
and they originate from absorption and emission of one
quantum and two quanta of energy hw, by the junction.
As expected, the quasiparticle noise S,(w) increases the
added noise of the amplifier. Thus, to mitigate the effects
of the quasiparticle noise, the operational voltages of the
device are such that Sy(ws), So(—w;) and S (wy) are as
small as possible. To characterize the deviation of the
quantum limit, we define the quantum efficiency of the
parametric amplifier as £ = A,(w)/A(w). For an ideal
phase-preserving amplifier £ = 1 and in the presence of
quasiparticle noise & < 1.

For o’ =0, ajz[wg] and EziTn[wo] do not commute, and
the first two terms in Eq. (14) rather characterize an ideal
phase-sensitive amplifier [47,49]. In this operational mode,
the gain G(0) is defined as a combination of 7(0), y (0), and
the phases of the input and output fields [24]. The added
noise is given by a linear combination of the two last terms
in Eq. (14) and it also depends on the input- and output-
field phases [24].

To better characterize the radiation emitted by the SIS
amplifier, we compute the output power spectrum Sy (w),
defined in terms of (AXp[w]AXy[@1]) = Sp(w)d(w +
w1), where Xy[@'] = e agu[e + wo] + e"f’aim[wo — ']
is the output-field quadrature with fluctuations AKXy [w] =
)?9[6()] — (Xg[w]) and 6 is the phase of the output field.
Similarly to amplification, the emitted radiation can be
characterized by a single-mode Sy(w’ = 0) < 1 or a two-
mode Sy (' # 0) < 1 squeezed state.

II1. RESULTS

We first present results for an ideal SIS junction, with
transport response rising steeply for voltages eV, = 2A —
nhwy as illustrated in Fig. 2(b). We then investigate
how gain and squeezing properties are affected by low-
frequency noise, which smooth out the transport response
of the junction and, consequently, diminish the strength of
the parametric interaction. Lastly, an impedance-matching
scheme is presented. This scheme is used to match both
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the geometrical capacitance (C) and the dynamical sus-
ceptance [ImYj(w)] of the junction, thus leading to much
larger bandwidths.

A. Ideal SIS junction

Before considering the general frequency-dependent
amplification and squeezing, we present results for zero
frequency detuning (o’ = 0). First, we investigate the
effect of the strength of nonlinearities on the phase-
sensitive mode. Figures 3(a) and 3(b) illustrate, respec-
tively, the phase-sensitive gain and single-mode squeezing
as a function of A /hwy when V,. is optimized to max-
imize single-mode squeezing for eVy. = 2A — 1.999hwy
(see the horizontal solid line in Fig. 4). This dc voltage is
in the vicinity of the logarithmic singularity shown in the
inset in Fig. 2; its choice is explained in Fig. 4. In Fig. 3,
A varies while wy/2m is kept fixed at 6 GHz. Already at
small A /hwy >~ 2 we observe more than 10 dB of amplifi-
cation and approximately —8 dB of squeezing. As A /hwy
increases, the strength of the nonlinearities giving rise to
parametric interaction increases, thus enhancing gain and
squeezing as illustrated in Fig. 3. Thus, increasing A leads
to an increase of the parametric interaction strength pro-
motional to Y;(w). For A/hwy = 20, amplification and
squeezing reach approximately 27 dB and —13.5 dB,
respectively. Here the filled area corresponds to wg/2m
in the 4-10-GHz range for an aluminum junction with
A/h =~ 43.5 GHz. A larger value of A can be obtained
by reduction of the thickness of the aluminum layer [50]

m
Z _qob
ep
g -2
193]
—H 5 10 15 20
A/hw()
FIG. 3. (a) Phase-sensitive gain and (b) single-mode squeez-

ing as a function of A/hwy for wy/2mw = 6 GHz. The filled
area corresponds to values for an aluminum superconducting
junction (A = 180 peV) for wy/2m in the 4-10-GHz range
and the dashed line marks wy/2w = 6 GHz used to investigate
the frequency-dependent gain and squeezing. For each value of
A /hawy, the dc voltage is fixed to eVy, = 2A — 1.999hw, and
the ac voltage is optimized to maximize squeezing. The optimal
ac-voltage amplitude diminishes as A /hw, increases (not shown
here).

or with a different superconductor. The dashed line corre-
sponds to wy/2m = 6 GHz, the value used to investigate
the frequency-dependent features of the SIS amplifier. The
optimal ac voltage decreases as A/hw, increases (not
shown).

For the remainder of this article, we consider an alu-
minum SIS junction with wy/27 =6 GHz (A /hwy ~
7.2). To further gain insight into the parametric amplifier
operational voltages, we investigate the dc- and ac-
voltage dependence of single-mode squeezing and phase-
preserving gain at zero frequency detuning o' = 0.
Figure 4 shows contours of constant gain (dashed lines)
and squeezing (solid lines) in the vicinity of the logarith-
mic singularity eVg. = 2(A — hwy).

We first investigate the phase-preserving gain. The dif-
ferent voltage points realizing a given gain do not result
in the same device performance, which are characterized
by quantum efficiency and 3-dB bandwidth. The former
increases when the quasiparticle noise terms in Eq. (16) are
reduced. By virtue of the fluctuation-dissipation theorem,
noise is related to the dissipation ReY,. Figure 4 shows
that, in the voltage range of interest, ReY) is nearly inde-
pendent of dc voltage and increases with increasing ac
voltage. Accordingly, along a contour of constant gain,
going to lower ac voltage increases the quantum efficiency.
Remarkably, we find numerically that it also increases the
3-dB bandwidth. In principle, in the limit V,. — 0%, one
would get perfect quantum efficiency, £ = 1. However,
for a given gain, decreasing the ac voltage requires the
dc voltage to be set increasingly closer to the logarithmic

RrReY)
=7 0.15

0.008

0.10 0.15 0.20 0.25 050 — 000

CVAC/QMU

FIG. 4. Dc- and ac-voltage response of an aluminum SIS
junction with wy/2mr =6 GHz (A/hwy~ 7.2) and o’ = 0:
single-photon dissipation ReY; (heat map), phase-preserving
gain (dashed contours), and squeezing (solid contours) near the
logarithmic singularity eVy. = 2(A — hwy). Gains from 5 to 20
dB and squeezing between —10 and —13 dB are represented
by, respectively, constant values indicated in decibels next to
the contours. The thick-solid line indicates voltages where the
phase-preserving gain becomes extremely large.
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singularity. At some point, the logarithmic singularity is
smoothed out by experimental noise on the dc voltage
or nonideal /-V curve (finite Dynes parameter). This will
set the best experimental performance of the device. For
the remainder of the paper, the dc voltage is set to the
experimentally relevant value eVy. = 2A — 1.999hw, and,
consequently, gain and squeezing are tuned in sifu by our
varying the ac voltage V. (horizontal line in Fig. 4).

We now turn to squeezing. Similarly to quantum effi-
ciency, squeezing is strongly sensitive to the quasiparticle
noise terms, which are related to ReY,. For a given V,,
ReY, is almost constant. As a consequence, we expect
squeezing to be maximum for the dc voltage giving infi-
nite gain (thick-solid curve in Fig. 4, where the denom-
inator of the gain, G(w) = |r(w)|?, tends to zero; that
is, | Yi(—wy)| = |ZO_l + Yo(wp) — iCwy|). At infinite gain,
an ideal amplifier would also produce infinite squeez-
ing; however, the finite quasiparticle noise (ReY,) bounds
squeezing. Analogously to quantum efficiency, maximum
squeezing will thus continuously increase by lowering of
the ac voltage at the expense of setting the dc voltage closer
to the logarithmic discontinuity. Also infinite squeezing
could be achieved in the limit ¥, — 07, and the maximum
experimentally achievable value will be bounded by the
smoothing of the logarithmic singularity. Squeezing reach-
ing -15 dB could be achieved with the current experimental
setups.

Figure 5 shows phase-preserving gain, quantum effi-
ciency, and squeezing as a function of frequency detuning
for eVy. = 2A — 1.999hw, and several ac-voltage ampli-
tudes: p = eV,./2hwy ~ 0.151, 0.168, 0.178, 0.184, and
0.188. The gain, Fig. 5(a), is observed to increase with
increasing ac-voltage amplitude, while its 3-dB bandwidth
decreases. In the 20-30-dB range, the gain-bandwidth
product is approximately constant, equal to 12 GHz. This
value is 87% larger than the gain-bandwidth product of the
broadband-impedance-engineered JPA [27]. Figure 5(b)
shows that the quantum efficiency is close to 0.9 in the
3-dB-bandwidth frequency range and nearly independent
of ac-voltage amplitude. This is expected from the small
but finite ReY, observed in Fig. 4. Figure 5(c) illustrates
a far-separated two-mode squeezing with 3-dB bandwidth
reaching approximately 5.3 GHz. Moreover, unlike gain,
squeezing varies only weakly with the ac-voltage ampli-
tude and, after it reaches its maximum value, further
increase of the ac-voltage amplitude reduces squeezing, as
expected from Fig. 4.

B. Effects of low-frequency noise

The results presented in the previous section are
obtained for an ideal SIS junction in the low-temperature
limit kgT <« 2A, for which the transport response is
singular and discontinuous for eVg. = 2A — nhwy [51].

30F (a)

20f % N

Gain (dB)
\
/,

0F = e T

0.95'(b)

< pRe0.151
--= p=0.168

p~0.178
= pr20.184
— p~0.188

Quantum
efficiency
o
[o s}

&

—12} T ~l‘,;';___ —_;_::;‘;1 .=

Squeezing (dB)

=

04 02 0.0 0.2 0.4

FIG. 5. Aluminum SIS junction with wy/2mr =6 GHz
(A /hwy = 7.2): phase-preserving gain (a), quantum efficiency
(b), and squeezing (c) as a function of the frequency detun-
ing from w, for the dc voltage eVy. = 2A — 1.999Aw, and five
different ac-voltage amplitudes, p = eV, /2hwy ~ 0.151 (dotted
line), p ~ 0.168 (dashed-dotted line), p ~ 0.178 (long-dashed
line), p ~ 0.184 (dashed line), and p ~ 0.188 (solid line). These
values of the ac voltage are chosen such that the phase-preserving
gain is, respectively, equal to 10, 15, 20, 25, and 30 dB at zero
frequency detuning w = 0.

However, this is an idealized situation and, in prac-
tice, temperature or low-frequency noise can smooth the
transport response. Here we consider the effects of low-
frequency noise on gain and squeezing properties of the
SIS amplifier. These effects are included by assuming that
the junction interacts with a low-frequency electromag-
netic environment [52] and that the transport properties
are described by the P(E) theory [46]. This approach
has been shown to quantitatively explain the finite Dynes
tunneling density of states [48], usually observed below
the dc-transport gap in a normal-insulator-superconductor
junction and the corresponding smoothing of the BCS
coherence peak [51]. In this approach, the low-frequency
noise modifies the equilibrium current noise to

o0
Sel(w) = / Seq(hw — E)P(E)dE, (17
—00
where P(E) is the probability density of a tunneling quasi-
particle emitting energy E [46].

To model the low-frequency electromagnetic environ-
ment, we consider that it originates from the dc-bias
scheme. In general, the biasing scheme consists of a resis-
tive voltage divider followed by large capacitive filtering
[52,53]. In this situation, the low-frequency impedance
is thus the parallel combination of a resistance with a
large capacitance Cp,. This filtering scheme reduces the
bandwidth over which low-frequency voltage noise is
detrimental to the kilohertz range [53], making the low-
frequency voltage fluctuations fully classical. In this setup,

034035-7



UDSON C. MENDES et al.

PHYS. REV. APPLIED 11, 034035 (2019)

the effect of a low-frequency environment on the transport
properties is described by

P(E) =

(E — E.)*
 4E kT ) (18)

1
——¢C
JATE T Xp(

where E, = €?/2Cy, is the capacitor charging energy. With
this model, the theory developed in Sec. Il remains the
same except for the replacement of Seq(w) by Sgg(a)) in
Eq. (12).

Figure 6 illustrates the effect of a low-frequency envi-
ronment on gain (dashed lines), squeezing (solid lines),
and single-photon dissipation ReY, (heat map) as a func-
tion of dc- and ac voltages. The filtering scheme is
characterized by Cp; = 0.1 nF, corresponding to rms volt-
age fluctuations of /kpT/2Cy ~ 35 nV. As expected,
the low-frequency noise removes the logarithmic singu-
larity at eVy. = 2(A — hwy) (see Fig. 4). Similarly to
the ideal case, single-photon dissipation ReY is nearly
independent of the dc voltage and increases with increas-
ing ac voltage. Maximization of the device performance
will thus again require lowering of the ac voltage. How-
ever, along a contour of constant gain (dashed lines) or
squeezing (solid lines), V,. now has a finite lower bound.
Unlike Fig. 4, where the device performance constantly

RTRCYU
0.008 —0.15
2 o004}
S~
= 0.10
3
LS
' oF
4
(o]
} 0.05
= —0.004f
L
N T 10
S o
—0.008 - . i N Lo
0.10 0.15 0.20 0.25 0.30

CVHC/Qhw()

FIG. 6. Dc- and ac-voltage response of an aluminum SIS
junction with wy/2mr =6 GHz (A/hwy~ 7.2) and o’ = 0:
single-photon dissipation ReY; (heat map), phase-preserving
gain (dashed contours), and squeezing (solid contours) near the
logarithmic singularity eVy. = 2(A — hwy) in the presence of a
low-frequency environment. The low-frequency-noise filtering
scheme is characterized by the capacitor Cp, = 100 pF, which
results in rms voltage fluctuations of 35 nV for 7= 15 mK.
Gains from 5 to 20 dB and squeezing between —10 and —12
dB are represented by, respectively, constant values indicated
in decibels next to the contours. The round-blue dot indi-
cates the maximum-squeezing, approximately —12.3 dB, voltage
point. The thick solid line indicates voltages where the phase-
preserving gain becomes extremely large. The horizontal solid
line marks the dc voltage eVy. = 2A — 1.999%wy.

increased toward £ = 1 and infinite squeezing by set-
ting the dc voltage closer and closer to the logarithmic
singularity eVy. = 2(A — hwy), here we expect approxi-
mately constant performance when 2(A — hiwg) < eVge S
2A — 1.999wy. The presence of low-frequency noise
bounds the squeezing to a maximum value of approxi-
mately —12.3 dB (round-blue dot). The maximum squeez-
ing depends strongly on the filtering capacitor Cp, and it
decreases for smaller capacitances. In contrast, the gain
remains tunable to any value up to infinity by the dc
and ac voltages at the expense of increasing single-photon
dissipation ReYj.

We now investigate the effects of the low-frequency
noise on the frequency-dependent properties of the ampli-
fier. Figure 7 illustrates the gain, quantum efficiency, and
squeezing for eVyg. = 2A — 1.999hAw, and three different
filtering capacitances: Cy; ~ 1 nF, Cp; ~ 0.1 nF, and Cp; ~
10 pF. The ac voltage is set to give 20 dB of gain at
zero detuning. These results are compared with the ideal
case (solid line), where the junction does not interact with
the low-frequency environment. For an aluminum junction
(A /hwy ~ 10.9) and T = 15 mK, Cp, ~ 1 nF corresponds
to rms voltage fluctuations of +/kgT/2Cp; ~ 11 nV (dot-
ted line), and the gain, added noise, and squeezing are
only weakly affected by the low-frequency environment,

— Ideal
ceee Cpp=110F
Cp=0.1nF

Quantum
efficienc

Squeezing (dB)

04 02 0.0 0.2 0.4
(W - w(])/wo

FIG. 7. Aluminum junction (A /hwy ~ 10.9): gain (a), added
photon number (b), and squeezing (c) as a function of fre-
quency detuning in the presence and in the absence (solid line)
of a low-frequency electromagnetic environment. The dotted
line illustrates an efficient (Cp, ~ 1 nF) filtering scheme. On the
other hand, the dashed line (Cp; ~ 0.1 nF) and the dashed-dotted
line (Cp; ~ 10 pF) represent a less-efficient low-frequency-noise
filtering. The voltages are chosen such that the gain at zero
detuning is equal to 20 dB for all filtering capacitances. As
expected, an efficient filtering scheme leads to gain, added noise,
and squeezing similarly to the ideal case. Moreover, the gain
bandwidth is only weakly affected by the low-frequency electro-
magnetic environment. However, the amplitude of the quantum
efficiency and squeezing are diminished by low-frequency noise.
The inset illustrates the effect of the low-frequency environment
on equilibrium noise S’:g(a)) in the unit of 2A /R7.
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which is efficiently filtered. The effect of low-frequency
noise on Sgg(a)) is illustrated in the inset in Fig. 7. For

Cy ~ 1 nF, S:g(w) is almost indistinguishable from the
ideal case (dashed line), a signature that the low-frequency
noise is efficiently filtered. On the other hand, under less-
efficient filtering, Cj; ~ 10 pF corresponding to approxi-
mately 0.1 ©V rms voltage fluctuations (dashed line) and
Cp: ~ 0.1 nF, the equilibrium current noise rises smoothly
and its behavior near 2A /h deviates from the ideal case
(see the inset). In these cases, low-frequency noise dimin-
ishes both quantum efficiency and squeezing [dashed and
dashed-dotted lines in Figs. 7(b) and 7(c)]. However, the
3-dB bandwidth is weakly diminished. Furthermore, the
main effect of the low-frequency noise is to diminish the
strength of the nonlinearity giving rise to parametric inter-
action, and therefore to obtain higher gains the ac-voltage
amplitude must be increased. The increasing of the ac volt-
age enhances single-photon dissipation ReY; and degrades
quantum efficiency and squeezing.

C. Impedance matching

At first sight, the aforementioned gain-bandwidth prod-
uct of 12 GHz is quite surprising since the energy scale
of the SIS parametric amplifier is the superconducting gap
voltage (2A), which corresponds to frequencies of approx-
imately 90 GHz for aluminum junctions. To understand
what is limiting the gain-bandwidth product, we recall that
the phase-preserving gain is determined by the reflection
coefficient [Eq. (15)], and its frequency dependence is due
to Y;(w) and I'(w). Figure 8(a) illustrates the frequency
dependence of Y, (w) and ' (w) for eVg. = 2A — 1.999hwy
and eV,./2hwy = 0.178. The parametric conversion term
['(w) is real, independently of the voltages, and is fairly
flat in a wide band of frequencies. Also, as expected, the
dissipation ReY) is negligible for all frequencies. The con-
tribution of the geometrical capacitance depends weakly
on frequency. Consequently, the strong frequency depen-
dence of gain originates from the dynamical susceptance
ImY, 0-

To develop a matching scheme to increase the gain-
bandwidth product, we first note that the frequency depen-
dence of ImYy(w) is modeled with reasonable accuracy by
a parallel L.gCe tank with the following characteristics:
woR7Cer = 0.7 and Ry/woLer = 0.25. The precise values
of Legr and Cegr depend on Vg, and V,.. However, the above
approximate values of L. and Cg are sufficient to match
ImY, for a wide range of voltages. Following Ref. [54], the
matching scheme consists in adding, between the SIS junc-
tion and the TL, a bandpass-filter network (black box). In
the bandpass-filter network, depicted in Fig. 8(b), the first
capacitance (inductance) C; (L)) is reduced (increased)
compared with the original filter capacitance C; (induc-
tance Li) to C} = C; — Cey — C (1/L] = 1/Ly — 1/Leg).
In this manner, the effect of ImY; and C is absorbed in the

(a)
1.0 —— Re(RrYp)
Im(RrYp)
05 =+ = Re(RpVT)
=eo« Im(Rp \/f)
« —wRrC
] O O R A
0.5
1.
—00.4 —-0.2 0.0 0.2 0.4
(w— W())/wn
(b) dm :_ _____________________ ! bin
0 | B e—
1 ! 1
o ! Ly C2 !
/ /
'L Cl Ls C3!
(el | | :
— S
A 1 1
Y Qout temmmmmmmeemeeeme e ’ bout

FIG. 8. (a) Frequency dependence of the terms appearing in
the reflexion coefficient [Eq. (15)]. Whereas the losses ReYy,
the parametric two-photon process I', and the capacitance wC
are fairly flat, the dynamical susceptance ImY; has a strong fre-
quency dependence. The latter is modeled with reasonable accu-
racy as a parallel LC tank (i.e., the bandpass-filter structure of the
matching network). The parameters used are wy/2m = 6 GHz,
AJhwy = 7.2, eV4 = 2A — 1.999hwy, eV /2hwy =~ 0.178, and
C = 100 fF; they correspond to a phase-preserving gain of 20 dB
at frequency @ = wy in the absence of the matching network.
(b) Electrical circuit matching the dynamical susceptance ImY
and geometrical capacitance C of the junction. The input-output
operators @, and aq, obey the same equations as those in Fig. 1,
in particular Eq. (14). However, the experimentally controllable
and measurable observables are the input-output operators bin
and Eom. The fields &’s and b’s are related by the S matrix of
the matching network (black box); see Egs. (19) and (20). The
matching network assumes a bandpass-filter structure to compen-
sate the junction dynamical susceptance ImY, and geometrical
capacitance C.

filter. Since the filter is designed to achieve good matching
in the passband, the detrimental effects of ImY; and C are
eliminated.

To obtain an experimentally useful parametric amplifier,
we choose filter elements L, and C, giving a three-pole
Chebysheyv filter with 4-8-GHz band edges. Such filters are
also characterized by their ripples. While the Chebyshev
filter benefically leads to an increase in the gain-bandwidth
product, its ripples impact directly the gain flatness. The
ripple amplitude is directly related to the capacitance C; of
the filter network. To reduce the amplitude of the ripples,
the capacitance C| must be made as small as possible [54]
with the constraint C} > 0. In this way, we choose C; 2
Cegr + C to minimize the amplitude of the ripples.
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Once the elements of the filter are determined, we can
readily incorporate it in the quantum formalism via the
S-matrix formalism, which gives the sets of linear equa-
tions

(Z;O“‘[wo + w’]) = S(wo + ") (?i“[wo + w’]) (19)

ain [wo + '] Aout[@wo + ']

and

Al / el /
(bf\o%lt[wo - ]) — S*(Cl)() _ (,()/) <f)1!n[w0 - ]) (20)

ay[wo — '] Agyi[wo — ']

to be solved together with Eq. (14). Here S(w) is the S
matrix that connects the SIS-junction fields a;, and doy to
the TL fields bi, and oy [see Fig. 8(b)]. With this formal-
ism, the definitions of the gain, quantum efficiency, and
squeezing remain the same provided that .y is replaced
by bey. In the presence of the filter, the phase-preserving
gain takes the form [55]

¥ (@) — Y(@)] [Py (@) + V(@) +T@)|

@) + Y (@) [ (@) + Y (@)] —T (@)
@)

G(o)

b

where w; = wy + o', w; = wy — ' and Yy, is the filter-
matching-network admittance [see Fig. 8(a)].

Figure 9 shows the phase-preserving gain, quantum effi-
ciency, and squeezing for various values of eV,./2hw, at
eVic = 2A — 1.999hw,. As shown in Fig. 9(a), the match-
ing scheme dramatically increases the 3-dB bandwidth of
the phase-preserving gain to 4.3 GHz, for a gain of 20 dB,
from the 1.2-GHz bandwidth obtained without the match-
ing circuit [see Fig. 5(a)]. The gain ripples are induced by
the Chebyshev ripples of the filter reflection coefficient; the
higher the gain, the higher the amplitude of the ripples. The
two extra peaks at the band edges are due to the diminu-
tion of ReY), at the band edges, which at some frequency
cancel the real part of the denominator of Eq. (21). Reduc-
tion of the band-edge peaks can be done by addition of an
imaginary part to the denominator of Eq. (21) at the band
edges [55]. Here this is achieved by slightly overestimating
the first inductance L].

The compensation of the frequency dependence of ImYj
not only increases the 3-dB bandwidth but also enhances
the quantum efficiency [Fig. 9(b)] and maximum squeez-
ing [Fig. 9(c)]. The increase of the quantum efficiency and
squeezing is due to the reduction of the ac-voltage ampli-
tude and, consequently, single-photon dissipation ReYy.
For instance, a gain of 20 dB is now achieved with an ac-
voltage amplitude of eV,./2hwy = 0.155 (dashed-dotted
line), a reduction of 13% in comparison with the amplifier
without the matching circuit [Fig. 5(a)]. Squeezing now

w
[

20

Gain (dB)

Quantum
efficiency

Squeezing (dB)

FIG. 9. Matching of an aluminum SIS junction with wy/27 =
6 GHz (A /hwy =~ 7.2): phase-preserving gain (a), quantum effi-
ciency (b), and squeezing (c) as a function of the frequency
detuning from wy for the dc voltage eVg. = 2A — 1.9997wy and
five different ac-voltage amplitudes, p = eV,./2hwy ~ 0.125
(dotted line), p &~ 0.144 (long-dotted line), p ~ 0.155 (dashed-
dotted line), p =~ 0.162 (dashed line), and p ~ 0.166 (solid line).
These values of the ac-voltage amplitude are chosen such that the
phase-preserving gain at w = wy is equal to 10, 15, 20, 25, and
30 dB, respecively. The values of the matching-circuit param-
eters are C}; =0, L} ~ 3.39 nH, C, ~ 424 {F, L, ~ 1.87 nH,
C,=C3~472fF,and L} = L3 ~ 1.68 nH.

has a complex shape at higher gains but remains extremely
flat for G < 15 dB.

It is remarkable to obtain such an improvement in a wide
bandwidth by use of a simple three-pole filter designed to
match purely capacitive or inductive elements of passive
circuits. Indeed, the SIS parametric amplifier is an active
circuit with a nonlinear dynamical susceptance ImY;. Such
filters can be fabricated directly on chip either by real-
ization of lumped capacitors and inductors or by use of
distributed elements such as A /4 lines.

D. Dynamical range

An important characteristic of any parametric ampli-
fier is its dynamical range, which determines how many
photons can be amplified without saturating the device.
In general, the dynamical range is limited by higher-
order nonlinearities of the Hamiltonian and depletion of
the pump [56]. Thus, similarly to SIS mixers, we expect
the dynamical range for a single-junction amplifier to
be small. However, we can ensure that amplification of
vacuum fluctuations will not saturate the SIS amplifier.
This requires the power of amplified vacuum fluctuations,
Py, & GBhwy, to be lower than the power delivered by
the pump, Ppymp ~ V2, ReYy(2wy) /2. However, for ampli-
fication in a wide bandwidth, as shown in Fig. 9, we obtain
Pyac/Ppump ~ 1. This can be overcome by use of a standard
approach to design SIS mixers: use of N identical SIS junc-
tions in series. It is shown in Ref. [40] that such an array
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is equivalent to a single junction with a pump and satura-
tion power N2 times larger. The underlying mechanism is
easily understood: the impedance of a series array of N SIS
junctions is simply N times the impedance of a single junc-
tion. Thus, on addition of N junctions of resistance Ry/N
in series, the admittance remains the same. However, as
the photon-assisted effects, necessary for parametric ampli-
fication and squeezing, are proportional to eV,./2hwy,
where V,. is the pump voltage applied to each junction,
the fotal pump voltage across the array has to be N times
larger. As a consequence, we expect an array of only
five to ten SIS junctions to give an experimental relevant
dynamical range.

One alternative to increase the dynamical range of a
single-junction amplifier is to use a very-low-impedance
junction (less than 5 €2), together with an impedance trans-
former to match the low-impedance junction with the
50-2 transmission line. Decreasing the junction impedance
increases the pump power Ppnm, by the same amount.
In practice, a broadband impedance transformation can
be implemented either by an extra network of quarter-
wavelength transmission lines or directly into the filter
matching network by use of shunt resonators and admit-
tance inverters in between [54].

IV. FINAL REMARKS

We propose a near-quantum-limited broadband ampli-
fier and squeezer based on the photon-assisted tunnel-
ing of quasiparticles in a SIS junction. This device can
function as a phase-sensitive or phase-preserving ampli-
fier. The gain can be tuned by ac-voltage amplitude to
obtain gain-bandwidth products of approximately 12 GHz
in the 20-30-dB range, which is 87% larger than for
the impedance-engineered Josephson parametric amplifier
[27]. This device is also a source of far-separated two-
mode squeezing with 3-dB bandwidth of approximately
5 GHz and —13 dB of squeezing at the center frequency.
Moreover, gain and two-mode squeezing can be fine-tuned
in situ by our simply changing the pumping-tone ampli-
tude and frequency. For applications with a bandwidth of a
few gigahertz, a matching impedance circuit is developed.
The proposed matching scheme allows 3-dB bandwidth of
4 GHz. Also, we estimate that the dynamical range of such
a broadband amplifier can be enhanced by replacement of
the single junction by an array of five to ten SIS junctions.
To conclude, the design and fabrication simplicity of this
SIS amplifier, together with its operational-mode flexibil-
ity, makes it a versatile near-quantum-limited microwave
amplifier and squeezer that can be easily integrated in
many quantum microwave experiments.
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