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24, rue Lhomond, 75005 Paris, France

6Centre for Engineered Quantum Systems, School of Physics, The University of Sydney, Sydney, New South Wales 2006, Australia
(Received 5 October 2012; published 22 January 2013)

We measure the quantum fluctuations of a pumped nonlinear resonator using a superconducting

artificial atom as an in situ probe. The qubit excitation spectrum gives access to the frequency and

amount of excitation of the intracavity field fluctuations, from which we infer its effective temperature.

These quantities are found to be in agreement with theoretical predictions; in particular, we experimen-

tally observe the phenomenon of quantum heating.
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A resonator in which a nonlinear medium is inserted has
rich dynamics when it is driven by an external pump field
[1]. In the case of a Kerr medium, the field amplitude inside
such a Kerr nonlinear resonator (KNR) switches from a
low to a high value when the pump reaches a certain
threshold, a phenomenon known as bistability in optics
[2] and bifurcation in the microwave domain [3]. This
hysteretic transition between two dynamical states is a
stochastic process triggered by fluctuations around the
steady-state pumped oscillations. Given the potential
applications for low-power all-optical logical elements
such as switches and transistors [4], a quantitative under-
standing of these fluctuations governing the sharpness
of the transition, and therefore the device performance,
is highly desirable [5,6]. In a KNR operated in the
quantum regime [7], field fluctuations are mainly due to
spontaneous parametric down-conversion (SPDC) [8–10]
of pairs of photons at the pump frequency !p into pairs

of photons, one at the characteristic pumped-KNR fre-
quency ~!c and the other at the complementary idler
frequency !i ¼ 2!p � ~!c. The mode at ~!c therefore

acquires a nonzero photon population, with a statistics
that can be shown theoretically to be thermal. Its effective
temperature depends on the pump frequency and power
and is nonzero even when the electromagnetic bath to
which it is coupled is at zero temperature, a central theo-
retical prediction known as quantum heating that remains
to be tested [7,11–13].

Up to now, experiments in the optical or microwave
domains have only measured the spectrum of the field
radiated by a pumped KNR [14]. In this work, we access
the intraresonator field fluctuations by inserting a two-level
system inside the KNR and using it as an absolute spec-
trometer and thermometer, as illustrated in Fig. 1(a).

The experiment is performed in the microwave domain at
millikelvin temperatures using superconducting Josephson
circuits. The KNR is a coplanar waveguide (CPW) reso-
nator with an embedded Josephson junction [15,16],
and the two-level system is a transmon qubit [17] [see
Fig. 1(b)]. By measuring the qubit absorption spectrum
while pumping the KNR, we obtain a quantitative agree-
ment with the average number of excitations predicted by
the theory of quantum heating [11–13].
We start with a rapid summary of the relevant theoretical

results regarding the quantum fluctuations of a KNR—more
details can be found in Refs. [5,7,11,13,18–20]. The KNR,
driven by a field of power Pp and frequency!p, is modeled

in the frame rotating at !p by the Hamiltonian �Hc=@ ¼
�p �a

y �aþ K
2
�ay2 �a2 þ K0

3
�ay3 �a3 þ ði�p �ay þ H:c:Þ with �p ¼

!c �!p, !c the KNR resonance frequency in its linear

regime, �a and �ay the KNR field annihilation and creation

operators, �p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Pp=@!p

q
the driving amplitude, � the

resonator energy damping rate, and K and K0 the Kerr non-
linear constants derived from circuit parameters [16,21]. The
steady-state solution for the dimensionless cavity field am-
plitude � is obtained from the corresponding master equa-
tion, yielding ð� �

2 þ Kj�j2 þ K0j�j4 � i �2Þ� ¼ �i�p,

with � ¼ 2Q�p=!c the reduced pump frequency [18,20]

andQ ¼ !c=� the resonator quality factor. For�>
ffiffiffi
3

p
and

Pp larger than the critical powerPc ¼ �2

3
ffiffi
3

p jKj @!p, this equa-

tion admits two stable solutions�L;H corresponding tometa-

stable dynamical states L andH of low and high amplitudes,
respectively [18]. In this bistable and hysteretic regime, the
transition from L toH occurs abruptly when ramping up the
pump power at the bifurcation threshold Pþð�Þ. The corre-
sponding stability diagram is shown in Fig. 1(c).
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We consider here the quantum fluctuations of the intra-
resonator field around its steady-state value �, in the regime
where they are too weak to induce switching to the other
dynamical statewithin the experiment duration. This justifies
linearizing �Hc around�, by writing �a ¼ �þ a and keeping
only terms quadratic ina. FollowingRef. [20], this linearized
Hamiltonian can be diagonalized by introducing a new op-

erator ~a ¼ �aþ �ay and rewritten as ~Hl ¼ ~�p~a
y~a with

~�p ¼ signðAÞ ffiffiffiffi
B

p
, A ¼ �p þ 2Kj�j2 þ 3K0j�j4, and B ¼

A2 � ðK þ 2K0j�j2Þ2j�j4. In the laboratory frame, intracav-
ity field fluctuations are thus described as excitations of a

harmonic dressedmode of resonance frequency ~!c ¼ !p þ
~�p that depends on the pump amplitude and frequency [22].

We note the eigenstates of this effective oscillator j~ni ¼
ð~ayÞnj~0i= ffiffiffiffiffi

n!
p

. As shown in Fig. 1(d) for the case where K,
K0 < 0 and �p > 0 as in our experiment, the dressed

frequency ~!c is equal to !c at low pump power, then
decreases when Pp is increased, reaching !p when Pp ¼
Pþ, which causes the field to jump to its high amplitudevalue
and ~!c correspondingly to jumpwell below!p. The dressed

mode is damped at the same rate � as the KNR but toward an
equilibrium steady state at a finite effective temperature Teff

corresponding to a mean number of excitations h~ni equal to
j�j2, even if the bath physical temperature is zero [20].
Physically, this thermal population is caused by SPDC of
pairs of pump photons at !p into correlated photons at

frequencies ~!c and!i ¼ 2!p � ~!c, emitted in the dressed

mode and in the measuring line, respectively; the apparent
thermal character of the intraresonator field is obtainedwhen
neglecting the correlations between the ~!c and the !i pho-
tons. Note that this analysis is only valid ifB> 0, a condition
verified sufficiently far from the bifurcation threshold, as is
the case here.
In our experimental test of these predictions, theKNR is a

superconducting coplanar waveguide resonator including a
Josephson junction with frequency!c=2� ¼ 6:4535 GHz,
Kerr constants K=2� ¼ �625 kHz and K0=2� ¼
�1:25 kHz, and damping rate �=2� ¼ 10 MHz [see
Fig. 1(d)] [16]. It is capacitively coupled with strength
g=2� ¼ 44 MHz to a superconducting qubit of the trans-
mon type with frequency !ge=2� ¼ 5:718 GHz. Because

of the large qubit-resonator detuning, their interaction can
be described in the so-called dispersive limit [23]. The
resonator and the qubit can be driven by microwave pulses
applied to the resonator input. The qubit can be readout in a
single shot by driving the resonator close to its bifurcation
threshold Pþð�Þ in order to map the qubit states jgi and jei
to the L and H states, respectively [24].
A first method to investigate the field fluctuations of the

pumped KNR is to measure the spectrum of the field
radiated into the measurement line, as reported recently
[14,25]. Using the setup of Fig. 2(a) [26], we perform
homodyne detection of the field quadratures at !p and

compute their total power spectrum Sð�!Þ, which is
proportional to the sum of the spectral power density at
!p þ �! and at !p � �!. The data show a peak at a

Pp-dependent frequency [see Figs. 2(b) and 2(c)]. All the

sample parameters being known from earlier measure-

ments [16], the theoretical ~�pðPpÞ curve can be computed

without adjustable parameters and is shown in Fig. 2(c).

Except for avoided crossings at ~�p=2� � 40 and 70 MHz

of unknown origin, the agreement is quantitative. The
observed peak thus indeed results from noise generated

by the pumped KNR at !p þ ~�p ¼ ~!c and !p � ~�p ¼
!i. However, these measurements are unable to determine
the effective temperature of the mode ~!c from which the
measured photons are leaking, which is the key quantity of
the theory discussed above.
A two-level system such as the transmon qubit is an

ideal in situ probe of quantum heating because it acts as an

(a)

(b)

(c) (d)

FIG. 1 (color online). (a) Optical analogue of the experiment:
A Fabry-Pérot cavity with resonance frequency !c, quality
factor Q, and Kerr nonlinearity K is pumped at frequency !p.

Photons are produced at the cavity dressed mode frequency ~!c

and at the idler frequency!i by SPDC of pump photon pairs. An
in situ atomic probe is used as an absolute spectrometer and
thermometer to characterize this quantum heating of the dressed
mode. (b) Actual experiment: The cavity is a microwave super-
conducting �=2 coplanar waveguide resonator, the Kerr medium
a Josephson junction, and the probe a transmon artificial atom.
(c) Stability diagram of the resonator in the pump power Pp and

frequency !p plane (in reduced units, see the text): L, H, and B

denote regions where the amplitude of the driven oscillations is
low, high, and bistable, respectively. Pþ is the pump power at
which the field switches from L to H when Pp is increased.

(d) Dressed mode frequency ~!c when increasing Pp at � ¼ 3

[along the arrows of (c)].
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absolute spectrometer and thermometer for a given quan-
tum noise source [27,28]. We infer the temperature
of the ~!c mode while keeping the qubit and KNR far
detuned by using a method called sideband spectroscopy,
which is routinely used in ion-trapping experiments
[29,30] and has also been applied recently to mechanical

oscillators [31]. Indeed, starting from the system in state

jg; ~ni it is possible to drive a transition to je; gnþ 1i by
irradiating the qubit at frequency !ge þ ~!c (the so-called

Stokes sideband) or to je; gn� 1i, provided n > 0 by
irradiating the qubit at j!ge � ~!cj (the so-called anti-

Stokes sideband) [32–34]. In the case of a transmon
qubit, these transitions need to be driven with two photons
of arbitrary frequency, provided their sum (difference)
satisfies the Stokes (anti-Stokes) sideband resonance

condition [35]. Given the sideband transition matrix ele-
ment dependence on n, one can show that the average
photon number h~ni ¼ 1=½expð@ ~!p=kTeffÞ � 1� is equal to
r=ð1� rÞ with r 2 ½0; 1�, the anti-Stokes-to-Stokes side-
band peak amplitude ratio [30]. Measurement of the qubit

absorption spectrum, yielding r, therefore corresponds to a
measurement of Teff .

Sideband spectroscopy is performed using the setup
shown in Fig. 3(a). Once a steady-state pump field is
established in the resonator, a spectroscopy pulse is applied
to the qubit at fixed power Pq and varying frequency !q.

The pump tone provides one of the two photons needed
to drive the sideband transitions, and the spectroscopy
tone provides the second photon whenever !q matches

the Stokes [anti-Stokes] sideband resonance condition
!q þ!p ¼ !ge þ ~!cðPpÞ [!p �!q ¼ ~!cðPpÞ �!ge].

The experimental sequence ends by reading out the qubit
state 200 ns after both pulses are switched off, long enough

(a)

(b)

(c)

FIG. 2 (color online). Measurement of the field radiated by
the KNR pumped at � ¼ 2:8 (!p=2� ¼ 6:4395 GHz).

(a) Experimental setup: The pump tone, sent through a line
with attenuators (A), is switched on and off every 2.5 ms; the
reflected and radiated signals are amplified and mixed down at
!p, yielding two quadratures IðtÞ and QðtÞ that are digitized by

an acquisition card (ACQ) and Fourier transformed (FFT); the
total voltage spectral densities SON;OFFð�! ¼ j!�!pjÞ for

the two pump states are then computed. (b) Radiated noise
spectrum SON � SOFF for Pp ¼ �110 dBm. (c) Radiated noise

spectrum as a function of Pp. The dashed curve is the calculated
~�p ¼ ~!p �!pðPpÞ. The vertical dotted line indicates the cut

shown in (b).

(a)

(b) (c)

(d)

FIG. 3 (color online). Sideband spectroscopy of the qubit
while pumping the resonator with varying power Pp at � ¼
3:9 (!p=2� ¼ 6:434 GHz). (a) Experimental setup: A spectro-

copic pulse is applied at !q with power Pq during the pumping;

the pump and spectroscopy tones are then switched off and the
qubit is measured using a third pulse at !r with a power close to
the bifurcation threshold Pþ. The measured phase of the re-
flected pulse yields the qubit state, and repeating the sequence
yields the qubit excited state probability pjei. (b) Measured (top)

and calculated (bottom) 2D plots showing the pjeið!qÞ spectra as
a function of Pp (bottom axis), also expressed in units of the

bifurcation threshold Pþ (top axis). (c) Experimental (dots) and
analytical (lines) spectra at a power Pp ¼ �96 dBm [dashed

lines in (b)] for powers Pq ¼ �131, �120, and �115 dBm

(from left to right). (d) Energy diagrams showing the transitions
involved in the red sideband peak (Stokes), the central peak, and
the blue sideband (anti-Stokes).
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for the KNR field to decay but shorter than the qubit
relaxation time T1 � 700 ns [16]; repeating this sequence
� 104 times yields the qubit excited state probability pjei.

Typical data are shown in Fig. 3(c) at� ¼ 3:9 and Pp ¼
�96 dBm such that the KNR is in the high oscillation
amplitude state H. At low spectroscopy power Pq, only

one Lorentzian peak is visible, corresponding to the qubit
frequency ac-Stark shifted by the steady-state intraresona-
tor field with mean photon number hnHi ¼ j�Hj2 at !p

[16,36]. Increasing the spectroscopy power, we observe the
appearance of two satellite peaks around !ge, with a

separation of 31 MHz that closely matches the value of
~�p ¼ !p � ~!cðPpÞ, already known without any adjust-

able parameters as explained above. When Pp is varied,

this separation also quantitatively varies as expected from
the ~!c dependence on Pp, as shown in Fig. 3(b). This

establishes that the satellite peaks are indeed the sideband
transitions. The anti-Stokes sideband being observed and
of smaller amplitude than the Stokes sideband indicates
that the temperature of the dressed mode is nonzero, as
discussed in more detail below.

To be more quantitative, we have performed a detailed
theoretical analysis [20] of the coupled qubit-KNR system
that will be presented elsewhere [37] and that yields
analytical approximate expressions for the qubit sideband
spectrum. The predictions, calculated with a global
attenuation factor on the spectroscopy power Pq as the

only adjustable parameter, are also shown in Figs. 3(b)
and 3(c) for different Pq; they agree quantitatively with the

data. Since these calculations are done at zero bath tem-
perature, this is a first clear indication that the population
of the mode at ~!c is only due to SPDC and is therefore of
quantum origin.

Assuming that the field in the dressed mode ~!c has the
statistics of a thermal field as predicted theoretically, we
now extract an experimental occupation number of the
dressed mode from the relative height of the two sideband
peaks and translate it into an effective temperature Teff .
For this, each spectrum of Fig. 3(b) is fitted to a sum of
three Lorentzians of adjustable frequency, width, and
height, yielding the ratios r of the anti-Stokes-to-Stokes
sideband height. Figure 4 shows the comparison between
the experimental occupation number r=ð1� rÞ and h~ni
calculated without any adjustable parameter. The data
agree fairly well with the prediction, demonstrating that
the average photon number in the dressed mode is indeed
j�j2 as predicted by theory (see Chap. 7 in Ref. [1]). More
precisely, we estimate that the residual thermal field at ~!c

cannot be responsible for more than 20% of the observed
signal. Our data show that the dressed mode occupation
number and temperature are maximum near the bifurca-
tion threshold Pþ and decrease with increasing pumping
power and occupation number hnHi at !p. This consti-

tutes additional evidence that the measured thermal field
is not due to a trivial heating caused by the microwave

pulses. We also stress that these results do not rely on any
calibration of the measurement lines or temperature.
Finally, we also show in Fig. 4 the quantity r=ð1� rÞ
derived from the analytical expression that yielded the
theoretical spectra shown in Fig. 3: It is in agreement with
both the experimental data and the simple formula for the
KNR effective temperature. Additional data can be found
in the Supplemental Material [20] taken on another sam-
ple with different parameters, with which similar results
have been obtained.
In conclusion, we have probed the quantum fluctuations

of a pumped nonlinear resonator with an embedded super-
conducting qubit, bringing experimental evidence of quan-
tum heating. Future directions include establishing the link
between quantum heating and the switching rates at the
bistability threshold [11] and testing the thermal character
of the dressed resonator mode by performing its quantum
state tomography with the qubit [38]. In general, our
experiments demonstrate that detailed and quantitative
tests of all theoretical predictions regarding nonlinear res-
onators in the quantum regime are enabled by the progress
of superconducting circuits.
We acknowledge useful discussions with M. Dykman

and within the Quantronics Group, as well as technical
support from P. Sénat, P.-F. Orfila, T. David, and J.-C. Tack.
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FIG. 4 (color online). Quantum heating of the pumped reso-
nator mode ~!c above bifurcation: Quantity r=ð1� rÞ with r
being the ratio of blue to red sideband peak heights deduced
from the experimental (squares) and theoretical (dots) qubit
spectra of Fig. 3(b), as a function of the pump power Pp (bottom

axis). The calculated average number hnHi of photons in the
pump mode is indicated on the top axis. In a simple theoretical
picture, r=ð1� rÞ is the average photon number h~ni in the ~!c

mode, shown here as a dashed and a solid line for the L and H
resonator states, respectively. The corresponding effective tem-
perature Teff is indicated on the right axis.
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